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Transversity from Single-Hadron TSSAs and Dihadron Fragmentation Theory Developments

1. Background on TSSAs

Mapping the 3-dimensional structure of hadrons relies crucially on understanding phenomena
sensitive to the transverse spin of hadrons and/or partons. These observables probe novel intrinsic
parton motion and quark-gluon-quark correlations in hadrons. From a theoretical standpoint, two
main frameworks have been developed to describe these data sets. For processes with two scales
ΛQCD ∼ qT � Q, one uses transversemomentum dependent (TMD) factorization. If an observable
is only sensitive to one large scale Q � ΛQCD , then one can employ collinear factorization, whose
non-perturbative objects depend only on the lightcone momentum fractions carried by the partons.
In the case of TSSAs, the collinear PDFs and FFs are subleading twist (twist-3) and encode quark-
gluon-quark correlations in hadrons. These two frameworks do not exist in isolation from each
other and have been shown in previous theoretical calculations to agree in their overlapping region
of validity ΛQCD � qT � Q.

The JAM3D-22 global analysis [1] included the Sivers Asin(φh−φS )

UT , Collins Asin(φh+φS )

UT , and
AsinφS

UT asymmetries in SIDIS, Collins asymmetry in SIA for so-called unlike-like (AUL) and
unlike-charged (AUC) ratios, Sivers asymmetry in DY for W±/Z production (AW/Z

N ) and for µ+µ−

production (AsinφS

T,µ+µ−
), and AN for pion production in proton-proton collisions (AπN ). More details

on the parton model framework for these observables can be found in Ref. [1]. In addition, we also
imposed the Soffer bound on transversity and used information from lattice QCD on the nucleon
tensor charges as priors in our fit. These charges are not only relevant for QCD phenomenology and
lattice QCD but also model calculations as well as low-energy beyond the Standard Model physics
– see Refs. [2–10] for details.

2. JAM3D-22 Global Analysis of TSSAs

2.1 Methodology

We employ a Gaussian ansatz in transverse momentum space and decouple the x and kT (z and
pT ) dependence. For the unpolarized and transversity TMDs we have

f q(x, ®k2
T ) = f q(x) Gq

f
(k2

T ) , (1)

where the generic function f = f1 or h1, and

G
q
f
(k2

T ) =
1

π〈k2
T 〉

q
f

exp

[
−

k2
T

〈k2
T 〉

q
f

]
, (2)

with kT ≡ |®kT |. Using the relation πFFT (x, x) = f ⊥(1)1T (x), the Sivers function reads

f ⊥ q
1T (x,

®k2
T ) =

2M2

〈k2
T 〉

q

f ⊥1T

πFFT (x, x) Gq

f ⊥1T
(k2

T ) . (3)

For the TMD FFs, the unpolarized function is parametrized as

Dh/q
1 (z, z

2 ®p 2
T ) = Dh/q

1 (z) G
h/q
D1
(z2p2

T ) , (4)

2



P
o
S
(
T
r
a
n
s
v
e
r
s
i
t
y
2
0
2
4
)
0
0
8

Transversity from Single-Hadron TSSAs and Dihadron Fragmentation Theory Developments

while the Collins FF reads

H⊥h/q1 (z, z2 ®p 2
T ) =

2z2M2
h

〈P2
⊥〉

h/q

H⊥1

H⊥(1)1h/q(z) G
h/q

H⊥1
(z2p2

T ) , (5)

where we have explicitly written its z dependence in terms of its first moment H⊥(1)1h/q(z). The
widths for the FFs are denoted as 〈P2

⊥〉
h/q
D , where D = D1 or H⊥1 . (Note that the hadron transverse

momentum ®P⊥ with respect to the fragmenting quark is ®P⊥ = −z ®pT .) For f q1 (x) and Dh/q
1 (z) we

use the leading-order CJ15 [11] and DSS [12] functions. The pion PDFs are taken from Ref. [13]
and are next-to-leading order.

