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1. Introduction

Nuclear interactions are formulated within effective field theory (EFT) [1-10], wherein nucle-
ons—and potentially pions and A isobars—constitute the relevant degrees of freedom. The low
energy coeflicients (LECs) of the nuclear Hamiltonian and currents are constrained by experimental
data. In conventional nuclear EFT, photons are not treated as explicit degrees of freedom; in-
stead, quantum electrodynamics (QED) effects are absorbed into the numerical values of the LECs.
However, for modern precision tests of the Standard Model, it is necesseary to obtain a thorough
theoretical understanding of radiative corrections from QED and their impact on the LECs of
nuclear EFTs.

Simultaneously, baryon—baryon calculations in lattice QCD (LQCD) have undergone signifi-
cant advancements in recent years [11, 12], raising the prospect of determining LECs directly from
quantum chromodynamics (QCD). When combined with a nuclear EFT that incorporates photons
as explicit degrees of freedom, this development will enable parameter-free Standard Model (SM)
predictions for nuclear observables. Accordingly, a systematic delineation of QED and QCD effects
through the inclusion of photons as explicit dynamical fields in nuclear EFT is both timely and
necessary.

In this work, we investigate the impact of radiative corrections on the neutron—proton system, in
particular on the deuteron binding energy, the charge form factor, and the radiative capture process
np — dy. The latter two observables, probed through muonic atom spectroscopy [13-15] and
measurements of light element abundances from big bang nucleosynthesis (BBN) [16-22], serve
as stringent tests of the SM and necessitate a rigorous treatment of QED radiative corrections.

2. Framework

In order to treat both QCD and QED in the neutron-proton system, we use a combination of
pionless effective field theory (EFT ;) and nonrelativistic QED (NRQED) along with the velocity
renormalization group (VRG). In EFT} it is typical to count powers of the momentum p, but
in NRQED powers of velocity v = p/My < m,/My, where m, is the pion mass and My is
the nucleon mass, are counted. The (energy, momentum) scales of the EFT are hard (m,,m,),
soft (Myv, Myv), ultrasoft (Myv?, Myv?), and potential (Myv?, Myv). The nonrelativistic
four-momentum of the nucleon is decomposed as [23]

P = (0,p) + (ko, k), ey

where p ~ Mpyv is the soft component of the momentum and £k ~ M N V2 is the residual four-
momentum on the ultrasoft scale. The degrees of freedom in the theory consist of potential
nucleons, soft photons, and ultrasoft photons. The nucleon fields are written as Ny (x) where p
is a soft label, x is the Fourier conjugate of the residual momentum k, and N is an isodoublet of
the proton and neutron. The photon field is split into a soft mode, Ag(k) with soft label four-
momentum p and a residual four-momentum k, and an ultrasoft mode, A#. The potential photons
can be integrated out because they are far off-shell; their effects are encoded in the coefficients of
four-nucleon operators. Additionally, soft nucleons could be included in the theory, but they can
just as well be integrated out for the same reason.
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The vRG was formulated in Refs. [23, 24] by introducing two separate but correlated scales in
dimensional regularization. There is the ultrasoft scale y¢y and the soft scale ps, and they are related
according to yy = ,ug /My . A subtraction velocity v can be introduced according to us = My v so
that both uy; and ug are simultaneously described by a single v. The soft and ultrasoft anomalous
dimensions of a generic coupling C are obtained through [23, 24]

dc
/JUd_ =YU, (2)
HU
ac
Hs o~ =S, 3)
HS
which lead to the vRG equation
dc
Vd— =7vys + 2’}/U . (4)
v

In NRQED, the electron mass is integrated out, so the fine-structure constant @ does not run. In
the NN system, the electron is kept as a light degree of freedom, so « still runs in EFT. Here, the
anomalous dimensions have a dual expansion,

y= >, ¥, (5)

m=-1,n=0

where y (") ~ ymon,
In EFT, the nucleons interact with one another through potentials. These potentials will be

renormalized by ultrasoft interactions. The neutron-proton potential is expanded as

