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The measurement of the decay rates 𝜂𝑐 → 𝛾𝛾 and 𝜂𝑏 → 𝛾𝛾 are part of the BES III and Belle II
programmes respectively as tests of the Standard Model. Here we provide, for the first time, precise
SM values for these decay rates using lattice QCD. For Γ(𝜂𝑐 → 𝛾𝛾) we obtain 6.788(61) keV in
good agreement with, but much more accurate than, experimental results using 𝛾𝛾 → 𝜂𝑐 → 𝐾�̄�𝜋.
Our value is in 4 sigma tension with the PDG global fit result, however. Building on this study,
we have been able to predict Γ(𝜂𝑏 → 𝛾𝛾) = 0.526(30) keV. We also compare the ratio of the
form factors to the meson decay constants with expectations from NRQCD to assess how well
nonrelativistic effective theories work in these two cases.
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1. Introduction

In [1] we provided a clearer picture of the process 𝜂𝑐 → 𝛾𝛾 through our lattice QCD calculation
with a realistic sea, resulting in a sub-1% accuracy; a significant improvement over non-lattice
methods. We have now performed a similar study of the process 𝜂𝑏 → 𝛾𝛾, providing a prediction
of the decay width that should be accessible to Belle II [2]. Calculations from theory have so
far used nonrelativistic approaches where systematic uncertainties from relativistic and radiative
corrections arise. Such uncertainties do not appear in our fully relativistic lattice calculation, but
instead we deal with the statistical and systematic uncertainties from extrapolation to physical quark
masses and the continuum limit.

2. Lattice calculation

Gluon field configurations used in these calculations were generated by the MILC collabora-
tion [3, 4] and include the effects of 2+1+1 flavours of quarks in the sea using the Highly Improved
Staggered Quark (HISQ) formalism [5]. We also use the HISQ formalism for the valence quarks.
Lattice spacings range from 𝑎 ≈ 0.15 fm down to 𝑎 ≈ 0.06 fm for the 𝜂𝑐 → 𝛾𝛾 calculation, while
for the 𝜂𝑏 → 𝛾𝛾 process we use the range 𝑎 ≈ 0.09 fm to 𝑎 ≈ 0.033 fm to allow us to simulate
at the physical 𝑏 quark mass without the need for an additional extrapolation. Additionally, we
perform analogous calculations for two intermediate meson masses using an appropriate selection
of the available ensembles. We also include gauge ensembles that have light quarks tuned to their
physical masses.

Our calculation proceeds by generating 3-point correlation functions between a temporal-axial
vector current coupling to the 𝜂ℎ and two vector currents. We use the local currents 𝛾𝑥 ⊗ 𝛾𝑥 and
𝛾𝑧 ⊗ 𝛾𝑧 in spin-taste notation for the vector operators and 𝛾5𝛾𝑡 ⊗ 𝛾𝑥𝛾𝑦 for the 𝜂ℎ. Momentum,
𝜔1 = 𝑀𝜂ℎ

/2, is inserted between the two vector operators in the 𝑦 direction so that it is orthogonal
to both vector current polarisations.

We take our 3-point correlator 𝐶𝜇𝜈 and perform a weighted sum over time slices to set photon
1 on-shell [6–8], obtaining a 2-point correlator:

�̃�𝜇𝜈 = 𝑎
∑︁
𝑡𝛾1

𝑒−𝜔1 (𝑡𝛾1−𝑡𝛾2 )𝐶𝜇𝜈 (𝑡𝛾1 , 𝑡𝛾2 , 𝑡𝜂𝑐 ). (1)

We fit �̃�𝜇𝜈 to the form

�̃�𝜇𝜈 (𝑡𝛾2 , 𝑡𝜂𝑐 ) =
∑︁
𝑛

𝑎𝑛𝑏𝑛 𝑓 (𝐸𝑛, 𝑡𝛾2 − 𝑡𝜂𝑐 ); 𝑓 (𝐸, 𝑡) = 𝑒−𝐸𝑡 + 𝑒−𝐸 (𝑁𝑡−𝑡 ) . (2)