We generically parametrize the collinear functions h1(x), FFT (x, x), H⊥(1)1 (z), H̃(z), at an initial
scale of Q2

0 = 2 GeV2, as

Fq(x)=
Nq xaq (1 − x)bq (1 + γq xαq (1 − x)βq )

B[aq+2, bq+1] + γqB[aq+αq+2, bq+βq+1]
, (6)

where Fq = hq
1 , πFq

FT , H⊥(1)1h/q, H̃h/q (with x → z for the latter two functions), and B is the Euler
beta function. We also implement a DGLAP-type evolution for the collinear part of these functions,
analogous to Ref. [14], where a double-logarithmic Q2-dependent term is explicitly added to the
parameters. For the collinear PDFs hq

1 (x) and πFq
FT (x, x), we only allow q = u, d and set antiquark

functions to zero. Nevertheless, the u and d functions are understood as being the sum of valence
and sea contributions, i.e., u = uv + ū and d = dv + d̄. For both functions, {γ, α, β} are not used,
and we set bu = bd, as the χ2/npts does not improve by leaving more parameters free. For the
collinear FFs H⊥(1)1h/q(z) and H̃h/q(z), we allow for favored ( f av) and unfavored (un f ) parameters,
with f av corresponding to the fragmentation channels u → π+, d̄ → π+ (ū → π−, d → π−) and
un f for all other flavors. For H⊥(1)1h/q(z), {γ, β} are free while α is set to zero. This is due to the
change in shape of the SIA data as a function of z and the fact that the data are at larger z > 0.2.
For H̃h/q(z), {γ, α, β} are not used, and we set a f av = aunf and b f av = bunf . We have verified that
no meaningful change in the χ2/npts occurs if a and b are separately fit for favored and unfavored,
as the SIDIS and AN data are not sensitive enough to H̃h/q(z) to constrain more free parameters.

In the end we have a total of 24 parameters for the collinear functions. There are also 4 param-
eters for the transverse momentum widths associated with h1, f ⊥1T , and H⊥1 : 〈k

2
T 〉

u
f ⊥1T
= 〈k2

T 〉
d
f ⊥1T
≡

〈k2
T 〉 f ⊥1T

; 〈k2
T 〉

u
h1
= 〈k2

T 〉
d
h1
≡ 〈k2

T 〉h1 ; 〈P2
⊥〉

f av

H⊥1
and 〈P2

⊥〉
unf

H⊥1
. We extract the unpolarized TMD widths

by including HERMES pion and kaon multiplicities, which involves 6 more parameters: 〈k2
T 〉

val
f1

,
〈k2

T 〉
sea
f1

, 〈P2
⊥〉

f av

Dπ
1
, 〈P2

⊥〉
unf

Dπ
1
,〈P2
⊥〉

f av

DK
1
, 〈P2

⊥〉
unf

DK
1
. Our working hypothesis for the pion PDF widths is

that they are the same as those for the proton. The JAM Monte Carlo framework is used to sample
the Bayesian posterior distribution with approximately 500 replicas of the parameters in order to
estimate uncertainties for our extracted non-perturbative quantities.

We enforce the Soffer bound (SB) 2|h1(x)| ≤ ( f1(x) + g1(x)) by generating “data” at a scale of
Q2

0 = 2 GeV2 for the r.h.s. for 0 < x < 1 using the unpolarized and helicity PDFs from Ref. [15].
The fact that f1(x) and g1(x)were extracted in Ref. [15] simultaneously using Monte Carlo methods
allows us to use their replicas to calculate a central value and 1-σ uncertainty for the r.h.s. at a given
x. This SB data is then included in our analysis as an additional constraint. However, the theory

3
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Observable Reactions χ2/npts
Asin(φh−φS )

UT e + (p, d)↑ → e + (π+, π−, π0) + X 182.9/166 = 1.10
Asin(φh+φS )

UT e + (p, d)↑ → e + (π+, π−, π0) + X 181.0/166 = 1.09
∗AsinφS

UT e + p↑ → e + (π+, π−, π0) + X 18.6/36 = 0.52
AUC/UL e+ + e− → π+π−(UC,UL) + X 154.9/176 = 0.88
AsinφS

