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1. Introduction

This paper is an update of our previous reports [1-9]. We report recent progress in the
determination of |ex| with updated inputs from lattice QCD. Updated input parameters include 4,
0, 1, exclusive [Vepl, [Visls |Vudls |Vusl/|Vual, Mw, mc(m.), and M, (the pole mass of top quarks).

Here we adopt the same color convention as that in our previous papers [1-9] in Tables 1-6.
We use red for new input data used to evaluate ex. We use blue for new input data which is not
used.

2. Input parameters: Wolfenstein parameters

. V, . .
We summarize results for |V,,4], |V.s|, and % from lattice QCD in table 1.
ud
type [Vies| [Vial Ref. type [Vis |/ Vil Ref.
Np=2+1+1 0.22483(61) 0.97439(14) FLAG-24 [10]p79t20 T/ frt 0.23126(50) FLAG-24 [10]p75
Np=2+1 0.22481(58) 0.97440(13) FLAG-24 [10]p79220  fx/fx 0.23131(45)  FLAG-24 [10]p76
(a) |Vys| and |V, 4| from lattice QCD (b) |Viusl/|Vya| from lattice QCD

Table 1: (a) |Vus| and |Vud| (b) |Vu‘v|/|vud|-

Vel r Wl
VIVuaP + Vs P VT2 [Vial

ey

Using Eq. (1), we determine A from the ratio r = |Vi5|/|Vyual, since it has less error than that
obtained directly from |V,5| and |V,,4]. We present results for A in Table 2. We also summarize
recent update on p and 77 of Wolfenstein parameters (WP) in Table 2. When we evaluate |ex |, we use
the angle-only-fit (AOF) results in Table 2 to avoid the unwanted correlations between (eg, |Vep|),
and (p,7), as explained in Ref. [5, 9]. We determine the parameter A directly from |V p|. We
also present results of the CKM-fitter [11] (2021) and the UTfit [12, 13](2022-2023) in Table 2 for
comparison.

WP CKMfitter UTfit AOF
A 0.22498*+0.0005 [11] 0.22519(83) [12, 13] 0.22536(42) [10]
p 0.1562+0:0012 [11] 0.160(9) [13, 14] 0.159(16) [14]
] 0.3551+0:0090 [11] 0.346(9) [13, 14] 0.339(10) [14]

Table 2: Wolfenstein parameters

3. Input parameters:

Vcb |

We present recent results for exclusive |V, | and inclusive |V, | in Table 3. In Table 3 (a), the
results for exclusive |V, | obtained by various groups of lattice QCD are summarized: FNAL/MILC,
FLAG, HFLAYV, and HPQCD. Here BGL denotes a kind of the parametrization methods for data
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channel value method ref source

B — D*{v 38.40(78) BGL [18] p27e76 FNAL/MILC-22
ex-comb 39.46(53) comb [10]p181e282 FLAG-24
ex-comb 39.10(50) comb [19] p120e221 HFLAV-23
ex-comb 39.03(56)(67) comb [20] p24e50 HPQCD-23

(a) Exclusive |V,p,| in units of 1.0 x 1073,

scheme value ref source
kinetic scheme 42.16(51) [21] pl Gambino-21
1S scheme 41.98(45) [19] p108e200 1S-23

(b) Inclusive |V, | in units of 1.0 x 1073.

Table 3: Results for (a) exclusive |V, | and (b) inclusive |V,p|. The abbreviation p27e76 means Eq. (76) on
page 27.

analysis [5, 15], and comb represents combined results from various groups for multiple decay
channels. They are consistent with one another within 1.00 uncertainty. We also present recent
results for inclusive |V,p| in Table 3 (b). There are a number of attempts to determine inclusive
|Vep| from lattice QCD, but all of them at present belong to the category of exploratory study rather
than that of precision calculation [16, 17].

4. Input parameter &

The absorptive part of long distance effects on £ is parametrized by &.

(62— ¢&0) - 2

-f() _ Ion _ ImA2 Re (8') w

“Red) T Redy  V2lex]

In lattice QCD, we can determine &y by two independent methods: the direct and indirect methods.
In the direct method, one determines &y by combining the lattice QCD results for Im Ag with
experimental results for Re Ap. In the indirect method, one determines &g using Eq. (2) with lattice
QCD results for &, combined with experimental results for &’ /&, ek, and w.

