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The long-term goal of this project is the non-perturbative renormalization of the energy-momentum
tensor in the 2d 𝑂 (3) non-linear sigma model using different methods which have been developed
for QCD applications. As a first step, we have identified all operators that mix with the energy-
momentum tensor once a lattice discretization is employed, that is all which are compatible with
power counting and with the symmetries of the theory. Since these operators are constrained by
non-linear Ward identities arising from the non-linear realization of the 𝑂 (3) symmetry, this is
not entirely straightforward on the technical level. We have also outlined the basics of ongoing
numerical simulations with shifted boundary conditions and an optimized constraint action to
minimize lattice artifacts.
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1. Introduction

Two dimensional 𝑂 (𝑁) non-linear sigma models are an interesting class of quantum field
theories that are exactly solvable [1]. For 𝑁 = 2 they are conformal and for 𝑁 > 3 they display
asymptotic freedom. These properties makes them interesting toy models for QCD. Additionally,
they can be extended supersymmetrically, providing a playground to investigate aspects of strings
in 𝐴𝑑𝑆 [2], whose worldsheet discretization remains a challenge [3].

One possible starting point of interest in dealing with these models is the renormalization of
the energy-momentum tensor in perturbation theory and non-perturbatively by means of lattice
simulations. The energy-momentum tensor is an interesting observable in quantum field theory, as
it is not only the Noether current associated to spacetime translations, but currents associated with
other space-time symmetries can be related to it. It carries important information about the theory
such as the equation of state and the conformal anomaly.

For now, we will focus on the case 𝑁 = 3, although it has to be stressed that the results in these
proceedings were obtained keeping 𝑁 quite general and can be easily extended. In section 2 we
will shortly describe what the 𝑂 (3) non-linear sigma model is and how its renormalization works,
before moving on to applying this in section 3 in the context of the energy-momentum tensor. We
will concisely outline some features of ongoing numerical simulations in section 4.

Throughout this work the Einstein convention is only used for indices with a superscript, not a
subscript.

2. Sigma models and their Renormalization

The 𝑂 (3) non-linear sigma model is defined through a scalar field 𝜙 mapping a flat two-
dimensional spacetime into the target space 𝑆2. The discretized Euclidean action then takes the
simple form

𝑆 =
1

2𝑔2
0

∑︁
𝑥,𝜇

𝑎2 𝜕
𝑓
𝜇 𝜙

𝐼 (𝑥)𝜕 𝑓
𝜇 𝜙

𝐼 (𝑥) (1)

where 𝜕 𝑓 denotes the discretized forward derivative and the field satisfies the constraint 𝜙𝐼𝜙𝐼 = 1.
Expectation values of observables are defined by means of the path integral formula

⟨𝑃⟩ = 1
𝑍

∫ [∏
𝑥

𝑑3𝜙(𝑥) 𝛿(𝜙𝐼 (𝑥)𝜙𝐼 (𝑥) − 1)
]
𝑒−𝑆 (𝜙)𝑃(𝜙), (2)

where 𝑑3𝜙(𝑥) 𝛿(𝜙𝐼 (𝑥)𝜙𝐼 (𝑥) − 1) is nothing but the canonical measure on the sphere 𝑆2 up to a
normalization factor. Both the action and the integration measure are invariant under an 𝑂 (3)
symmetry which acts by rotating the components of the field. Ultraviolet divergences in 𝑛-point
functions of the field are removed by renormalizing the field and the coupling constant as in

𝜙𝑟 = 𝑍−1/2𝜙, 𝑔2
𝑟 = 𝑍−1

1 𝑔2
0 . (3)

This statement is proven in [4] in dimensional regularization at all orders in the perturbative
expansion. Zinn-Justin outlines in his book [5] how the same renormalization pattern applies to the
lattice regularization.
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We are interested in the renormalization of 𝑂 (3)-invariant composite operators in this theory.
If the target renormalized operator O𝑟 (𝑥) has mass dimension 𝐷, then it is generally written as a
linear combination of bare operators O(𝑥) with mass dimension 𝐷𝛼 ≤ 𝐷, i.e.