T,µ+µ−
π−+ p↑ → µ+µ− + X 6.92/12 = 0.58

AW/Z
N p↑ + p→ (W+,W−, Z) + X 30.8/17 = 1.81
AπN p↑ + p→ (π+, π−, π0) + X 70.4/60 = 1.17

Lattice gT —— 1.82/1 = 1.82

Table 1: Summary of the observables analyzed in JAM3D-22 . There are a total of 21 different reactions.
There are also a total of 8 non-perturbative functions when one takes into account flavor separation. The
χ2 is computed based on calculating for each point the theory expectation value from the replicas. ∗For the
AsinφS

UT data we only use the x- and z-projections.

calculation of |h1(x)|, point-by-point in x, only contributes to the overall χ2 if the l.h.s. violates the
inequality with the generated SB data on the r.h.s. by more than 1-σ.

2.2 Extracted Non-Perturbative Functions

Our simultaneous global analysis of TSSAs (JAM3D-22) includes all the observables in Table 1.
The overall χ2/npts is 1.02. The cuts of 0.2 < z < 0.6, Q2 > 1.63 GeV2, and 0.2 < PhT < 0.9 GeV
have been applied to all SIDIS data sets and PhT > 1 GeV to all AπN data sets.

The non-perturbative functions extracted from our analysis can be found in a Google Colab
notebook [16] as well as LHAPDF tables [17]. The comparison of our JAM3D-22 non-perturbative
functions with those from other groups is shown in Fig. 1. Now that the Soffer bound is imposed
in JAM3D-22, hd

1 (x) matches more closely to other extractions. However, a striking difference is
still the large size of hu1 (x) in JAM3D-22 that now saturates the Soffer bound at x & 0.35. This is
necessary to not only describe the lattice gT data point but also the AπN measurements. Without
including this information in the analysis (i.e., relying only on the standard TMD or dihadron
observables that are typically used to extract transversity), one does not find this solution for hu1 (x).
This function can actually describe all relevant TSSAs considered here (TMD and collinear twist-3)
sensitive to transversity as well as obtain agreement with lattice tensor charge values.

2.3 Tensor Charges

From the transversity function we are able to calculate the tensor charges δu, δd, and gT using

δu =
∫ 1

0
dx

(
hu1 (x) − hū1 (x)

)
, δd =

∫ 1

0
dx

(
hd

1 (x) − hd̄
1 (x)

)
, gT ≡ δu − δd . (7)

For JAM3D-22we find δu = 0.78±0.11, δd = −0.12±0.11, and gT = 0.90±0.05. These results are
shown in Fig. 2 compared to an analysis that does not include the lattice gT data point (JAM3D-22
no LQCD) and the JAM3D-20+ fit as well as the computations from other phenomenological, lattice
QCD, and Dyson-Schwinger studies. The inclusion of the precise lattice QCD data point for gT
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Figure 1: The extracted functions h1(x), f ⊥(1)1T (x), and H⊥(1)1 (z) at Q2 = 4 GeV2 from our JAM3D-22 global
analysis (blue solid curves with 1-σ CL error bands) compared to the functions from other groups. The
generated Soffer bound (SB) data are also displayed (cyan points). We note that for all groups the curves
are the central values of the 68% confidence band. The transversity function for Radici, Bacchetta ‘18 and
Benel, Courtoy, Ferro-Hernandez ’20 are for valence u and d quarks.

from Ref. [18] (Alexandrou, et al. (2020) in Fig. 2) causes a substantial reduction in the uncertainty
for δu, δd, and gT . Previous extractions [19–24] typically fell below the lattice results for δu and
gT , even when relaxing the Soffer bound constraint [23, 24].

The imposition of the Soffer bound in our JAM3D-22 global analysis restricts the size of
transversity, especially for the down quark. In addition, now that the H̃(z) term in AπN is not set to
zero, hu1 (x) and hd

1 (x) do not need to be as large in order to achieve agreement with the AπN data.
Consequently, if one does not include lattice data in the analysis (JAM3D-22 no LQCD), the values
for δu, δd, and gT become smaller. The value for δu still agrees with lattice within uncertainties,
but δd and gT are about 1- to 1.5-σ below. However, when the lattice gT data point is included, as
in the full JAM3D-22 scenario, then one again finds agreement with the lattice results, with hu1 (x)
and hd

1 (x) increasing in magnitude accordingly. This fact conveys an important point: an analysis,
at a superficial glance, may appear to have tension with the lattice tensor charge values, but one
cannot definitively determine this until lattice data is included. That is, the analysis may be able to
find solutions that are compatible with both lattice and experimental data maintaining an acceptable
value for the χ2/npts.

