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Full QCD+QED simulations allow to evaluate isospin breaking corrections to hadron masses.
With the openQxD code, we are able to perform these simulations employing C-periodic boundary
conditions, implemented through a doubling of the physical lattice along one spatial direction.
The use of these boundary conditions introduces non-zero Wick contractions between two quark
or two antiquark fields, that, in the case of the computation of baryon masses, lead to partially
connected additional contributions that we expect to vanish in the infinite volume limit. These
contributions are challenging because they involve an all-to-all propagator connecting one point
in the physical lattice and one in the mirror lattice. We present a way to compute these corrections
to the Ω− baryon mass using a combination of point and stochastic source inversions.
This work is part of the program of the RC* collaboration.
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1. Motivation

In order to shed light on possible violations of the Standard Model, lattice QCD simulations
aim to reach percent or sub-percent precision level. To attain such precision, isospin-breaking
effects must be taken into account in measurements of numerous hadronic observables, including
the meson and baryon masses. These effects do not come only from the difference in mass of the
light quarks (strong isospin-breaking) but also from the difference in their electric charges (electro-
magnetic isospin-breaking), for this reason the coupling of QCD to electrodynamics (QED) has to
be investigated.
One example of the effect of these corrections is the proton-neutron mass difference, which is
entirely due to a combination of strong and electromagnetic isospin-breaking effects. This work
focuses precisely on the impact of these corrections on baryon masses, in particular for the Ω−,
a 3/2 spin baryon with three strange valence quarks widely used to set the scale of lattice QCD
simulations ([1], [2], [3]). Our implementation of QED in finite volume, QED𝐶 , makes it possi-
ble to have charged states due to a particular choice of boundary conditions in space, C-periodic,
which at the same time introduce some peculiar finite-volume effects that are the subject of this
study. We expect these corrections to vanish in the infinite-volume limit, since they are only an
effect of the boundary conditions, and we want to quantify their magnitude with respect to the com-
putations of baryon masses already performed by our collaboration which neglect these effects ([4]).

2. C-periodic boundary conditions and Wick contractions

Periodic boundary conditions in space do not allow the presence of charged states on the lattice,
this is clear if we look at Gauss law to compute the total electrical charge on the lattice 𝑄 starting
form the charge density 𝜌(𝑥):

𝑄 =

∫
𝑑𝑥3𝜌(𝑥) =

∫
𝑑𝑥3 ∇ · 𝐸 (𝑥) = 0 (1)

where the result of the integral is the difference of the electric field 𝐸 at the boundaries that is
always zero due to its periodicity.
Of course, this poses a challenge for lattice QCD+QED simulations, which the RC* collaboration
addresses through the use of C-periodic boundary conditions in space in the openQ*D code [5].
These boundary conditions consist in the charge conjugation of both quark and fermion fields when
crossing the boundaries of the lattice:

𝐴𝜇

(
𝑥 + 𝐿̂𝑖

)
= 𝐴𝐶

𝜇 (𝑥) = −𝐴𝜇 (𝑥)
𝑈 (𝑥 + 𝐿̂𝑖 , 𝜌) = 𝑈𝐶 (𝑥, 𝜌) = 𝑈 (𝑥, 𝜌)∗

𝜓 𝑓

(
𝑥 + 𝐿̂𝑖

)
= 𝜓𝐶

𝑓 (𝑥) = 𝐶−1𝜓̄𝑇
𝑓 (𝑥)

𝜓̄ 𝑓

(
𝑥 + 𝐿̂𝑖

)
= 𝜓̄𝐶

𝑓 (𝑥) = −𝜓𝑇
𝑓 (𝑥)𝐶

(2)

where 𝐶 = 𝑖𝛾0𝛾2 is the charge conjugation matrix, 𝐿𝑖 is the extension of the lattice in direction 𝑖,
𝐴𝜇 (𝑥) is the U(1) gauge field, 𝑈 (𝑥, 𝜌) is the SU(3) gauge field and 𝜓 𝑓 (𝑥) is the fermion field of the
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Figure 1: 2-dimensional section of a 4-dimensional lattice representing the orbifold construction used to
implement C-periodic boundary conditions. Figure taken from [6]