O𝑟 (𝑥) =
∑︁

𝐷𝛼≤𝐷
𝑍𝛼O𝛼 (𝑥). (4)

The operators O𝛼 (𝑥) are all those that are compatible with the symmetries of O𝑟 , keeping in mind
that only the symmetries of the regularized theory matter. What this statement exactly means can
be understood at all orders in the perturbative expansion. One can conjecture that, since the theory
is asymptotically free and the renormalization properties are dictated by the large-energy regime of
the theory, the renormalization pattern found by means of a perturbative analysis should hold also
at the non-perturbative level. Thus one should first formulate a perturbative expansion and carry
out an all orders renormalization thereof to find the general form of the renormalized operator,
before calculating the renormalization constants non-perturbatively. At the perturbative level, the
symmetry analysis is complicated by the fact that one needs to choose a parametrization of the
sphere 𝑆2, e.g. by setting

𝜙 = (𝝅, 𝜎), where 𝝅 = (𝜋1, 𝜋2), 𝜎 =
√

1 − 𝜋𝑖𝜋𝑖 . (5)

In this parametrization, the direction 𝑒3 = (0, 0, 1) in field space plays a special role. The 𝑂 (2)
subgroup of 𝑂 (3) which leaves 𝑒3 invariant acts linearly on the field 𝝅 and leaves 𝜎 invariant.
Invariance under 𝑂 (2) implies that only 𝑂 (2)-invariant operators can appear in the right-hand side
of (4). The remaining symmetries act non-linearly on 𝝅. Given small parameters 𝜔 = (𝜔1, 𝜔2), the
rotations on the plane defined by 𝑒3 and (𝜔1, 𝜔2, 0) act infinitesimally as

𝛿𝜔𝜋
𝑖 = 𝜔𝑖𝜎 𝛿𝜔𝜎 = −𝜔𝑖𝜋𝑖 . (6)

The associated Ward identities can be expressed as quadratic first-order differential equations for the
generating functional Γ of 1PI diagrams, coupled to sources for the operators 𝜎 and 𝑂𝛼. In order to
understand the renormalization of 𝑂𝛼, one needs to understand the structure of the divergent part
of Γ which is constrained in a non-trivial way by the Ward identities. One finds that the operators
appear in the right-hand side of (4) are general local functions of 𝜙 and

𝜂 =
□̂𝜎

𝜎
, (7)

with the property that they are invariant under 𝑂 (3) rotations of 𝜙 at fixed 𝜂.

3. Renormalization of the energy-momentum tensor

The energy-momentum tensor can be defined as the Noether current obtained from the invari-
ance of the theory under translations. In the continuum, it is given by

𝑇𝜇𝜈 (𝑥) = 𝜕𝜇𝜙
𝐼 (𝑥)𝜕𝜈𝜙𝐼 (𝑥) − 1

2
𝜕𝜂𝜙

𝐼 (𝑥)𝜕𝜂𝜙𝐼 (𝑥). (8)

When a lattice discretization is considered, translational symmetry is broken and this naive expres-
sion can no longer be used. Keeping in mind that we do not want to give up locality of the theory,
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we shall not aim for an exact symmetry on the lattice, but to recover it in the continuum limit [6]. In
other words, we want to obtain the right lattice energy-momentum tensor, and properly renormalize
it to achieve this goal.

In the continuum, the energy-momentum tensor decomposes into two irreducible representa-
tions of the 𝑂 (2) group of Euclidean spacetime rotations: the trace and the traceless symmetric
parts. On the lattice this symmetry is broken down to its 𝐷4 subgroup of reflections and 90◦ rota-
tions. As a consequence, the traceless symmetric representation branches off into two irreducible
representation of 𝐷4: the traceless diagonal and off-diagonal parts. These parts will necessarily
renormalize independently. Therefore, the renormalized energy-momentum tensor can be written
as [

𝑇𝜇𝜈 (𝑥)
]
𝑟
=

4∑︁
𝛼=1

𝑍𝛼
{
𝑇 𝛼
𝜇𝜈 (𝑥) − ⟨𝑇 𝛼

𝜇𝜈 (𝑥)⟩
}
, (9)

where
𝑇1
𝜇𝜈 (𝑥) = 𝛿𝜇𝜈

∑︁
𝜌

𝜕𝑠𝜌𝜙
𝐼 (𝑥)𝜕𝑠𝜌𝜙𝐼 (𝑥),

𝑇2
𝜇𝜈 (𝑥) = 𝛿𝜇𝜈

[
𝜕𝑠𝜇𝜙

𝐼 (𝑥)𝜕𝑠𝜈𝜙𝐼 (𝑥) − 1
2

∑︁
𝜌

𝜕𝑠𝜌𝜙
𝐼 (𝑥)𝜕𝑠𝜌𝜙𝐼 (𝑥)

