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1. Introduction

Higher-order radiative corrections are becoming increasingly relevant for the the physics pro-

gram at the (HL-)LHC and for future 4+4− Higgs factories, such as ILC [1, 2], FCC-ee [3] and

CEPC [4]. However, their calculation at 2-loop order and beyond poses challenges due to the

presence of many massive propagators with different mass scales (<, , </ , <� , <C ) in the loops.

Analytical techniques, which have been successfully applied to many NNLO and NNNLO QCD

contribution for LHC production processes (see Ref. [5] for a recent review), require two important

steps: (i) a reduction to master integrals using integration-by-parts (IBP) relations; and (ii) analytical

solutions of the master integrals themselves. For problems with many mass scales, step (i) becomes

computationally very expensive and intermediate expressions may become uncontrollably large. For

step (ii), the currently known function space (generalized harmonic polylogarithms, iterated elliptic

integrals) may not be sufficient to describe all MIs that appear in calculations with many massive

propagators. This last issue can be circumvented by recent developments in solving differential

equations for the MIs using generalized power series expansions [6–10], but the IBP reduction is

still needed for these approaches.

On the hand, direct numerical integration methods can in principle be used without IBP re-

duction. The numerical integration could be implemented for different variable choices (e.g. in

momentum space, Feynman parameter space, etc.), but in all cases one obtains multi-dimensional

numerical integrals that have to be evaluation with (quasi-)Monte-Carlo integration and that con-

verge relatively slowly. See Ref. [5] for more details.

This work presents a semi-numerical technique that is tailored for electroweak 2-loop correc-

tions and more efficient for such problems than the more general approaches. This techniques has

previously been introduced in Refs. [11, 12] As a concrete application, the results for fermionic

electroweak NNLO corrections to 4+4− → /� will be presented [12, 13].

2. Computational approach

Let us first consider 2-loop integrals with a sub-loop self-energy bubble. As proposed in

Ref. [14], for integrals with trivial numerators, the sub-loop bubble can be expressed as a dispersion

integral,

�0(?2, <2
1, <

2
2) =

∫ ∞

(<1+<2)2
df

Δ�0(f, <2
1, <

2
2)

f − ?2 − 8n
, (1)

where� is the space-time dimension andΔ�0(f, <2
1, <

2
2) ≡

1
c

Im �0(f, <2
1, <

2
2) is the discontinuity

of the one-loop scalar two-point function �0 across the branch cut, which lies along the positive

real axis in the complex ?2 plane (see Fig. 2 left). When inserting (1) into a two-loop integral, it

provides one more propagator for the outer loop momentum ? with mass f. Thus the 34? integral

can be expressed in terms of well-known analytical one-loop functions (see e.g. Ref. [15, 16]):

�2−loop
= −

∫

3f Δ�0(f, ...) �1−loop(..., f). (2)

For a complete Feynman diagram, with non-trivial terms in the numerator, the self-energy sub-loop

contains higher-rank Passarino-Veltman (PV) functions, (�1, �00, etc.), for which one a dispersion
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Figure 1: Planar two-loop box diagrams with top quarks in the loop (left), and illustration of the effect of

introducing Feynman parameters for the @2 propagators (right).

relation can be derived analogously. Similarly, the second loop integral in general contains higher-

rank (PV) functions in �1−loop.

To apply this idea to diagrams with sub-loop triangles and boxes, Feynman parameters are

introduced. For example, in the diagram in Fig. 1, three of the top-quark propagators can be

combined with the help of two Feynman parameters. As a result, the @2 sub-loop is transformed to

the topology of a self-energy bubble, and thus one can introduce a dispersion relation of the form

@2 loop =

∫

3G 3H
m2

m (<′2)2

∫ ∞

f0

3f
Δ�0(f, <′2, <2

@′)
f − @̃2

1

, (3)

@̃1 = @1 + : ′ + 8n , : ′ = (1 − G):1 + H :2,

<′2
= <2

C − GH(:1 + :2)2 − (1 − G − H) (G:2
1 + H:2

2), f0 = (<′ + <@′)2.