Simultaneously, we fit to a standard 2-point correlator for the 𝜂ℎ:

𝐶𝜂ℎ
(𝑡, 𝑡𝜂𝑐 ) =

∑︁
𝑛

𝑎2
𝑛 𝑓 (𝐸𝑛, 𝑡𝛾2 − 𝑡𝜂𝑐 ) (3)

and thus determine the ground-state contribution of the 𝜂ℎ to each of these correlators. The
amplitude 𝑏0 relates to the matrix element between the 𝜂ℎ and the two photons, and so the form
factor is obtained by

𝐹latt(0,𝑞2
2 )

𝑎
= 𝑏0

√︄
2

𝑎𝑀𝜂ℎ

𝐿𝑠

𝜃𝜋
𝑍2
𝑉 , (4)
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where 𝜃 is the twist [9, 10] angle used to obtain the desired momentum with magnitude 𝜔1, and 𝑍𝑉
is the local vector renormalisation factor determined using the RI-SMOM intermediate scheme at
2 GeV [11, 12]. When 𝑞2

2 = 0, this relates to the width for two on-shell photons by

Γ(𝜂ℎ → 𝛾𝛾) = 𝜋𝛼2
em𝑄

4
ℎ𝑀

3
𝜂ℎ
𝐹 (0, 0)2, (5)

where 𝑄ℎ is the electric charge of the heavy quark, and 1/𝛼em is taken as 137.036.

3. Results
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Figure 1: Fit for 𝐹 (0, 0) from the process 𝜂𝑐 → 𝛾𝛾. The red points and band show results using the current
operators described in the text. The green points and band use an alternative set of operators that approach
the same result in the continuum limit. Our final result comes from a simultaneous fit to both sets of data.

Our results for the form factor 𝐹 (0, 0) from the 𝜂𝑐 → 𝛾𝛾 process are shown in Fig. 1. The
points are the lattice data and the bands come from a fit that is described in detail in [1]. The black
star shows the continuum result at physical quark mass. We find

𝐹 (0, 0) = 0.08793(29)fit(26)syst GeV−1; Γ(𝜂𝑐 → 𝛾𝛾) = 6.788(45)fit(41)syst keV, (6)

where in each case the first error comes from the fit to the lattice data and the second accounts for
additional systematic errors as described in [1].

A dimensionless ratio can also be constructed that has a straightforward limit in leading-order
NRQCD:

𝑅𝜂ℎ
≡ 𝑓ℎℎ

𝐹𝜂ℎ
(0, 0)𝑀2

ℎℎ

=
1
2

(
1 + O(𝛼𝑠) + O

(
𝑣2/𝑐2

))
, (7)

where 𝑀ℎℎ and 𝑓ℎℎ are the mass and decay constant of a corresponding heavy-heavy meson
respectively. We plot our results for this quantity for 𝜂𝑐 → 𝛾𝛾 in Fig. 2 (left), where we chose the
𝐽/𝜓 as the appropriate ℎℎ meson in the ratio. The dotted line shows the leading-order NRQCD
result and the black star depicts our physical result, 𝑅𝜂𝑐 = 0.4786(57)fit(14)syst. The leading-order
NRQCD approximation is better than might be expected, which is only revealed through an accurate
lattice QCD calculation like this one.