Vpn = Z Z Vé‘;;)cd(Pla p)p;/,app,bnip/’cn—p,d > (6)
v=—1p’,p

where v tracks the order in the velocity expansion of each coefficient, and a, b, ¢, and d are spin
indices for the proton and neutron. The leading order (LOy), next-to-leading order (NLO), and
next-to-next-to-leading order (N>LO #) potential coefficients in the S-wave are given by

(-1) _ ~CS1) p(1) (1S0) p(0)

Vivea =C0 " PapcatCo " Pupca )
o _ 1 2\ [~Cs)p) (S0) p(0)

Vabed = 5 (p +p ) [Cz "Pabeat Gy Pab,cd] ’ ®)
W _ L 0\ ACs) () (S0) p(0)

Vabed = (p +tp ) [C4 "PapeatCy Pab,cd] . ©)

where the projection operators are given by

1 S
Piea= 7 (B0avdea+Tipoly) . (10)
Papca = 7 Gabded = 0ap0cq) - (an

and the superscripts indicate the total spin projection.

1Our definition of Cy is a linear combination of Cy + Cy4 that appears in most of the EFT 4 literature, see Ref. [25].
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Figure 1: O(«a/v) diagrams that contribute to the anomalous dimension of the potential.

2.1 Renormalization of the strong potential

In Refs. [25, 26], we calculated the leading anomalous dimensions of Cy, C; and Cy4 in the 39,
and 'Sy channels. In Feynman gauge, the dominant contribution, which is O(a/v), comes from an
Ao photon coupled to the proton on both the incoming and outgoing lines with insertions of the Cy
potential. In the bubble series, a graph with / = 2 bubbles, where j is a strictly positive integer,
requires a counterterm that renormalizes the 2 j-derivative potential. For example, the diagram with
2 NN bubbles, the third diagram on the right in Fig. 1, renormalizes the V©) potential. The V(=)
potential is not renormalized at this order.

The solutions of the corresponding vRG equations are

B my 27 (My 2 3 a(Myv?)
=6 )5 () eove (i) "
_ My 15 (My 4 s a(Myv?)
=il ) % (%) el i) "

where the running QED coupling in minimal subtraction is

() = ZQ“OS . (14)
1 - =52 log (m—e)

where aps = 1/137 and m, = 511 keV, with OS indicating that this is the fine structure constant in
the on-shell scheme. The values of the LECs at the matching scale v = m /My where the pions
are in principle integrated out are fixed according to,

dra
=== 15
0 My (15
2
(s) [ Mn 2nagrg
cV L) = === 16
2 (MN) My (16)
(s) [ Mn 4 (1 , Pg
C = - s 17
4 (MN) MNaS(4rS+aS an

where ag, rg and P are the scattering length, effective range and shape parameter in channel s,
respectively. As a proxy for a pure QCD result we take their numerical values from Ref. [27] with
a = 0 and Ref. [28]. Ideally, they would be taken from LQCD instead.

Working at N2L0¢+ leading-logarithm-in « (LL,), all QED contributions up to that order
and the leading logarithmic contributions of higher orders are included via renormalization of the
strong potential. Explicit photon diagrams start to contribute at next-to-next-to-next-to-leading
order (N3LO¢) [25]. It should be noted that varying the subtraction velocity v in results provides
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Figure 2: The deuteron binding energy as a function of the subtraction velocity. The solid black line is the
experimental value. The blue (orange) dashed line is the fixed order NLO4 (N’LO #) result while the blue
(orange) solid line is the renormalization group improved NLO 4 (N2L0¢) result. Figure from Ref. [25].

an idea of the effect of higher order logarithms that would arise in perturbation theory, i.e., it can
be used to assess higher order QED contributions’.

3. Results

After having obtained the leading anomalous dimensions of the potential, we can now turn our
attention to the renormalization group analysis of deuteron properties.