2.4 JAM3D-22* Analysis

We mention that in order to align with the methodology of JAMDiFF – see the contribution to
these Proceedings from Nobuo Sato (“Transversity from Dihadron Transverse-Spin Observables”)
– we ran a JAM3D-22 analysis that is slightly updated from Ref. [1]: antiquark transversity PDFs
are now included (with hd̄

1 = −hū1 ), a small-x constraint [25] is imposed, and, for the fit with lattice

5
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Figure 2: The tensor charges δu, δd, and gT . Our JAM3D-22 results (blue) are compared to an analysis that
does not include the lattice gT data point (JAM3D-22 no LQCD in green) and to the JAM3D-20+ results (red)
along with other results from phenomenology (black), lattice QCD (purple), and Dyson-Schwinger (cyan).

QCD, δu and δd from ETMC [18] and PNDME [26] are used (instead of only the gT data point
from ETMC). The experimental data is still described very well even with including δu and δd
from lattice QCD as a Bayesian prior in the fit.

3. Dihadron Fragmentation Theory Developments

3.1 New Definition of DiFFs and Sum Rules

The most common type of FFs describes the situation where a single hadron h is detected in
the final state, i → hX (X representing all undetected particles). Another intensely studied class
of reactions analyzes the case of two hadrons h1, h2 being detected from the same parton-initiated
jet, i → (h1h2)X , where dihadron FFs (DiFFs) become relevant. The quantum field-theoretic
correlator for the fragmentation of a parton i into two hadrons h1, h2, after integrating over k+, is
defined as [27]

∆
h1h2/i
αβ (z1, z2, ®P1⊥, ®P2⊥) =

1
Ni

∑
X

∫ ∫
dξ+d2 ®ξ⊥

(2π)3
eik ·ξ Oh1h2/i

αβ (ξ)
���
ξ−=0

, (8)

where z1, z2 are the fractions of the parton’s longitudinal momentum carried by each hadron, and
®P1⊥, ®P2⊥ are the transverse momenta of the hadrons relative to the parton. For a quark, Ni is the
number of quark colors Nc = 3, and

O
h1h2/q
αβ (ξ) = 〈0|W(∞, ξ)ψq,α(ξ

+, 0−, ®ξ⊥)|P1, P2; X〉〈P1, P2; X |ψ̄q,β(0+, 0−, ®0⊥)W(0,∞)|0〉 , (9)

where ψq is the quark field, α, β are indices for the components of the field, andW is a Wilson line
in the fundamental representation of SU(3) that ensures color gauge invariance. A sum over color
indices in Eq. (9) is implied. We will focus on quark fragmentation but analogous results hold for
gluons. We will also only consider the production of unpolarized hadron pairs.

For the fragmentation of an unpolarized parton, we parameterize the correlator in Eq. (8)
as [28]

1
64π3z1z2

Tr
[
∆
h1h2/q(z1, z2, ®P1⊥, ®P2⊥)γ

−
]
= Dh1h2/q

1 (z1, z2, ®P2
1⊥,
®P2

2⊥,
®P1⊥ · ®P2⊥) , (10)