]
,

𝑇3
𝜇𝜈 (𝑥) = (1 − 𝛿𝜇𝜈)𝜕𝑠𝜇𝜙𝐼 (𝑥)𝜕𝑠𝜈𝜙𝐼 (𝑥),

𝑇4
𝜇𝜈 (𝑥) =

𝛿𝜇𝜈

𝜎(𝑥) □̂𝜎(𝑥),

(10)

𝜕𝑠 being the discretized symmetric derivative and □̂ the laplacian. Naively, using counting of
canonical dimensions, the only other operators that might mix with the energy-momentum tensor
are 𝛿𝜇𝜈𝜙□̂𝜙 and 𝜙𝜕𝑠𝜇𝜕

𝑠
𝜈𝜙. However, in the continnum, these operators are linear combination of the

ones given above and we do not need to consider them. For instance

0 = 𝜕𝜇 (𝜙𝐼𝜙𝐼 ) = 2𝜙𝐼𝜕𝜇𝜙
𝐼 (11)

and thus
0 =

∑︁
𝜇

𝜕𝜇 (𝜙𝐼𝜕𝜇𝜙
𝐼 ) =

∑︁
𝜇

𝜕𝜇𝜙
𝐼𝜕𝜇𝜙

𝐼 + 𝜙𝐼□𝜙𝐼 . (12)

We are interested in correlation functions of the form〈
P

[
𝑇𝜇𝜈 (0)

]
𝑟

〉
=

4∑︁
𝛼=1

𝑍𝛼
〈
P
{
𝑇 𝛼
𝜇𝜈 (0) − ⟨𝑇 𝛼

𝜇𝜈 (0)⟩
}〉

, (13)

where P is a 𝑂 (3)-invariant product of local operators at spacetime points away from the origin
(in order to avoid contact terms with the energy-momentum tensor). This expression has the
undesirable feature that the last term is not manifestly 𝑂 (3) invariant and depends on the choice of
parametrization. However, in 𝑂 (3) invariant expectation values, we expect that we should be able
to exchange insertions of 𝑂 (3) non-invariant operators with invariant ones. Thus, there should be
an equivalent expression involving only invariant operators. Indeed we find such an expression by
considering the Dyson-Schwinger equations for the polynomially bounded functional

𝜋𝑖 (0)P (14)
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for each 𝑖 ∈ {1, 2}, taking the sum afterwards. We obtain the relation〈
𝜋𝑖 (0)

𝛿P
𝛿𝜋𝑖 (0)

〉
+ 2
𝑎2 ⟨P⟩ =

〈
P □̂𝜎(0)

𝜎(0)

〉
−
〈
P𝜙𝐼 (0)□̂𝜙𝐼 (0)

〉
− 1
𝑎2

〈
P 𝜋𝑖 (0)𝜋𝑖 (0)

𝜎2(0)

〉
. (15)

The first term vanishes under the assumption that P is a product of local operators at spacetime
points away from the origin. The last term can be further rewritten using the Ward identity〈
𝛿𝜔

( 𝜋𝑖
𝜎
P
)〉

= 0, which is equivalent to

0 = ⟨P⟩ 𝛿𝑖 𝑗 +
〈
P 𝜋𝑖 (0)𝜋 𝑗 (0)

𝜎2(0)

〉
. (16)

From this, it follows that: 〈
P □̂𝜎(0)

𝜎(0)

〉
=
〈
P𝜙𝐼 (0)□̂𝜙𝐼 (0)

〉
. (17)

Thus, we can write equation (13) equivalently as

〈
P

[
𝑇𝜇𝜈 (0)