.

quark of flavour 𝑓 .
These boundary conditions allow equation (1) to have a non zero result because the operation of
charge conjugation changes the sign of the electric field, which now becomes anti-periodic at the
boundaries.
The boundary conditions are implemented with an orbifold construction, represented in figure
(1). In the figure is a 2-dimensional section of a 4-dimensional lattice with C-periodic boundary
conditions in at least two space directions, on the horizontal axis is the first space direction and on
the vertical axis another different space direction. The portion of the lattice in black represents the
physical lattice, which is extended along the first space direction with an exact replica coloured in
gray, the mirror lattice, where fermion and gauge fields are the charge conjugates of the ones in the
physical one. Due to the fact that the square of the charge conjugation operator is the identity, in
the extended lattice (physical plus mirror), we also have a periodicity of the fields that acquire the
same value in the regions represented with the same colour in figure (1).
This choice of boundary conditions changes the result for the Wick contractions of the quark fields,

that become [7]: 〈
𝑞𝑎𝐴(𝑥) 𝑞

𝑏
𝐵 (𝑦)

〉
= 𝐷−1(𝑥, 𝑦)𝑎𝑏𝐴𝐵 (3a)〈

𝑞𝑎𝐴(𝑥) 𝑞
𝑏,𝑇

𝐵
(𝑦)

〉
= −𝐷−1(𝑥, 𝑦 + 𝐿𝑖)𝑎𝑑𝐴𝐵 𝐶𝑑𝑏 (3b)〈

𝑞𝐴,𝑇
𝑎 (𝑥) 𝑞𝑏𝐵 (𝑦)

〉
= 𝐶𝑎𝑑 𝐷−1(𝑥 + 𝐿𝑖 , 𝑦)𝐴𝐵𝑑𝑏 (3c)

where 𝑎, 𝑏, 𝑑 are Dirac indices and 𝐴, 𝐵 are colour indices. We now have a non zero result for the
contraction of two quark and two antiquark fields. In next section we will show how these new
contributions are the reason for partially disconnected diagrams in the two-point function of the Ω−

baryon.

3. Contributions to the two-point function

Measuring hadron masses on the lattice consists in measuring two-point correlation functions
of interpolating operators with the quantum numbers needed to have a good superposition with the
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desired hadron states. To compute the Ω− mass we can define the following interpolating operators:

𝑣𝑚;𝑑 (𝑥) =
∑︁
𝑎𝑏𝑐
𝐴𝐵𝐶

𝑊
𝑑;𝑚
𝑎𝑏𝑐;𝐴𝐵𝐶𝜓

𝐶
𝑐 (𝑥)𝜓𝐴

𝑎 (𝑥)𝜓𝐵
𝑏 (𝑥) (4a)

𝑣𝑚;𝑑 (𝑥) =
∑︁
𝑎𝑏𝑐
𝐴𝐵𝐶

𝑊
𝑑;𝑚
𝑎𝑏𝑐;𝐴𝐵𝐶𝜓

𝐵

𝑏 (𝑥)𝜓
𝐴

𝑎 (𝑥)𝜓
𝐶

𝑐 (𝑥) (4b)

where:

𝑊
𝑑;𝑚
𝑎𝑏𝑐;𝐴𝐵𝐶 =

3∑︁
𝑙=1

𝜖 𝐴𝐵𝐶 [𝑃𝑚𝑙
𝑑𝑐Γ

𝑙
𝑎𝑏 + 𝑃𝑚𝑙

𝑑𝑏Γ
𝑙
𝑎𝑐 + 𝑃𝑚𝑙

𝑑𝑎Γ
𝑙
𝑐𝑏] (5a)

𝑊
𝑑;𝑚
𝑎𝑏𝑐;𝐴𝐵𝐶 =

3∑︁
𝑙=1

𝜖 𝐴𝐵𝐶 [𝑃𝑚𝑙
𝑐𝑑Γ

𝑙
𝑎𝑏 + 𝑃𝑚𝑙

𝑏𝑑Γ
𝑙
𝑎𝑐 + 𝑃𝑚𝑙

𝑎𝑑Γ
𝑙
𝑐𝑏] (5b)