3.1 Deuteron binding energy

We show the deuteron binding energy as a function of the subtraction velocity at NLO4+LL,
and N’LO #+LLo inFig. 2. First, we can compare the values of the renormalization group improved
binding energies at each order in the EFT to the values at the hard scale v = m,/Mpy. When the
subtraction velocity is v = 0.04 (corresponding to momenta around 38 MeV), there is a shift in the
binding energy of about 2.5% at NLO4. At N 2LO¢, the improvement shifts the binding energy by
about 7%. Moreover, the improvement at N2LO¢ causes the predicted binding energy to intersect
the experimental value B = 2.224575 MeV around v = 0.04.

3.2 Deuteron form factors

The result for the charge form factor is shown in Fig. 3. For comparison, the pink dashed line
shows the result of the Z-parameterization calculation at N>LO # [30] and the experimental data is
taken from Ref. [31]. We vary the subtraction velocity from v = 0.1 to 0.04 as this provides an idea

2See, e.g., Ref. [29] for a pedagogical discussion.
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Figure 3: The solid (blue), dashed (orange), and dot-dashed (green) lines show the RG improved N2L0¢
charge form factor at v = 0.1, 0.08, and 0.04, respectively. The dotted (pink) line shows the N2L0¢
calculation in the Z-parameterization [30]. The black crosses are data taken from Ref. [31]. Figure from
Ref. [26].

of the effect of higher order logarithms that would arise in perturbation theory. At v = 0.1, the RG
improved prediction is in rough agreement with the experimental data for fairly large momentum
transfers. As v is lowered even further, the theoretical prediction moves further away from the data,
which might be improved in the next logarithmic order. However, the disagreement between the
theoretical and experimental results is strongest for g > m, where EFT; breaks down.

In Fig. (4), we display the vRG improved quantity,

2 8
Alg®) = F&q') + 3nFi(a") + gn*Fo(4) (18)

where np = —g?/4M?, Fy; is the magnetic form factor, and F, o is the quadrupole form factor. At the
order we are working, we only need the magnetic form factor at LOy [32],

e 0 e
Fy (6%) = ko

a1 i FO(g%). (19)

We compare the results to the analogous calculations in the Z-parameterization [30] at N>2LO ¢ and
the data from Ref. [33]. The features of the plot are identical to those in Fig. 3. Again, we see
excellent agreement with the data for v = 0.1 and 0.08 for a wide range of momentum transfers.

From the form factor, we can also examine the conventional definition of the deuteron charge
radius,

dFc(q?)

d—q2’q2=0 ) (20)

(ri)c = -6

Aty = m, /My, corresponding to no QED in the theory, the theoretical charge radius ro (m . /My ) =

A /(rfi)c = 2.15(6) fm, where we have assigned a 3% error to account for the truncation of the EFT.
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Figure 4: The solid (blue), dashed (orange), and dot-dashed (green) lines show the RG improved N2L0¢
charge form factor at v = 0.1, 0.08, and 0.04, respectively. The dotted (pink) line shows the N2L0¢
calculation in the Z-parameterization [30]. The black crosses are data taken from Ref. [33]. Figure from
Ref. [26].

After the vRG improvement, the charge radius at v = 0.1 is r(0.1) = 2.11(6) fm. Again, we
have assigned a naive 3% error assuming that the VRG improvement does not strongly modify
the truncation error of the EFT. Despite this uncertainty, the vRG has shifted the central value by
around 2%. Our result agrees within the EFT uncertainty for v € [0.06,0.1] with the precise
experimental result of the CREMA collaboration [15], rcrema = 2.12562(13)exp(77)mn. Therefore,
the summation of QED logarithms through the vRG seems to play an important role in reproducing
the charge radius without recourse to the Z-parameterization, which subsumes corrections to all
orders in « in the LECs.

