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1. Introduction

The production of various hadron species in polarized and unpolarized semi-inclusive deep-
inelastic lepton-nucleon scattering (SIDIS) has been measured extensively [1–7]. By considering
different flavour combinations of the incoming and outgoing (identified) parton one can probe the
detailed quark and antiquark flavour decomposition of parton distribution functions (PDFs). In
particular, due to the limited data from hadron-hadron collisions, polarized SIDIS measurements
play an important role in the determination of the flavor structure spin-dependent PDFs [8], which
encode the proton’s spin structure. Polarized PDFs describe the probability of finding a parton with
a given momentum fraction 𝑥 at a resolution scale 𝑄2 with its helicity aligned or anti-aligned to the
nucleon’s spin. With 𝑓 (𝑥, 𝑄2) being the well-established (unpolarized) PDFs we can write:

𝑓 (𝑥, 𝑄2) = 𝑓 +(𝑥, 𝑄2) + 𝑓 − (𝑥, 𝑄2) ,
Δ 𝑓 (𝑥, 𝑄2) = 𝑓 +(𝑥, 𝑄2) − 𝑓 − (𝑥, 𝑄2) , (1)

where ± refers to the relative orientation of the parton helicity with respect to the parent nucleon
spin. Polarized PDFs Δ 𝑓 (𝑥, 𝑄2) are accessible in spin asymmetries where both probe and target
are longitudinally polarized.

Up to now, global studies on Δ 𝑓 (𝑥, 𝑄2) [8, 9] could only be performed in a self-consistent
manner up to NLO since higher-order corrections to the SIDIS coefficient functions have not been
available.

Our recent results [10, 11] for the full set of NNLO QCD corrections to the polarized and
unpolarized SIDIS coefficient functions will enable consistent NNLO global fits to observables
with identified hadrons for the first time. After briefly recalling the kinematics of SIDIS, and the
method employed in our calculation, we provide selected analytical expressions for the pure-singlet
channels. Numerical studies and comparisons to data are presented in [10, 11].

2. Kinematics of SIDIS

We consider the production of an unpolarized hadron ℎ (e.g. a pion) from the scattering of
a lepton off a nucleon. Both leptons and nucleon can be longitudinally polarized. We describe

(polarized) semi-inclusive deep-inelastic scattering as
(→)
ℓ (𝑘) (→)

𝑝 (𝑃) → ℓ(𝑘 ′) ℎ(𝑃ℎ) 𝑋 , with some
inclusive final-state radiation 𝑋 , following the notation of [12, 13]. For a polarized scattering we
require both lepton and nucleon to be longitudinally polarized. With 𝑞 = 𝑘 − 𝑘 ′ we denote the
momentum transfer between the leptonic and hadronic systems, and with 𝑦 = (𝑃 · 𝑞)/(𝑃 · 𝑘) the
associated energy transfer at virtuality 𝑄2 = −𝑞2. The quantities

𝑥 =
𝑄2

2𝑃 · 𝑞 and 𝑧 =
𝑃 · 𝑃ℎ

𝑃 · 𝑞 (2)

are the momentum fractions of the nucleon carried by the incoming parton (𝑥), and of the outgoing
parton carried by the identified hadron (𝑧) at Born level. The variables 𝑥, 𝑦 and 𝑄2 are not
independent and are related by 𝑠 = 𝑄2/(𝑥𝑦), where

√
𝑠 is the lepton-nucleon system center-of-mass

energy.
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For 𝑄 ≪ 𝑀𝑍 only (highly) virtual photons are exchanged, and the spin-averaged triple-
differential cross section reads

d3𝜎ℎ

d𝑥d𝑦d𝑧
=

4𝜋𝛼2

𝑄2

[
1 + (1 − 𝑦)2

2𝑦
F ℎ

𝑇 (𝑥, 𝑧, 𝑄2) + 1 − 𝑦
𝑦

F ℎ
𝐿 (𝑥, 𝑧, 𝑄2)

]
, (3)

where 𝑒2 = 4𝜋𝛼.
The transverse F ℎ

𝑇
and longitudinal F ℎ

𝐿
unpolarized SIDIS structure functions are given by

the sum over all partonic channels of the convolution between the PDF 𝑓𝑝 for a parton 𝑝, the
fragmentation function (FF) 𝐷ℎ