The derivative with respect to <′2 can be pulled inside the f integral:

@2 loop =

∫

3G 3H

{∫ ∞

f0

3f
m2
<′Δ�0(f, <′2, <2

@′)
f − @̃2

1

−
[
m<′Δ�0(f, <′2, <2

@′)
f − @̃2

1

]

f→f0

}

, (4)

where m<′ ≡ m
m(<′2) . The derivatives of the Δ�0 function can be easily computed, but a problem

occurs since the two terms in (4) are individually divergent for f → f0. This can be fixed by

modifying the integrand such that the boundary terms in cancelled, viz.

@2 loop =

∫

3G 3H

{ ∫ ∞

f0

3f m2
<′Δ�0(f, <′2, <2

@′)
(

1

f − @̃2
1

− f0

f(f0 − @̃2
1)

)

+ f0

f0 − @̃2
1

m2
<′�0(0, <′2, <2

@′)
}

. (5)

where the extra term in the integrand is added back in integrated form.

A second difficulty arises from the fact the <′2 can become negative, so that the branch point

of the �0 function moves into the complex plane, and the dispersion relation (1) cannot be used

anymore. It is, however, possible to choose a different complex integration contour, which yields

a modified dispersion relation, as illustrated in Fig. 2 (right). The new dispersion relation kernel

involves the �0 function itself rather than its discontinuity. This construction extends to higher-rank

PV functions �1, �00, ..., as mentioned above.
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Figure 2: Contours for the dispersion relations for the one-loop scalar self-energy function �0 for the cases

<2
1, <

2
2 > 0 (left) and <2

1 < 0, <2
2 > 0 (right). The zigzag lines denote the branch cuts. The circle sections

are understood to have a radius ' → ∞ and a vanishing contribution to the contour integrals.

By following the above steps, 2-loop box diagrams can be transformed into three-dimensional

numerical integrals (with integration variables G, H, f) that can be reliably evaluated using adaptive

Gauss integration or similar integration algorithms. Vertex diagrams can be similarly constructed,

and they typically only require one Feynman parameter.

3. UV divergences

In general, 2-loop integrals can be UV divergent, which will cause the numerical f-integral

to diverge. Thus one needs to introduce suitable subtraction terms to make the integral finite.

The subtraction terms should be simple enough to integrate analytically and add back to the

whole expression. At the 2-loop level, integrals can have global (nested) divergences and sub-

loop divergences. To illustrate the construction of subtraction terms, let us consider the following

concrete example:

I =

∫

@1

∫

@2

1

(@2
2 − <2

+2
) ((@2 + ?)2 − <2

+1
) ((@2 + @1)2 − <2

51
)

×
@4

1

(@2
1 − <2

52
) ((@1 − ?ℎ)2 − <2

52
) ((@1 − ?)2 − <2

52
)
, (6)

where for the sake of brevity we have not spelled out the @1,2 integration measures.
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The global divergence correspond to the limit @1,2 → ∞, and therefore a suitable subtraction

terms in obtained by setting the external momenta to zero:

Iglob
sub =

∫

@1

∫

@2

@4
1

(@2
2 − <2

+2
) (@2

2 − <2
+1
) ((@2 + @1)2 − <2

51
) (@2

1 − <2
52
)3
. (7)

This term can be evaluated in terms of 2-loop vacuum integrals, for which analytical expressions

are known. In our case, this step has been carried out with the help of FIRE 5 [17] and TVID [18].

The sub-loop divergences correspond to the taking the limit of only @1 → ∞ or @2 → ∞.