6



P
o
S
(
T
r
a
n
s
v
e
r
s
i
t
y
2
0
2
4
)
0
0
8

Transversity from Single-Hadron TSSAs and Dihadron Fragmentation Theory Developments

where z = z1 + z2 is the total momentum fraction of the dihadron and Ph = P1 + P2. To justify
that Eq. (10) (and an analogous version for gluon fragmentation) have the desired number density
interpretation, we derived sum rules involving our fully unintegrated DiFFs (uDiFFs) in a parton
model framework. We focus first on the number sum rule [28],∫

dPS Dh1h2/i
1 (z1, z2, ®P 2

1⊥,
®P 2

2⊥,
®P1⊥· ®P2⊥) = 〈N(N − 1)〉 , (11)

where
∫

dPS =
∑

h1

∑
h2

∫ 1
0 dz2

∫ 1−z2
0 dz1

∫
d2 ®P1⊥

∫
d2 ®P2⊥, and N is the total number of hadrons

produced when the parton i fragments. Thus, 〈N(N − 1)〉 is the expectation value for the total
number of hadron pairs produced in the fragmentation of i. A sum over hadron spins must be
included if either or both hadrons have nonzero spin. We remark that the labeling of the two
hadrons as (h1, h2) or (h2, h1) is distinguishable and no factor of 1/2 is needed in the r.h.s. of
Eq. (11). A crucial step in our proof is being able to introduce the number operator,

N̂h j ≡

∫ dP−j d2 ®Pj⊥

(2π)3 2P−j
â†
h j

âh j =

∫
dzjd2 ®Pj⊥

(2π)3 2zj
â†
h j

âh j , (12)

for each hadron ( j = 1 or 2). This can only be achieved by having the specific prefactors on the
l.h.s. of Eq. (10). Indeed, a derivation is not possible if a prefactor of 1/(4z) = 1/(4(z1 + z2)) is
used on the l.h.s. of Eq. (10).

The result in Eq. (11) gives a clear interpretation for the uDiFF we defined in Eq. (10) [28]: they
are densities in the momentum fractions z1, z2 and transverse momenta ®P1⊥, ®P2⊥ for the number
of hadron pairs (h1h2) fragmenting from a parton i. The uDiFF Dh1h2/q

1 (z1, z2, ®P 2
1⊥,
®P 2

2⊥,
®P1⊥ ·

®P2⊥) encodes the dihadron fragmentation process for an unpolarized quark (γ− projection of the
correlator). The number density interpretation also holds for the fragmentation of a longitudinally
polarized quark (γ−γ5 projection) and a transversely polarized quark (iσi−γ5 projection).

We can also derive a momentum sum rule involving uDiFFs and TMD FFs [28],∑
h1

∫ 1−z2

0
dz1

∫
d2 ®P1⊥ z1 Dh1h2/i

1 (z1, z2, ®P 2
1⊥,
®P 2

2⊥,
®P1⊥· ®P2⊥) = (1 − z2)D

h2/i
1 (z2, ®P 2

2⊥) . (13)

If either or both hadrons have nonzero spin, then a sum over the spin of h1 must be included
on the l.h.s. of Eq. (13). Note that one can identify the ratio of the uDiFF to the TMD FF,
Dh1h2/i

1 (z1, z2, ®P 2
1⊥,
®P 2

2⊥,
®P1⊥· ®P2⊥)/D

h2/i
1 (z2, ®P 2

2⊥), as a conditional number density in the momentum
(z1, ®P1⊥) for h1 fragmenting from i given h2 has fragmented from i with momentum (z2, ®P2⊥).

3.2 Connection to Phenomenology

In order to analyze measurements of dihadron observables, it becomes convenient to change to
the “dihadron frame” where the dihadron has no transverse momentum. In addition to Ph = P1+P2,
we also introduce the relative momentum R = (P1 − P2)/2. The individual hadrons have masses
M1 and M2, while the invariant mass (squared) of the dihadron is M2

h
= P2

h
. Along with z,

we form the variable ζ = (z1 − z2)/z. The hadron momenta P1 and P2 can then be written

as P1 =

(
M2

1+
®R 2
T

(1+ζ )P−
h
,

1+ζ
2 P−

h
, ®RT

)
and P2 =

(
M2

2+
®R 2
T

(1−ζ )P−
h
,

1−ζ
2 P−

h
,− ®RT

)
. Note that one readily finds

7
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®R 2
T =

1−ζ2

4 M2
h
−

1−ζ
2 M2

1 −
1+ζ

2 M2
2 . Due to this change of reference frames, one naturally thinks of

uDiFFs as now depending on (z, ζ, ®k 2
T ,
®R 2
T ,
®kT · ®RT ) rather than (z1, z2, ®P 2

1⊥,
®P 2

2⊥,
®P1⊥· ®P2⊥).