𝑝′ of a parton 𝑝′ into the hadron ℎ, and the coefficient function C 𝑖
𝑝′𝑝

for the transition 𝑝 → 𝑝′,

F ℎ
𝑖 (𝑥, 𝑧, 𝑄2) =

∑︁
𝑝,𝑝′

∫ 1

𝑥

d𝑥
𝑥

∫ 1

𝑧

d𝑧
𝑧
𝑓𝑝

(𝑥
𝑥
, 𝜇2

𝐹

)
𝐷ℎ

𝑝′

(
𝑧

𝑧
, 𝜇2

𝐴

)
C 𝑖
𝑝′𝑝

(
𝑥, 𝑧, 𝑄2, 𝜇2

𝑅, 𝜇
2
𝐹 , 𝜇

2
𝐴

)
, (4)

with 𝑖 = 𝑇, 𝐿. In the above expression 𝜇𝐹 and 𝜇𝐴 are the initial and final-state factorization
scales respectively, and 𝜇𝑅 is the renormalization scale. The differential cross-section of eq. (3) is
sometimes written in terms of the structure functions 𝐹ℎ

1 and 𝐹ℎ
2 that are related to the transverse

and longitudinal ones by F ℎ
𝑇
= 2𝐹ℎ

1 and F ℎ
𝐿
= (𝐹ℎ

2 /𝑥 − 2𝐹ℎ
1 ).

For longitudinally polarized lepton and nucleon, the (polarized Δ) differential cross section is
given by [12]

d3Δ𝜎ℎ

d𝑥d𝑦d𝑧
=

4𝜋𝛼2

𝑄2 (2 − 𝑦)𝑔ℎ1 (𝑥, 𝑧, 𝑄
2) . (5)

The polarized SIDIS structure function 𝑔ℎ1 is given by the sum over all partonic channels of the
convolution between the polarized PDF Δ 𝑓𝑝 for a parton 𝑝, the FF 𝐷ℎ

𝑝′ of parton 𝑝′ into hadron ℎ,
and the polarized coefficient function ΔC𝑝′𝑝 for the partonic transition 𝑝 → 𝑝′:

2𝑔ℎ1 (𝑥, 𝑧, 𝑄
2) =

∑︁
𝑝,𝑝′

∫ 1

𝑥

d𝑥
𝑥

∫ 1

𝑧

d𝑧
𝑧
Δ 𝑓𝑝

(𝑥
𝑥
, 𝜇2

𝐹

)
𝐷ℎ

𝑝′
( 𝑧
𝑧
, 𝜇2

𝐴

)
ΔC𝑝′𝑝

(
𝑥, 𝑧, 𝑄2, 𝜇2

𝑅, 𝜇
2
𝐹 , 𝜇

2
𝐴

)
. (6)

The polarized and unpolarized SIDIS coefficient functions C𝑝′𝑝 ∈ {C𝑇
𝑝′𝑝, C𝐿

𝑝′𝑝,ΔC𝑝′𝑝} encode
the hard-scattering part of the process, and can be computed in perturbative QCD. Their perturbative
expansion in the strong coupling constant 𝛼𝑠 reads

C𝑝′𝑝 = C (0)
𝑝′𝑝 +

𝛼𝑠 (𝜇2
𝑅
)

2𝜋
C (1)

𝑝′𝑝 +
(
𝛼𝑠 (𝜇2

𝑅
)

2𝜋

)2
C (2)

𝑝′𝑝 +O(𝛼3
𝑠) , (7)

where the NLO corrections can for example be found in [12].
In [10, 11] we presented results for the NNLO corrections C (2)

𝑝′𝑝 to all partonic channels
appearing at this order. The seven partonic channels appearing at O(𝛼2

𝑠) are, following the notation

3
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of [10, 14]:

C (2)
𝑞𝑞 = 𝑒2

𝑞C
NS
𝑞𝑞 +

(∑︁
𝑗

𝑒2
𝑞 𝑗

)
C PS
𝑞𝑞 ,

C (2)
�̄�𝑞

= 𝑒2
𝑞C�̄�𝑞 ,

C (2)
𝑞′𝑞 = 𝑒2

𝑞C
1
𝑞′𝑞 + 𝑒2

𝑞′C 2
𝑞′𝑞 + 𝑒𝑞𝑒𝑞′C 3

𝑞′𝑞 ,

C (2)
�̄�′𝑞 = 𝑒2

𝑞C
1
𝑞′𝑞 + 𝑒2

𝑞′C 2
𝑞′𝑞 − 𝑒𝑞𝑒𝑞′C 3

𝑞′𝑞 ,

C (2)
𝑔𝑞 = 𝑒2

𝑞C𝑔𝑞 ,

C (2)
𝑞𝑔 = 𝑒2

𝑞C𝑞𝑔 ,

C (2)
𝑔𝑔 =

(∑︁
𝑗

𝑒2
𝑞 𝑗

)
C𝑔𝑔 . (8)