For the @1 sub-loop divergence, a subtraction term can thus be constructed by neglecting all other

momenta in the @1-dependent propagators:

I@1

sub =

∫

@1

∫

@2

1

(@2
2 − <2

+2
) ((@2 + ?)2 − <2

+1
)
×

@4
1

(@2
1 − <2

51
) (@2

1 − <2
52
)3

= �0(?2, <2
+1
, <2

+2
) ×

[

21�0(<2
51
) + 22�0(<2

52
)
]

. (8)

I@1

sub factorizes into two terms that depend only on @1 and @2, respectively, and so they can straight-

forwardly be evaluated in terms of well-known basic one-loop functions. Here 21,2 are coefficients

that depend on < 51,2 and �, which we do not spell out for the sake of brevity.

Similarly, the @2 sub-loop divergence will lead to a factorized integral. Thus in total one obtains

I = [I − Iglob
sub − I@1

sub − I@2

sub]
︸                          ︷︷                          ︸

integrate numerically

+Iglob
sub + I@1

sub + I@2

sub
︸                ︷︷                ︸

integrate analytically

. (9)

Here the first term on the right-hand side is UV-finite and can be numerically evaluated using the

techniques described in the previous section. The remaining terms can be computed analytically

in terms of known basic integrals, and they account for the UV divergences that eventually cancel

when performing the renormalization.

4. Fermionic electroweak NNLO corrections to e
+
e
−
→ `N

In Refs. [12, 13], the approach described above has been applied to the calculation of elec-

troweak NNLO corrections with closed fermion loops (henceforth called “fermionic EW NNLO

corrections”) to the process 4+4− → /�. This is the main Higgs-boson production process at future

4+4− Higgs factories, and its cross-section can be measured with sub-percent precision at FCC-ee

and CEPC [3, 4]. Previously, NLO [19–21] and mixed EW-QCD NNLO [22, 23] corrections to this

process have been computed, but the uncertainty from missing EW NNLO corrections has been

estimate to be or O(1%), and thus it is necessary to take them into account. For an alternative

approach to computing these corrections, see Ref. [24].

For the practical implementation of our calculation, diagrams and matrix elements have been

generated with FeynArts 3.11 [25], and additional algebraic manipulations were performed in

Mathematica1, such as

1FeynCalc 9 [26] was used for some steps, with cross-checks against an in-house code.
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• the construction of the integrand for the numerical integration (including the introduction of

Feynman parameters and dispersion relations) for each diagram type;

• introduction of UV subtraction term;

• generation of C++ code for the subtracted integrand.

As mentioned above, no IBP reduction was performed, but instead the integrand is expressed in terms

of higher-rank PV functions. For the numerical evaluation of these functions LoopTools 2.16 [27]

has been used. The numerical integration has been implemented using adaptive Gauss quadrature

algorithms from the Boost library [28] and the Quadpack library [29].

To improve the numerical stability, the upper limit ∞ of the f integrals has been replaced by a

finite cutoff, and a small explicit imaginary part has been introduced for negative squared masses to

ensure that LoopTools picks the correct complex branch. It has been checked that the dependence

on variations of the cutoff (by a factor 2 up or down) and the imaginary part of the masses (by an

order of magnitude) is negligible compared to the integration uncertainties. The overall precision

is limited by the use of floating point numbers. For double precision numerics, about 3 digits

precision of the integrated results can be achieved. This typically requires a few minutes on a single

CPU core for one diagram type. In some cases, quadruple precision numerics have been used for

additional precision (typically more than 6 digits).

QED radiation in the initial state factorizes from the remaining EW corrections. They contain

large logarithm which can be summed to higher orders using the structure function approach [30].

Therefore, to avoid double counting, the virtual initial-state QED corrections are omitted in our

calculation. UV divergences have been regularized using dimensional regularization. However,

for diagrams that depend on the treatment of W5, any Dirac trace contributions that can lead to

Levi-Civita tensors have been computed using 4-dimension algebra, since these contributions are

UV-finite at the perturbative order of our calculation. The remaining terms have been computed

using �-dimensional algebra with a naively anticommuting W5.

For the renormalization, the on-shell (OS) scheme according to Ref. [31, 32] has been employed.

It uses the electromagnetic coupling in the Thomson limit and particle masses as input quantities.