Nevertheless, the form of the number sum rule in Eq. (11) allows us to generalize the idea of
uDiFFs as number densities to any set of variables we choose [28]. Consider making a change of
variables from (z1, z2, ®P1⊥, ®P2⊥) to (w, x, ®Y, ®Z), where we understand w, x to be scalars and ®Y, ®Z to
be two-dimensional vectors. Then Eq. (11) implies

Dh1h2/i
1 (w, x, ®Y2, ®Z2, ®Y · ®Z) ≡ J · Dh1h2/i

1 (z1, z2, ®P2
1⊥,
®P2

2⊥,
®P1⊥ · ®P2⊥) (14)

is a number density in (w, x, ®Y, ®Z), where J = |∂(z1, z2, ®P1⊥, ®P2⊥)/∂(w, x, ®Y, ®Z)| is the Jacobian for
the change of variables from (z1, z2, ®P1⊥, ®P2⊥) to (w, x, ®Y, ®Z). Substituting Eq. (10) into the r.h.s. of
Eq. (14) then gives an operator definition of Dh1h2/i

1 (w, x, ®Y2, ®Z2, ®Y · ®Z). In addition, integrating over
one or more of the variables (w, x, ®Y, ®Z)will define a DiFF that is a number density in the remaining
variables.

The functions of interest in experimental measurements are the so-called “extended DiFFs”
(extDiFFs), which we define by changing variables from (z1, z2, ®P1⊥, ®P2⊥) to (z, ζ, ®kT , ®RT ) (as above)
and integrating over ®kT . In the quark sector, two twist-2 Dirac projections survive [27, 29]:

z
32π3(1 − ζ2)

∫
d2®kT Tr

[
∆
h1h2/q(z1, z2, ®P1⊥, ®P2⊥)γ

−
]
= Dh1h2/q

1 (z, ζ, ®R2
T ) , (15)

z
32π3(1 − ζ2)

∫
d2®kT Tr

[
∆
h1h2/q(z1, z2, ®P1⊥, ®P2⊥)iσi−γ5

]
= −

ε
i j
T R j

T

Mh
H^ h1h2/q

1 (z, ζ, ®R2
T ) , (16)

where ε i jT = ε
−+i j with ε12

T = 1. We emphasize the existence of H^ h1h2/q
1 (z, ζ, ®R2

T ), which is not
present for fragmentation into a single hadron. This function has become important in the extraction
of the transversity PDFs, which couple to it in dihadron observables [20, 22, 23, 30–35].

Experimental measurements of dihadron observables are usually differential in (z, Mh) and
integrated over ζ . The relevant DiFFs are then dependent on (z, Mh). We change variables from
(z1, z2, ®P1⊥, ®P2⊥) to (z, ζ, ®kT , Mh, φRT ), where φRT is the azimuthal angle of ®RT . The Jacobian is
J = z3(1 − ζ2)/8. Using our aforementioned prescription, we can define a DiFF that is a number
density in (z, Mh):

Dh1h2/i
1 (z, Mh) ≡

π

2
Mh

∫ 1

−1
dζ (1 − ζ2)Dh1h2/i

1 (z, ζ, ®R2
T ) . (17)

3.3 Parton Model Cross Section Results for e+e− → (h1 h2) X

Actually, calculating the leading-order cross section for dσ/dz dMh for e+e− → (h1h2)X serves
as another verification of the number density interpretation of our new definition of Dh1h2/i

1 (z, Mh).
Starting from P0

1 P0
2 dσ/d3 ®P1d3 ®P2, the result takes the form [28]

dσ
dz dMh

= σ̂i
0 Dh1h2/i

1 (z, Mh) . (18)

For i = q, σ̂q
0 = 4πα2

emNce2
q/(3s), which is the partonic cross section for e+e− → γ → qq̄,

where αem is the fine structure constant, and
√

s is the center-of-mass energy of the e+e− pair.