With (–)′
𝑞 we indicate an (anti-)quark of flavor different from 𝑞 and the sums run over all quarks

flavors. The NS and PS superscripts in the quark-to-quark channel denote the non-singlet and the
pure-singlet components respectively.

In Section 4 we present analytical results for the coefficients 𝐶𝑇,PS
𝑞𝑞 and Δ𝐶PS

𝑞𝑞.

3. Method

The coefficient functions are computed by applying suitable projectors from the respective
parton-level subprocess matrix elements with incoming kinematics fixed by 𝑄2 and 𝑥, which are
then integrated over the final-state phase space. In the final-state integration the momentum fraction
of the parton 𝑝′ is fixed to 𝑧 and the remaining extra radiation 𝑋 is fully integrated.

At NNLO in QCD, three types of parton-level contributions must be taken into account, relative
to the underlying Born-level process: two-loop virtual corrections (double-virtual, VV), one-loop
corrections to single real radiation processes (real-virtual, RV) and tree-level double real radiation
processes (RR).

The one-loop squared matrix elements (RV contributions) can be expressed in terms of one-
loop bubble and box integrals. These integrals are known in exact form in 𝑑 = 4 − 2𝜖 , where 𝑑
denotes the dimension of space-time. The associated phase space integral is fully constrained for
fixed 𝑥 and 𝑧 and only expansions in the end-point distributions in 𝑥 = 1 and 𝑧 = 1 are required.
For a generic RV contribution with kinematics 𝑘𝑖 + 𝑞 → 𝑘 id.

𝑗
+ 𝑘𝑘 we can thus write

C̃ 𝑅𝑉
𝑝′𝑝 (𝑥, 𝑧, 𝑄2, 𝜖) ∝

∫
dΦ2(𝑘 𝑗 , 𝑘𝑘 ; 𝑘𝑖 , 𝑞)𝛿

(
𝑧 − 𝑥

(𝑘𝑖 + 𝑘 𝑗)2

𝑄2

) ���M𝑅𝑉
𝑝′𝑝

���2 ∝ J (𝑥, 𝑧)
���M𝑅𝑉

𝑝′𝑝

���2 (𝑥, 𝑧) ,
(9)

where with ˜ we indicate a bare quantity. The Jacobian factor is given by

J (𝑥, 𝑧) = (1 − 𝑥)−𝜖 𝑥 𝜖 𝑧−𝜖 (1 − 𝑧)−𝜖 . (10)

To avoid ambiguities associated with the analytic continuation of the one-loop master integrals, we
segment the parameter space of the RV contribution into four sectors: (𝑥 ≤ 0.5, 𝑥 ≤ 𝑧 ≤ 1 − 𝑥),

4
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(𝑧 ≤ 0.5, 𝑧 < 𝑥 ≤ 1 − 𝑧), (𝑥 > 0.5, 1 − 𝑥 < 𝑧 < 𝑥) and (𝑧 > 0.5, 1 − 𝑧 < 𝑥 ≤ 𝑧), where the
contributions are manifestly real [15]. We checked the continuity of our expressions across the
boundaries of the regions.

The RR contributions are given by the integration over the three-particle phase space of the
process 𝑘𝑖 + 𝑞 → 𝑘 id.

𝑗
+ 𝑘𝑘 + 𝑘𝑙, with the momentum fraction of particle 𝑗 fixed:

�̃�𝑅𝑅
𝑝′𝑝 (𝑥, 𝑧, 𝑄2, 𝜖) ∝

∫
dΦ3(𝑘 𝑗 , 𝑘𝑘 , 𝑘𝑙; 𝑘𝑖 , 𝑞)𝛿

(
𝑧 − 𝑥

(𝑘𝑖 + 𝑘 𝑗)2

𝑄2

) ���(Δ)M𝑅𝑅
𝑝′𝑝

���2 . (11)

They can be expressed as cuts of two-loop integrals in forward kinematics, with 𝑧 expressed as a
linear cut propagator. Using integration-by-parts (IBP) identities we reduce these integrals to master
integrals. The RR contributions to the SIDIS coefficient functions are expressed in terms of 13
integral families, for a total of 21 master integrals. The master integrals are determined by solving
their differential equations in 𝑥 and 𝑧. The boundary terms obtained by integrating the generic
solutions over 𝑧 and comparing to the master integrals of the inclusive cases. Their derivation is
described in detail in Section 3 of [16], where the antenna subtraction method for identified hadrons
at NNLO was extended to processes with partonic initial states.