Turning to the 𝜂𝑏 → 𝛾𝛾 process, we performed a fit to the ratio 𝑅𝜂𝑏 , the result of which is
plotted in Fig 2 (right). A minor difference in this case is that we used decay constants and masses
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Figure 2: Fit results for the ratio 𝑅𝜂ℎ
for the 𝜂𝑐 → 𝛾𝛾 decays (left) and the 𝜂𝑏 → 𝛾𝛾 decay (right). Black

stars denote the results at physical light quark masses in the continuum.

for the pseudoscalar meson, 𝜂𝑏, rather than the vector, Υ, in this ratio since we could extract them
conveniently from our correlator fits. We use three values of the lattice spacing and include one
case where the light quarks are tuned to their physical value. The band shows our result at physical
pion mass in the continuum. We find:

𝑅𝜂𝑏 = 0.468(11). (8)

We isolate the form factor using 𝑓𝜂𝑏 = 0.724(12) MeV from lattice QCD [11] and the experimental
𝜂𝑏 mass to determine

𝐹 (0, 0) = 0.01751(50) GeV−1. (9)

We again convert to a decay width for this process, finding

Γ(𝜂𝑏 → 𝛾𝛾) = 0.526(30)fit(1)syst keV. (10)

The systematic error accounts for missing QED effects and quark-line disconnected diagrams.
Figure 3 shows the mass dependence of the ratio 𝑅𝜂ℎ

, where the intermediate points correspond
to 𝜂𝑐 masses of 4 GeV and 6.62 GeV. This dependence is very mild. The result at the charm mass
has been recast so that the 𝜂𝑐 decay constant and mass are used in the ratio – rather than the 𝐽/𝜓
values used in [1] – in order to compare appropriately with the other three points. The dash-dotted
line shows the NRQCD expectation in the infinite mass limit. The dashed line shows the effect of
adding in O(𝛼𝑠) corrections to the NRQCD result, while the blue band depicts a relative±1 GeV/𝑀
correction for missing O(𝑣2/𝑐2) effects.

4. Discussion & Conclusions

Our calculation of the decay width Γ(𝜂𝑐 → 𝛾𝛾) from lattice QCD, including – for the first time
– the effect of 𝑢, 𝑑, 𝑠 and 𝑐 quarks in the sea has changed the theoretical picture of this process. Our
result is in tension with the PDG fit result, which suffers from a poor 𝜒2 per degree of freedom, by
over 4𝜎. We are in better agreement with the PDG average of those processes with 𝜂𝑐 production
from 2-photon fusion using the 𝜂𝑐 decay mode to 𝐾�̄�𝜋.

We provide a prediction of the decay width from the 𝜂𝑏 → 𝛾𝛾 channel for the first time in lattice
QCD and find Γ(𝜂𝑏 → 𝛾𝛾) = 0.526(30)fit(1)syst keV. It is anticipated that this is within reach of
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Figure 3: Results for 𝑅𝜂ℎ
showing mild dependence of this ratio on the 𝜂ℎ mass. The blue lines and band

denote expectations from NRQCD as described in the text.
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Figure 4: Inclusive width of the 𝜂𝑏. Green points combine our lattice results for Γ(𝜂𝑏 → 𝛾𝛾) with pNRQCD
calculations of the ratio Γ(𝜂𝑏)/Γ(𝜂𝑏 → 𝛾𝛾) from [13]. The blue point is the current PDG average [14].

Belle II. A determination of the inclusive width Γ(𝜂𝑏) is possible by combining our result with the
ratio Γ(𝜂𝑏)/Γ(𝜂𝑏 → 𝛾𝛾) calculated using a potential NRQCD approach in [13]. We find Γ(𝜂𝑏 →
𝛾𝛾) = 12.20(+42

−47)pNRQCD(70)LQCD MeV or Γ(𝜂𝑏 → 𝛾𝛾) = 12.68(+47
−53)pNRQCD(72)LQCD MeV

dependent on whether the value taken uses the NNA or BFG method in the potential NRQCD
calculation. Both numbers are in good agreement with the current experimental average, but are a
lot more accurate. We plot these values alongside the current experimental average taken from the
PDG [14] in Fig. 4.

As an extension of this program of calculations, we are now studying the decay 𝐽/𝜓 → 𝛾𝑎,
where 𝑎 is an axion-like particle (ALP). ALPs appear in theories beyond the Standard Model to
explain, for example, the strong CP problem in QCD.
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