𝑃𝑚𝑙 = [𝛿𝑚𝑙 𝐼𝑑4×4 −
1
3
𝛾𝑚𝛾𝑙] (5c)

Γ𝑙 = 𝐶𝛾𝑙 (5d)

the𝜓 field is the strange quark field, lowercase latin letters 𝑎, 𝑏, 𝑐, 𝑑 are Dirac indices, lowercase latin
letters 𝑚, 𝑙 are spin indices, capital latin letters are colour indices, 𝑃𝑚𝑙 is the 3/2 spin projector, 𝜖 is
the total antisymmetric tensor. The three terms summed in equations (5a) and (5b) are introduced
to take into account the symmetry the interpolating operators need to have in the exchanges between
the quark fields, since they all have the same flavour.
With these interpolating operators we can construct the two-point correlation function projected to
positive parity:

𝐶 (𝑥0 − 𝑦0) =
〈∑︁
𝑑𝑑′
𝑚

∑︁
xy

𝑃+
𝑑′𝑑 𝑣𝑚;𝑑 (𝑥)𝑣𝑚;𝑑′ (𝑦)

〉
(6)

where 𝑃+ is the positive parity projector defined as:

𝑃+ =
1 + 𝛾0

2
(7)

To compute the result of equation (6), we need to consider all the possible contractions of the quark
and antiquark fields. We have a group of contributions that we also obtain in the case of periodic
boundary conditions in space. These arise from all the possible Wick contractions of a quark and
an antiquark field, so that the two space-time points are connected by three quark propagators, for
this reason we call these contributions three-quark connected.
The two-point function in this case is:

𝐶 (𝑥0 − 𝑦0) =
〈∑︁

xy

∑︁
𝑑′𝑑
𝑚

∑︁
𝑎𝑏𝑐

𝑎′𝑏′𝑐′

∑︁
𝐴𝐵𝐶

𝐴′𝐵′𝐶′

𝑊
𝑑′;𝑚
𝑎′𝑏′𝑐′;𝐴′𝐵′𝐶′𝑃

+
𝑑′𝑑𝑊

𝑑;𝑚
𝑎𝑏𝑐;𝐴𝐵𝐶𝜓

𝐴
𝑎 (𝑥)𝜓𝐴′

𝑎′ (𝑦) 𝜓𝐵
𝑏 (𝑥)𝜓

𝐵′
𝑏′ (𝑦)

𝜓𝐶
𝑐 (𝑥)𝜓𝐶′

𝑐′ (𝑦)
〉 (8)

Nevertheless, according to equations (3b) and (3c) Wick contractions between two quark fields and
two antiquark fields are non-zero with C-periodic boundary conditions. This makes it possible to
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have another kind of contributions where two quark and two antiquark fields defined at the same
space-time point are contracted between each other, in this case the two points are connected by
only one quark propagator. These contributions, which we call one-quark connected, are the subject
of the present study. The two-point function in this case is:

𝐶 (𝑥0 − 𝑦0) =
〈∑︁

x

∑︁
𝑑′𝑑
𝑚

∑︁
𝛼𝑏𝑐

𝛼′𝑏′𝑐′

∑︁
𝐴𝐵𝐶

𝐴′𝐵′𝐶′

𝑊
𝑑′;𝑚
𝑎′𝑏′𝑐′;𝐴′𝐵′𝐶′𝑃

+
𝑑′𝑑𝑊

𝑑;𝑚
𝑎𝑏𝑐;𝐴𝐵𝐶𝜓

𝐴′

𝑎′ (0)𝜓𝐵′
𝑏′ (0)𝜓𝐶

𝑐 (𝑥)𝜓𝐶′
𝑐′ (0)

𝜓𝐵
𝑏 (𝑥)𝜓

𝐴
𝑎 (𝑥)

〉 (9)

We can substitute the results in equations (3b) and (3c), where a translation of 𝐿𝑖 along any 𝑖 space
direction moves the fields to the mirror lattice, for simplicity we choose the first space direction 1̂
and fix its extension to 𝐿1 = 𝐿. Substituting we have:

𝐶 (𝑥0 − 𝑦0) = −
〈∑︁

xy

∑︁
𝑎𝛼𝑏𝑐

𝑎′𝛼′𝑏′𝑐′

∑︁
𝐴𝐵𝐶

𝐴′𝐵′𝐶′

𝑇
𝐴′𝐵′𝐶′ ,𝐴𝐵𝐶
𝑎′𝑏′𝑐′ ,𝑎𝑏𝑐 𝐶𝑎′𝛼′𝐷−1(𝑦 + 𝐿1̂, 𝑦)𝐴′𝐵′

𝛼′𝑏′ 𝐷
−1(𝑥, 𝑦)𝐶𝐶′

𝑐𝑐′

𝐷−1(𝑥, 𝑥 + 𝐿1̂)𝐵𝐴
𝑏𝛼𝐶𝛼𝑎

〉 (10)

where we defined the tensor

𝑇𝑎′𝑏′𝑐′ ,𝑎𝑏𝑐 =
∑︁
𝑑′𝑑
𝑚𝑙′𝑙

Γ𝑙′

𝑎′𝑏′𝑃
𝑚𝑙′

𝑐′𝑑′𝑃
+
𝑑′𝑑𝑃

𝑚𝑙
𝑑𝑐Γ

𝑙
𝑏𝑎 (11)

4. Strategy for computing one-quark connected contributions

To compute two-point functions of interpolating operators on the lattice one crucial element
is the inversion of the Dirac operator. This operator is a large sparse matrix defined on the entire
lattice with two Dirac and two colour indices and its inversion is usually a very computationally
demanding section of the simulations. The one-quark connected contributions we want to compute
are characterized by the presence of inverses of the Dirac operator computed between one space-
time point and its translation to the mirror lattice. This means that, when considering the inversion
at the sink location 𝑥, we need to compute the matrix for all the points of the lattice. The strategy
we adopted is to use stochastic sources to perform this inversion and point sources for the inversion
at point 𝑦.
Regarding the stochastic source inversion, we are interested in employing the identity relation for
stochastic sources:

1
𝑁𝑠

∑︁
𝑛

𝜒(𝑥) (𝑛)†𝐴𝑎 𝜒(𝑦) (𝑛)𝐵
𝑏

= 𝛿𝐴𝐵𝛿𝑎𝑏𝛿𝑥𝑦 (12)

To get:
𝐷−1(𝑥; 𝑥 + 𝐿1̂)𝐵𝐴

𝑏𝛼 =
1
𝑁𝑠

∑︁
𝑛

[
𝐷−1𝜒 (𝑛) ]𝐵

𝑏
(𝑥) 𝜒†(𝑛) (𝑥 + 𝐿1̂)𝐴𝛼 (13)

While for the inversion of the Dirac operator using point sources, we can define a point source
located at point 𝑦 as:

𝜂(𝑧′) (𝐵
′𝑏′;𝑦)

𝑉𝑣
= 𝛿𝑉𝐵′𝛿𝑣𝑏′𝛿𝑧′0,𝑦0𝛿z’y (14)
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Substituting the definition of the sources in equation (10) for the two-point function we get:

𝐶 (𝑥0 − 𝑦0) = −
〈∑︁

xy

∑︁
𝑎𝛼𝑏𝑐

𝑎′𝛼′𝑏′𝑐′𝑑′𝑒′

∑︁
𝐴𝐵𝐶

𝐴′𝐵′𝐶′𝐷′𝐸′

𝑇
𝐴′𝐵′𝐶′ ,𝐴𝐵𝐶
𝑎′𝑏′𝑐′ ,𝑎𝑏𝑐 𝐶𝑎′𝛼′𝐷−1(𝑦 + 𝐿1̂, 𝑧)𝐴′𝐷′

𝛼′𝑑′

𝜂 (𝐵
′𝑏′;𝑦) (𝑧)𝐷′

𝑑′ 𝐷
−1(𝑥, 𝑤)𝐶𝐸′

𝑐𝑒′ 𝜂 (𝐶
′𝑐′;𝑦) (𝑤)𝐸′

𝑒′
1
𝑁𝑠

∑︁
𝑛

[
𝐷−1𝜒 (𝑛) ]𝐵

𝑏
(𝑥) 𝜒†(𝑛) (𝑥 + 𝐿1̂)𝐴𝛼𝐶𝛼𝑎

〉 (15)