The VV contributions correspond to the well-known two-loop quark form factor [17] in space-
like kinematics.

For the polarized coefficient functions, we use the same projectors as in the inclusive calculation
of [18]. The external projectors contain two inherently four-dimensional objects, 𝛾5 and 𝜀𝜇𝜈𝜌𝜎 ,
which must be treated consistently within dimensional regularization [19]. We use the Larin
prescription [20, 21], which is derived from the ’t Hooft-Veltman-Breitenlohner-Maison (HVBM)
scheme [19, 22], and consists of evaluating the Dirac traces in 𝑑 dimensions after setting

𝛾𝜇𝛾5 =
𝑖

3!
𝜀𝜇𝜈𝜌𝜎𝛾

𝜈𝛾𝜌𝛾𝜎 . (12)

The two remaining Levi-Civita tensors are contracted into 𝑑-dimensional metric tensors.
The virtual and double-virtual contributions to 𝑔ℎ1 are described by the respective vector form

factors [17] rather than by their axial counterparts. Indeed the photon couples to the quark line
through a vector coupling, whereas the antisymmetric current carried by the photon is contracted
only from the external leg. As a consequence, traces of quark-loops coupling to the polarized
photon do not give rise to the axial anomaly [23, 24].

The renormalization of 𝛼𝑠 is carried out in the MS scheme to remove poles of ultraviolet
origin. The leftover infrared poles are eliminated by mass factorization on the polarized and
unpolarized PDFs and unpolarized FFs. In the polarized case, at this stage, all coefficient functions
are still formulated in the Larin scheme. Consequently, the mass factorization counterterms of
the polarized PDF are taken in the Larin scheme as well, constructed from the polarized spacelike
splitting functions in this scheme.

Quantities in Larin and MS are related by a finite scheme transformation [18, 25–29].

4. Results

In this section we report the analytical expressions for the MS unpolarized transverse and
polarized pure-singlet (PS) coefficients of eq. (8). The other coefficient functions can be found in

5
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computer-readable ancillary files of the arXiv submission of [10, 11].
The polarized PS contribution is

ΔC PS
𝑞𝑞 = 𝐶𝐹

{
𝑠𝑥/𝑧𝑃1(𝑥, 𝑧)

(
− 4 ln(𝑠𝑥/𝑧) arctan(𝑠𝑥/𝑧) + 4 ln(𝑧𝑠𝑥/𝑧) arctan(𝑧𝑠𝑥/𝑧) + 2 Ti2(𝑠𝑥/𝑧)

− 2 Ti2(−𝑠𝑥/𝑧) − 4 Ti2(𝑧𝑠𝑥/𝑧)
)
+ 𝛿(1 − 𝑧)

(
(𝑥 − 3) ln(𝑥) + 2(𝑥 − 1) − (𝑥 + 2) 1

2
ln(𝑥)2

)
− 8

𝑥𝑧 − 𝑥 − 𝑧 + 1
𝑧

+ 3
𝑥𝑧 − 𝑥 + 𝑧 − 1

𝑧
ln(𝑥) + 3

𝑥𝑧 + 𝑥 − 𝑧 − 1
𝑧

ln(𝑧)

− 2
𝑥𝑧 + 𝑥 + 𝑧 + 1

𝑧
ln(𝑥) ln(𝑧)

}
, (13)

while the transverse component of the unpolarized PS contribution reads

C 𝑇,PS
𝑞𝑞 = 𝐶𝐹

{
𝑠𝑥/𝑧𝑃2(𝑥, 𝑧)

(
− 1

8
ln(𝑠𝑥/𝑧) arctan(𝑠𝑥/𝑧) +

1
8

ln(𝑧𝑠𝑥/𝑧) arctan(𝑧𝑠𝑥/𝑧) −
1
8

Ti2(𝑧𝑠𝑥/𝑧)