We summarize experimental results for Re Ag and Re A, lattice results for Im Ag and Im A,
calculated by RBC-UKQCD in Table 4. We also present results for &y in Table 4. Here we use the
results of the indirect method for & to evaluate g, since the total errors are much smaller than
those of the direct method.

5. Input parameters: Bx, &1p, and others

The FLAG 2024 [10] reports results for Bk in lattice QCD for N r=2,Nr=2+1, and
Ny =2+ 1+ 1. Here we use the results for By with N r = 2+ 1, which is obtained by taking
an average over the five data points from BMW 11, Laiho 11, RBC-UKQCD 14, SWME 14, and
RBC-UKQCD 24 presented in Table 5 (a).
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parameter method value Ref. source

Re Ag exp 3.3201(18) x 1077 GeV [22? ,23] NA

Re Ay exp 1.4787(31) x 1078 GeV [22] NA

w exp 0.04454(12) [22] NA

lex] exp 2.228(11) x 1073 [24] p285e13.46a  PDG-2024

Re (g'/e) exp 1.66(23) x 1073 [24] p285e13.46b  PDG-2024
parameter method value ( GeV) Ref. source

Im Ag lattice/G-parity BC —-6.98(62)(144) x 107! [25] patl RBC-UK-2020
Im A lattice/periodic BC -8.7(12)(26) x 107! [26] p30e70 RBC-UK-2023
Im A, lattice/G-parity BC -8.34(103) x 10713 [25] p31e90 RBC-UK-2020
Im A, lattice/periodic BC -5.91(13)(175) x 10713 [26] p30e68 RBC-UK-2023
parameter method value Ref source

& indirect —1.738(177) x 1074 [25] SWME

& direct -2.102(472) x 107* [25] SWME

(a) Results for &y obtained using the direct and indirect methods in lattice QCD.

Table 4: Results for &. Here, we use the same notation as in Table 3. The abbreviation p4tl means Table 1
on page 4.

The dispersive long distance (LD) effect &1 p is

m
LD ’
myp

i | 3 EUHIONCIHIK) 5
C

mKO —EC

There are two independent methods to estimate &.p: one is the BGI estimate [32], and the other
is the RBC-UKQCD estimate [33, 34], which ex explained in Ref. [5]. In the BGI method, one
estimates &1 p using chiral perturbation theory, using Eq. (4).

&o

ép = -0.4(3) X == “4)
V2
In the RBC-UKQCD method, one estimates &1 p using Eq. (5).
&Gp=(0+1.6% of |ex|M. (5)

Here we use both methods to estimate the sie of &1 p.

Input Value Ref.

GFr 1.1663788(6) x 107> GeV 2 PDG-24 [24] p137t1.1
Collaboration Ref. Bk 0 43.52(5)° PDG-24 [24] p284e13.42
RBC/UKQCD 24 [27] 0.7436(25)(78) mgo 497.611(13) MeV PDG-24 [24] p40
SWME 15 [28] 0.735(5)(36) AMk 3.484(6) x 10712 MeV PDG-24 [24] p41
RBC/UKQCD 14 [29] 0.7499(24)(150) Fx 155.7(3) MeV FLAG-24 [10] p80e80
Laiho 11 [30] 0.7628(38)(205) me(me) 1.278(6) GeV FLAG-24 [10] p56e53
BMW 11 [31] 0.7727(81)(84) my (my) 162.77(27)(17) GeV PDG-24 [24] p1379
FLAG-24 [10] p96el11  0.7533(91) Mw 80.353(6) GeV SM-2024 [24] p815,s54p3

(a) Bk (b) Other parameters

Table 5: (a) Results for Bx and (b) other input parameters.
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In Table 5 (b), we present other input parameters needed to evaluate ex. We present the charm
quark mass m.(m.) and the top quark mass m,(m,) in Table 5 (b). Since the lattice results of
various groups with Ny =2 + 1 + 1 shows some inconsistency among them, we take the results for
mc(me) with Ny = 2 + 1 from FLAG 2024 [10]. To obtain m,(m;), we take results for the pole
mass M; from PDG 2024 [24]. Here we use the standard model predition (SM-2024) result for My,
[24] to evaluate k.