Rewriting the result of the point inversions for simplicity as:

𝜉 (𝑧) (𝐵
′𝑏′;𝑦)

𝐴′𝛼′ =
∑︁
𝑣𝑉𝑧′

𝐷−1(𝑧; 𝑧′)𝐴′𝑉
𝛼′𝑣 𝜂(𝑧′)

(𝐵′𝑏′;𝑦)
𝑉𝑣

(16)

we finally have:

𝐶 (𝑥0 − 𝑦0) = −
〈∑︁

xy

∑︁
𝑎𝛼𝑏𝑐

𝑎′𝛼′𝑏′𝑐′

∑︁
𝐴𝐵𝐶

𝐴′𝐵′𝐶′

𝑇
𝐴′𝐵′𝐶′ ,𝐴𝐵𝐶
𝑎′𝑏′𝑐′ ,𝑎𝑏𝑐 𝐶𝑎′𝛼′𝜉 (𝑦 + 𝐿1̂) (𝐵

′𝑏′;𝑦)
𝐴′𝛼′ 𝜉 (𝑥) (𝐶

′𝑐′;𝑦)
𝐶𝑐

1
𝑁𝑠

∑︁
𝑛

[
𝐷−1𝜒 (𝑛) ]𝐵

𝑏
(𝑥) 𝜒†(𝑛) (𝑥 + 𝐿1̂)𝐴𝛼𝐶𝛼𝑎

〉 (17)

This quantity is what we have implemented in the code.

5. Status and future plans

To check consistency, we are testing the code verifying that the desired invariance properties
are displayed by the result. At the moment we are working on testing the invariance under gauge
transformations. This check consists in applying a random gauge transformation to the gauge fields
and the sources and verifying that we get the same result as without the gauge transformation, up
to machine precision. To understand the needed transformations of the sources we can look at
equation (15) under a transformation of the gauge fields, these enter in the computation of the Dirac
operator and their transformation imply that it transforms as:

𝐷 (𝑥, 𝑦)𝐴𝐵𝑎𝑏 →
∑︁
𝐶𝐷

𝐺 (𝑥)𝐴𝐶𝐷 (𝑥, 𝑦)𝐶𝐷
𝑎𝑏 𝐺†(𝑦)𝐷𝐵 (18)

We can easily see that this imply that the stochastic and point sources need to transform as:

𝜒(𝑣)𝐷 →
∑︁
𝐹

𝐺 (𝑣)𝐷𝐹 𝜒(𝑣)𝐹 (19a)

𝜂 (𝐵𝑏
′ ,𝑦) (𝑧)𝑉𝑣 →

∑︁
𝐹𝐻

𝐺 (𝑧)𝑉𝐹𝜂 (𝐻𝑏′ ,𝑦) (𝑧)𝐹𝑣𝐺
†(𝑦)𝐻𝐵′

= 𝜂 (𝐵𝑏
′ ,𝑦) (𝑧)𝑉𝑣 (19b)

where in the last equation we used the definition of the point source.
Having completed the test of gauge invariance, we will test invariance under translations in space,
where we will check that the results computed with and without a space translation are equal
up to machine precision. After the testing phase, we plan to perform measurements of one-
quark connected contributions on several ensembles generated by our collaboration with C-periodic
boundary conditions. In particular, we want to extend the measurements of the baryon masses
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where only three-quark connected contributions are considered, as in [4] and other computations
that we are performing at the moment on three ensembles not included in that work.
The aim of this study is being able to compare the size of one-quark connected corrections and the
bulk of the computation. We will check whether these corrections vanish in the infinite-volume
limit and determine whether they need to be included in computations at the finite volumes we are
considering.
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