3.3 Radiative neutron capture

Lastly, we consider the radiative capture process np — dvy, which is of fundamental impor-
tance to BBN. This reaction is the first step in the BBN network as it is the reaction producing
primordial deuterium. A rigorous quantification of this reaction’s theory errors is therefore imper-
ative. Simulations of BBN [21, 34, 35] use theory predictions from Refs. [36, 37] as input since
the available experimental data are scarce and do not come with competitive errors. Reference [36]
quotes a 1% uncertainty in the energy regime relevant for BBN. In the following, we will investigate
the sensitivity of this process to QED driven radiative corrections.

In Fig. 5 we compare our results at NLO+LL, with and without the LEC L> to the EFT
[36], chiral effective field theory (YEFT) results [39] and experimental data [41, 42]. In particular,
the central values of the data from Ref. [41] are almost reproduced with the presence of L; and

3We also show the results without Ly as they provide a parameter free prediction. L is usually fitted to the thermal
neutron capture cross section data from Ref. [40] and therefore includes QED effects to all orders. The results with Zl
are therefore, strictly speaking, not truly NLO4+LL,. See Ref. [26] for details.
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Figure 5: Renormalization group improved cross section without L; in blue and with L; in orange. The
open triangles are the EFT result of Ref. [36], and the open diamonds are the y EFT result of Ref. [39].The
experimental data come from Ref. [41] (upward triangles) and [42] (circle). Figure from Ref. [26].

v = 0.05. In this region, running from v = m,/Mp to 0.05 induces a shift in the cross section
of 6-8%. Both curves are within the error of the single data point from Ref. [42], and the VRG
evolution leads to a change in the cross section of about 3%. At higher energies, the variation from
the VRG is negligible, so the higher order corrections in the EFT; power counting should be more
important.

We find reasonable agreement with the EFT; [36] and yEFT results [39]. However, we
note that Ref. [36] states that electromagnetic effects, in particular the potential-like interaction
coupling the proton and neutron magnetic moments, are included implicitly by making use of the
experimental scattering length in the 'Sy channel. A similar statement could be made regarding the
XEFT calculation since the parameters of the potential are generally fit to NN scattering data. In
our approach, these effects are included via the renormalization group and go beyond the use of
potential-like electromagnetic interactions. Both Ref. [36] and Refs. [39, 43] find sub-percent level
precision, which is important for comparison with experiment and astrophysical observations and
for validation of the general EFT approach. However, detecting new physics in this process will
require a clean separation of different strong and electroweak effects.

The renormalization group analysis presented here suggests that np — dy is sensitive to QED
corrections to the NN interaction at the few-percent level, which seems to be an unquantified source
of uncertainty in existing calculations.

4. Conclusion and outlook

Here, we have presented an analysis of the role of radiative corrections in the neutron-proton
interaction. We use EFT techniques to organize and delineate the role of different strong and
electromagnetic effects in a systematic expansion.

We presented a VRG analysis of the deuteron binding energy, deuteron charge form factor,
charge radius and the radiative capture process np — dvy. Working at N2LO¢+LLQ, the VRG shifts
the deuteron binding energy at the few-percent level towards the experimental value and improves
the description of form factor data as well as the deuteron charge radius prediction.
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Fornp — dy at NLO4+LL,, our analysis is in general agreement with available experimental
data as well as other calculations in EFT 4 [36, 38] and yEFT [39]. However, to our knowledge, this
is the first approach to incorporate the effects of radiative corrections through the renormalization
group. Electromagnetic effects are still implicitly included by fitting the LEC L, to the measured
thermal neutron capture cross section [40].

The scale variation in our vRG analysis indicates however, that this process is sensitive to
higher order QED corrections at the level of a few percent. Thus, QED corrections appear to
constitute an unquantified source of uncertainty in the accepted theoretical prediction of the cross
section. Extending our analysis to next-to-leading-logarithm-in @ (NLL,) would help increase the
precision of the results. Furthermore, a reassessment of thermal neutron capture from lattice QCD
would help disentangle the strong and electromagnetic effects of this process even more.

Our findings suggest that similar few-percent-level corrections may affect other few-body
systems and reactions, such as proton-proton fusion, potentially exceeding the estimates in a recent
study [44].
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