6. Input parameters: Higher order QCD corrections

We summarize higher order QCD corrections 7; in Table 6. There are two sets of 1;: one is 1;
of ¢ — ¢ unitarity (the traditional method [5, 6], Table 6 (a)), and the other is 7; of u — ¢ unitarity (the
BGS method [35], Table 6 (b)). The BGS method (nBtGS) are supposed to have better convergence

Input Value Ref. Input  Value Ref.
nee  172(27) 6] " oos
e 0.5765(65) 361 B 0.55(1 + 4.2% + 0.1%) [35]
Net 0.496(47) [37] nBSS 0.402(1 £ 1.3% + 0.2% = 0.2%) [35]
(a) n; of ¢ — ¢ unitarity (b) U?GS of u — ¢ unitarity

Table 6: QCD corrections: (a) the traditional method (7; of ¢ — ¢ unitarity), and (b) the BGS method (7; of
u — t unitarity).

with respect to the charm quark mass contribution [35].

7. Results for |8K|SM

Here we presents results for | |S™ evaluated using various combinations of input parameters.
We report results for |ex 3™ calculated using the traditional method with 7; of ¢ — ¢ unitarity in
Subsection 7.1, and |ex 3™, calculated using the BGS method with 77; of u—1 unitarity in Subsection

7.2. Here the superscript SM

represents the theoretical expectation value of |ex | obtained directly
from the SM, and the subscript ._; (,,—;) represents that obtained using the traditional method with

n; of ¢ — t unitarity (the BGS method of 7; of u — ¢ unitarity).

7.1 n; of ¢ — ¢ unitarity (the traditional method)

In Fig. 1 (a), we present results of |& K|§1\—At calculated directly from the standard model (SM)
with the lattice QCD inputs using the traditional method for 7; of ¢ — ¢ unitarity. Here the blue
curve represents the theoretical results for |ex|3™, obtained using the FLAG-24 results for B, the
AOF results for Wolfenstein parameters, the FNAL/MILC-22 results for exclusive |V,;|, results
for &y with the indirect method, results for n; of ¢ — ¢ unitarity (the traditional method), and the
RBC-UKQCD estimate for é&p. The red curve in Fig. 1 represents the experimental results for
|ek |F*P. Here the superscript E*P represents experimental results for |ek|.

In Table 7, we summarize our results for |ex|>™ and Asx = |ex|B*P — |ex|SM. We present
results for |ex|3M obtained using the RBC-UKQCD estimate for & in Table 7 (a), and those

c—t
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Figure 1: |sx M with exclusive |V, | (FNAL/MILC-22) in units of 1.0 x 1073: (a) |ex |M with ; of ¢ — ¢
unitarity (the traditional method), and (b) |ex|3™ with 5; of u — ¢ unitarity (the BGS method).

obtained using the BGI estimate for £&1p in Table 7 (b). In Table 7, we find that the theoretical
expectation values of |ex |3M. with lattice QCD inputs (including exclusive |V,|) have 5.1 ~ 4.10-
tension with the experimental value of |eg |ExP_ while there is no tension with inclusive |V,.; | obtained
using the heavy quark expansion and QCD sum rules.

In Fig. 2 (a), we present the time evolution of Aeg /o during the period of 2012-2024. In
2012, Aeg was 2.507, but now it is 5.10 with exclusive |V.,| (FNAL/MILC-22). We use the
FNAL/MILC-22 results for exclusive |V.p| as a representative sample, since it contains the most
comprehensive analysis of the B — D*¢v decays at both zero recoil and non-zero recoil, while it
incorporates experimental results of both BELLE and BABAR, and independent of data merging
with unwanted correlation. In Fig. 2 (b) we present the time evolution of the average Aeg and the
eITOr Oz, during the same period.

In Table 8 (a), we present the error budget for |ex |§¥t. Here we find that |V, | gives the largest
error (= 52%), while n.,, 77, and n.. are subdominant in the error budget. Hence, it is essential

[Vep| method source lex |3M, Aek

exclusive BGL FNAL/MILC-22 1.453 +£0.152 5.100
exclusive comb HFLAV-23 1.551 +0.133 5.100
exclusive comb FLAG-24 1.605 = 0.138 4.500
exclusive comb HPQCD-23 1.544 + 0.169 4.060
inclusive 1S 1S-23 2.017 £ 0.155 1.360
inclusive kinetic Gambino-21 2.050 £ 0.162 1.100

(a) lex |SM , with RBC-UKQCD estimate for &1 p

|Venl method reference lex|3M . Aeg

exclusive BGL FNAL/MILC-22 1.501 £ 0.155 4,700
exclusive comb HFLAV-23 1.599 +0.135 4.640

(b) |ex|3M , with BGI estimate for £ p

SM

Table 7: |ek| in units of 1.0 X 1072, and Aeg = |ex |5 — |ex|3M, in units of o
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to reduce the errors in |V,;| as much as possible. Part of the errors in exclusive |V,;| come from
experiments in BELLE, BELLE2, BABAR, and LHCb, which are beyond our control, but will
decrease thanks to on-going accumulation of higher statistics in BELLE2 and LHCb. Part of the
errors in exclusive |V.p| come from the theory used to evaluate the semi-leptonic form factors for
B — D™ ¢y decays, using tools in lattice QCD.