+ 1
16

Ti2(𝑠𝑥/𝑧) −
1
16

Ti2(−𝑠𝑥/𝑧)
)
− 2

𝑥𝑧 + 𝑥 + 𝑧 + 1
𝑧

ln(𝑥) ln(𝑧) − 1
16

ln(𝑥)𝑃3(𝑥, 𝑧)

+ 1
16

ln(𝑧)𝑃4(𝑥, 𝑧) −
5
8
𝑃5(𝑥, 𝑧)

}
, (14)

with 𝑠𝑥/𝑧 =
√︃

𝑥
𝑧
, the inverse tangent integral function defined by

Ti2(𝑦) =
∫ 𝑦

0

arctan 𝑥
𝑥

d𝑥 , (15)

and rational functions

𝑃1(𝑥, 𝑧) =
𝑥2𝑧 + 𝑥𝑧2 + 𝑥 + 𝑧

𝑥𝑧
,

𝑃2(𝑥, 𝑧) =
5𝑥4𝑧2 + 18𝑥3𝑧3 + 18𝑥3𝑧 + 5𝑥2𝑧4 + 52𝑥2𝑧2 + 5𝑥2 + 18𝑥𝑧3 + 18𝑥𝑧 + 5𝑧2

𝑥2𝑧2 ,

𝑃3(𝑥, 𝑧) =
5𝑥3𝑧2 − 5𝑥3𝑧 − 5𝑥2𝑧3 − 34𝑥2𝑧2 + 34𝑥2𝑧 + 5𝑥2 − 5𝑥𝑧3 − 34𝑥𝑧2 + 34𝑥𝑧 + 5𝑥 + 5𝑧2 − 5𝑧

𝑥𝑧2 ,

𝑃4(𝑥, 𝑧) =
5𝑥3𝑧2 + 5𝑥3𝑧 − 5𝑥2𝑧3 + 34𝑥2𝑧2 + 34𝑥2𝑧 − 5𝑥2 + 5𝑥𝑧3 − 34𝑥𝑧2 − 34𝑥𝑧 + 5𝑥 − 5𝑧2 − 5𝑧

𝑥𝑧2 ,

𝑃5(𝑥, 𝑧) =
𝑥3𝑧2 − 𝑥3𝑧 + 𝑥2𝑧3 + 6𝑥2𝑧2 − 6𝑥2𝑧 − 𝑥2 − 𝑥𝑧3 − 6𝑥𝑧2 + 6𝑥𝑧 + 𝑥 − 𝑧2 + 𝑧

𝑥𝑧2 . (16)

The pure-singlet contributions arise from diagrams in which the quark line that couples to the
photon goes entirely unresolved and is connected to the initial state parton via a gluon. Since
the quark-antiquark pair is resolved by the photon and the other quark line is constrained by the
initial and final-state kinematics, no contribution propotional to 𝛿(1− 𝑧) is expected in this channel.
Nevertheless, in the polarized case, a delta distribution appears from the pure-single contribution
of Larin to MS scheme transformation.
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Figure 1: QCD 𝐾-factors up to NNLO and fractional contribution of individual channels. The channels
that are not shown are numerically negligible. To determine the scale variation band we vary by factors of 2
around the central scale (𝜇𝑅 = 𝜇𝐹 = 𝜇𝐴 = 𝑄) fixing 𝜇𝐹 = 𝜇𝐴.

The numerical impact of the QCD corrections to eq. (3) is illustrated in the form of K-factor for
a few selected bins of the COMPASS single-inclusive pion production measurement [5] in Figure 1.
We use the NNPDF3.1 PDF set [30] and the FF set from [31] at NNLO, with 𝛼𝑠 (𝑀𝑍 ) = 0.118 and
with 𝑁𝐹 = 5 light quarks.

Our polarized and unpolarized coefficient functions are in agreement for all channels with the
results presented in [32, 33].

5. Conclusions

The full set of NNLO corrections to the SIDIS coefficient functions is now available, for both
polarized and unpolarized scattering. In these proceedings we reviewed the analytical derivation
and showed selected analytical expressions. The unpolarized results will enable the extraction of
FFs from global fits at NNLO accuracy. Furthermore, polarized SIDIS is a key observable for
accessing the polarized flavour structure of the proton and will be a key ingredient for the BNL
Electron-Ion Collider (EIC) spin program [34].
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