We also present results in an alternative scheme, where the electromagnetic coupling has been

replaced by the Fermi coupling, �`. CKM mixing and the masses of all fermions except the top

quark have been neglected in our calculation.

It should be noted that the OS scheme employed here defines the W- and Z-boson masses via

the complex pole of the propagator. As a result, the numerical input values for the masses need to

be translated according to

</ = <
exp
/

[1 + (Γexp
/

/<exp
/

)2]−1/2, Γ/ = Γ
exp
/

[1 + (Γexp
/

/<exp
/

)2]−1/2, (10)

where the quantities with superscript “exp” indicate the values reported in experimental studies,

whereas the quantities without superscript refer to the renormalized parameters in our calculation.

Since the Z boson is unstable, the process 4+4− → /� is defined via the residue of the leading

term in an expansion about the Z pole in the full process 4+4− → 5 5̄ �. For the leading pole

term, production and decay of the Z boson factorize, and thus it makes sense to talk about a /�

production cross-section. See Ref. [12] for more details.
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(fb) Contribution (fb)

fLO 222.958

fNLO 229.893

O(U# 5 =1) 21.130

O(U# 5 =0) −14.195

fNNLO 231.546

O(U2
# 5 =2) 1.881

O(U2
# 5 =1) −0.226

Table 1: Numerical results for the integrated cross section for 4+4− → /� at different electroweak

perturbative orders, and also individually showing contributions with different number of closed fermion

loops, at indicated by # 5 .
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Figure 3: Differential unpolarized cross section for 4+4− → /� as a function of the scattering angle \ for√
B = 240 GeV, at different perturbative orders.

With the input parameters

<
exp
,

= 80.379 GeV ⇒ <, = 80.352 GeV, <� = 125.1 GeV, <C = 172.76 GeV,

<
exp
/

= 91.1876 GeV ⇒ </ = 91.1535 GeV, U−1
= 137.036, ΔU = 0.059,

√
B = 240 GeV, (11)

the results in Tab. 1 and Fig. 3 are obtained. While the correction to the total cross-section from

the U2
# 5 =1 contributions is relatively small, one can see from the figure that there are sizeable

corrections to the differential cross-section for different values of the scattering angle \.

Table 2 shows the corrections to the total cross-section in the U(0) scheme, where the elec-

troweak couplings are parametrized in terms of the electromagnetic coupling at zero momentum

transfer, and the�` scheme, where the electroweak couplings are parametrized in terms of the Fermi

constant. The translation between the two schemes is given by
�`√

2
=

cU

2<2
,

(1−<2
,

/<2
/
) (1+ΔA), where

ΔA accounts for radiative corrections, for which we use the results from Refs. [32, 33].

7
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U(0) scheme �` scheme

fLO [fb] 223.14 239.64

fNLO [fb] 229.78 232.46

fNNLO,EW×QCD [fb] 232.21 233.29

fNNLO,EW [fb] 233.86 233.98

Table 2: Results for the total cross-section for 4+4− → /�, using input values and mixed EW-QCD

corrections from Ref. [23].

As evident from Tab. 2, the predictions in the two schemes are in very good agreement, but the

order-by-order corrections are smaller in the �` scheme.

5. Summary

This contribution describes a new semi-numerical technique for general 2-loop calculations

with arbitrary massive propagators. It makes use of dispersion relations and Feynman parameters.

Since it avoids integration-by-parts reduction and numerical integrals of high dimensionality, it

is relative efficient and requires modest computational resources. The numerical precision of

the method is limited by the machine floating point numbers, but it is sufficient for practical

phenomenological applications.

One such application are the fermionic electroweak NNLO corrections to the process 4+4− →
/�. The corrections were found to be modest in size, but not negligible for the purposes of future

4+4− Higgs factories. The dependence on the renormalization scheme is significantly reduced by

including the electroweak NNLO corrections. Judging by the remaining scheme dependence, as

well as parametric power-counting estimates, the missing bosonic electroweak NNLO corrections

are expected to be numerically less important, but their computation would still be useful and in

general achievable with the methods described here.
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