7.2 n; of u — t unitarity (the BGS method)

In Fig. 1 (b), we present results for |ex|>M. obtained directly from the SM using the BGS

u—t
method for 7; of u — ¢ unitarity, the FLAG-24 results for Bk, the AOF results for Wolfenstein
parameters, the FNAL/MILC-22 results for exclusive |V, |, results for & with the indirect method,

the RBC-UKQCD estimate for &1 p, and so on. In Table 9, we present results for | K|§¥t and its
2(}5 in the central values (CV)

SM
c—t

Aeg obtained using the BGS method. Here we find a mismatch de
for |ex |"™ between the traditional method and the BGS method for 77;: 66895 = [ex |3M, — |ex
This mismatch comes from a number of small and tiny approximations introduced in the BGS
method [35]. Here we count this CV mismatch 58%GS as an additional error, and add it to the

total error in quadrature. Hence, the total error is 0295 = \/ [O'FGS]Z + [65%(}5]2, where o268

represents the total error, and UPGS represents the errors coming from the input parameters. In
Table 9, we present O'FGS, 68%(}5, and O',BGS to demonstrate some sense on numerical size of them.
source error (%) memo source error (%) memo
[Vep| 51.9 exclusive [Vep| 63.1 exclusive
Net 21.9 ¢ —tBox 7 12.0 AOF
7 9.4 AOF nBas 10.7 BGS
Nee 9.3 ¢ —cBox 58%65 5.4 CV mismatch
éLp 2.2 RBC/UKQCD éLp 2.9 RBC/UKQCD
b 2.0 AOF p 2.2 AOF
Bk 1.6 FLAG-24 Bk 2.0 FLAG-24
(a) Error budget for |eg |§¥, (b) Error budget for |eg Igll/l,

Table 8: Error budget table for |ek [M with (a) the traditional method (n; of ¢ —t unitarity), and (b) the BGS
method (n; of u — ¢ unitarity).
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[Vep| method  source lex|SM, o PGS 6808 oBes Aek o
excl BGL FNAL-MILC-22 1.484 0.133 0.032 0.137 543
excl comb HFLAV-23 1.582 0.110 0.031 0.114 5.65
excl comb FLAG-24 1.635 0.116 0.030 0.120 493
excl comb HPQCD-23 1.575 0.151 0.031 0.154 4.24
incl 1S 1S-23 2.043 0.131 0.026 0.134 1.37
incl kinetic Gambino-21 2.075 0.140 0.025 0.142 1.07
k[P exp PDG-24 2.228 0.011 0.00

Table 9: |ex|3™, in units of 1.0 x 1073 obtained using the FLAG-24 results for Bx, AOF for the Wolfenstein
parameters, the indirect method for &y, the RBC-UKQCD estimate for & p, and the BGS method for n;
(= nP9S) of u — ¢ unitarity.

From Table 9, we find that the theoretical results for |ex|>™, obtained using lattice QCD inputs
including exclusive |V,;| have 5.70- ~ 4.20 tension with the experimental results for | |F*P, while
the tension disappears for those obtained using inclusive |V,p| from heavy quark expansion and
QCD sum rules.

In Table 8 (b), we present the error budget for |ex|>™.. Here we find that the error from
exclusive |V, | is dominant (= 63%), while those errors from 7, n?th, and 68%(}5 are subdominant
in the error budget. Hence, it is essential to reduce the errors of exclusive |V, | as much as possible.
|SM

Due to lack of space, a large portion of interesting results for |ex and Aeg could not

be presented in Tables 7 and 9: for example, results for |ex |3, obtained using exclusive |V, |
(FLAG-24) with the BGI estimate for & p, results for |eg EIYI, obtained using &y determined by the
direct method, and so on. We plan to report them collectively in Ref. [38].

In order to reduce the errors in exclusive |V.p| on the theoretical side, there is an on-going
project to determine |V, | using the Oktay-Kronfeld (OK) action for the heavy quarks to calculate

the form factors for B — D) ¢y decays [39-47].
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