]
𝑟

〉
=

3∑︁
𝛼=1

𝑍𝛼
〈
P
{
𝑇 𝛼
𝜇𝜈 (0) − ⟨𝑇 𝛼

𝜇𝜈 (0)⟩
}〉

+ 𝑍4 〈P {
𝜙𝐼 (0)□̂𝜙𝐼 (0) − ⟨𝜙𝐼 (0)□̂𝜙𝐼 (0)⟩

}〉 (18)

which is manifestly 𝑂 (3) invariant. Moreover, as we have already noted, the operator 𝜙□𝜙 is
equivalent to 𝑇1 in the continuum. Thus, its insertion can be absorbed by a redefinition of the
coefficient 𝑍1. We conclude that, as long as it is inserted into correlation functions of arbitrary
𝑂 (3) invariant operators at pairwise-distinct points, the renormalized energy-momentum tensor
takes the form: [

𝑇𝜇𝜈 (𝑥)
]
𝑟
=

3∑︁
𝛼=1

𝑍𝛼
{
𝑇 𝛼
𝜇𝜈 (𝑥) − ⟨𝑇 𝛼

𝜇𝜈 (𝑥)⟩
}
, (19)

which we will use from now on.

4. Numerical simulations

We have found all operators that mix in renormalizing the energy-momentum tensor and outline
a strategy for computing the renormalization constants non-perturbatively, as functions of 𝑔2

0 [7].
We use an optimized constraint action, a mix of the topological action and the standard lattice
action. This action has the same quantum continuum limit and is shown to reduce large cutoff
effects in the 𝑂 (3) model [8] [9]. It is given by

𝑆con [𝜙] =
∑︁
𝑥,𝜇


1
𝑔2

0

(
1 − 𝜙(𝑥)𝐼𝜙(𝑥 + �̂�)𝐼

)
𝜙(𝑥)𝐼𝜙(𝑥 + �̂�)𝐼 > −0.345

∞ else.
(20)

We perform the Monte-Carlo simulation using the Wolff cluster algorithm [10], reducing critical
slowing down significantly.

There are multiple ways to calculate the renormalization constants non-perturbatively. One
that we are exploring is the use of shifted boundary conditions, which were successfully employed

5
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previously in the renormalization of the energy-momentum tensor in lattice Yang-Mills theory [11].
Here, one formulates the theory at finite temperature in a moving frame, at Euclidean velocity 𝜉

[12]. The partition function 𝑍 has a path integral expression in terms of shifted boundary conditions
in Euclidean time with extent 𝐿0, given by

𝜙(𝐿0, 𝑥1) = 𝜙(0, 𝑥1 − 𝜉𝐿0). (21)

The corresponding free energy density in the infinite volume for this partition function is given by

𝑓 (𝐿0, 𝜉) = lim
𝐿1→∞

1
𝐿0𝐿1

ln(𝑍 (𝐿0, 𝐿1, 𝜉)) (22)

and fulfills the relation
𝑓 (𝐿0, 𝜉) = 𝑓

(
𝐿0

√︃
1 + 𝜉2, 0

)
. (23)

Ward Identities are obtained by taking derivatives with respect to the parameters 𝐿𝑖 and 𝜉, from
which one can find relations between different components of the energy-momentum tensor. These
can be used to calculate the renormalization constants and provide the advantage of this method.
Namely, using them we only have to evaluate one-point functions of the energy-momentum tensor
and can therefore also use an improved estimator for the two-point function of fields [13].

5. Conclusions & Outlook

We have found all operators mixing with the energy-momentum tensor in the 2d 𝑂 (3) non-
linear sigma model in perturbation theory at all orders, finding an additional nontrivial operator
that mixes with the scalar part that is not manifestly 𝑂 (3) invariant. However, employing Dyson-
Schwinger equations and Ward identities from the 𝑂 (3) symmetry, we found that with respect to an
insertion into correlation functions of arbitrary 𝑂 (3) invariant operators at pairwise-distinct points,
it is equivalent to an insertion of an 𝑂 (3) invariant operator. Furthermore, this insertion can be
absorbed by a redefinition of the renormalization constant of the scalar part. We have outlined
the ongoing effort of calculating the renormalization constants non-perturbatively using numerical
simulations, using an optimized constraint action as well as shifted boundary conditions.

In the future, after finishing the calculation with shifted boundary conditions, we plan to
perform a detailed comparison of this method to the use of the gradient flow and small flowtime
expansion [14]. We want to compare with integrability predictions (e.g. for the two-point function
of the energy-momentum tensor), as well as investigate the trace anomaly and calculate the central
charge in the 𝑂 (2) case. In the end, we also plan to generalize the program to supersymmetric
target spaces.
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