8
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A sum over quarks and antiquarks is then needed on the r.h.s. of Eq. (18). For i = g, σ̂g
0 =

[(α2
sG2

F )/(576π3)][(m2
es2(N2

c − 1))/(s − m2
H )

2], which is the partonic cross section for e+e− →
H → gg (H being the Higgs boson) using an effective H-g-g coupling, αs is the strong coupling,
GF is the Fermi constant, and me (mH ) is the mass of the electron (Higgs). A factor of 2 is now
needed on the r.h.s. of Eq. (18) since both gluons have the ability to fragment into the dihadron. The
structure of Eq. (18) is exactly what one expects if Dh1h2/i

1 (z, Mh) is to be interpreted as a number
density, i.e., the differential cross section equals the total partonic cross section times the DiFF.
We have also explicitly confirmed this feature for other sets of variables, including dσ/dz1dz2 and
dσ/dz dζ d2 ®RT involving Dh1h2/i

1 (z1, z2) and Dh1h2/i
1 (z, ζ, ®R2

T ), respectively.

3.4 Evolution Equations for DiFFs

The evolution of the DiFF correlator in Eq. (8) has two pieces: a “homogeneous term” involving
only DiFFs (an example graph is given in Fig. 3(a)), and an “inhomogeneous term” involving
single-hadron FFs (an example graph is given in Fig. 3(b)). We have explicitly checked that the
inhomogeneous term for the evolution of Dh1h2/i

1 (z, ζ, ®R2
T ) is not ultraviolet divergent, and therefore

does not contribute to the evolution of extDiFFs. The same conclusion was reached in Ref. [36].
We also remark that for extDiFFs, inhomogeneous diagrams will contribute at O(α2

s ) and higher
orders of evolution.

For collinear PDFs and FFs (e.g., f i/N1 (x) and Dh/i
1 (z)), evolution is a perturbative process

for the 1 → 2 splitting of a parton and is independent of the target (in the case of PDFs) or final
state (in the case of FFs) – see, e.g., Ref. [37] Secs. 9.3.1, 12.9. This observation, along with the
structure of the correlator in Eq. (8), the fact that the extDiFFs are obtained by integrating over ®kT ,
and the conclusion that only the homogeneous term contributes to their evolution, makes clear that
the splitting functions for extDiFFs will be the same as those for a parton fragmenting into a single
hadron. The final result reads [28]

∂Dh1h2/i(z, ζ, ®R2
T ; µ)

∂ ln µ2 =
∑
i′

∫ 1

z

dw
w
Dh1h2/i

′
( z
w
, ζ, ®R2

T ; µ
)
Pi→i′(w) , (19)

where D = D1 or H^1 , and Pi→i′(w) are the unpolarized time-like splitting kernels when D = D1,
or the transversely polarized splitting kernels when D = H^1 . We note that Dh1h2/i

1 (z, Mh) and
H^ h1h2/i

1 (z, Mh) obey the same evolution equations as Eq. (19) since the ζ dependence there is not
altered in the evolution.

4. Summary

Wehave performed a global analysis of TSSAs (JAM3D-22) using the Sivers Asin(φh−φS )

UT , Collins
Asin(φh+φS )

UT , and AsinφS

UT asymmetries in SIDIS, Collins asymmetry in SIA for so-called unlike-like
(AUL) and unlike-charged (AUC) ratios, Sivers asymmetry in DY for W±/Z production (AW/Z

N )
and for µ+µ− production (AsinφS

T,µ+µ−
), and AN for pion production in proton-proton collisions (AπN ).

as well as constraints from lattice QCD (tensor charge gT ) and the Soffer bound on transversity.
Our JAM3D-22 results show it is still possible to accommodate these data/constraints and describe
all TSSAs. The newly extracted transversity function and associated tensor charges are much

9
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(a) (b)

h1 h2 h1

h2

Figure 3: Example diagrams of the (a) homogeneous and (b) inhomogeneous terms for the evolution of the
extDiFF Dh1h2/q

1 (z, ζ, ®R2
T ).

more precise. We also have the first direct information from experiment on H̃(z). We have
introduced a new definition of dihadron fragmentation functions that is consistent with a number
density interpretation, giving these functions a clear physical meaning, and derived their associated
evolution equations.
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