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The four-gluon vertex from lattice QCD
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The four-gluon one-particle irreducible Green function contributes to various quantities with
phenomenological relevance. An example where the four-gluon plays a role is the determination
of the gluon propagator, a basic building block for QCD, using continuum methods. This four leg
Green function is poorly known and we are only starting to grasp its non-perturbative structure.
Here, we report on the computation of the one-particle irreducible four-gluon Green function,
in the Landau gauge, with lattice simulations. Besides stating the problems associated with the
computation, several form factors that characterise this Green function are measured.
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1. Introduction and Motivation

The classical Lagrangian density of Yang-Mills theory has a quartic term in the gauge field
and, therefore, in a perturbative solution of the corresponding quantum field theory there is a non-
vanishing tree level Feynman rule associated with the Green function with four gauge field legs.
In QCD, the corresponding four-gluon one-particle irreducible (1PI) Green function appears, for
example, in the Dyson-Schwinger equation for the gluon propagator, in a two-loop diagram, see
e.g. [1]. Certainly, the four-gluon 1PI plays a role, even if it is not the dominant contribution, in
the dynamics of gluons, see e.g. [2–5]. Moreover, it is possible to define a renormalization group
invariant QCD charge from this vertex [6]. These are among the reasons why it is important to
know the structure of this Green function, specially in the non-perturbative regime of the theory,
and what are the dominant tensors that contribute to this 1PI function.

In the non-perturbative regime, the four-gluon 1PI Green function has been within the contin-
uum formulation of QCD by several authors [6–15]. Recently, a number of studies using lattice
methods investigated this Green function either in collinear kinematics [16–18] or for more general
kinematic configurations [15].

The general picture that emerges from continuum studies is that some of the form factors are
always finite, as e.g. the form factor associated with the four-gluon tree level tensor structure, while
others seem to have a log divergence in the IR regime that is related to the the ghost being massless.
For a discussion on tensor basis for the four-gluon Green functions see [7, 19, 20]. Within the
limitations of the lattice approach, the lattice simulations seem to support such an outcome. The
lattice QCD simulations and the Dyson-Schwinger studies provide similar results for the computed
form factors.

The present proceeding is an update of the results reported in [17, 18] for collinear kinematics,
i.e. when all the four momenta are proportional to each other, that considered 324 and 484 lattice
sizes at V = 6.0. Herein, new data for the larger lattice volume generated with a larger gauge
ensemble is discussed and the results of the two lattices are combined together.

2. Lattice Setup and Definitions

The simulations reportedwere performedwith theWilson action at V = 6.0. The corresponding
lattice spacing, measured from the string tension, is 0 = 0.1016(25) fm or, equivalently, 1/0 =
1.943(48) GeV. The gauge fields generated via importance sampling were rotated to the Landau
gauge. The computer simulations were performed using the Chroma [21] and PFFT [22] libraries
and run using the Navigator supercomputer at the University of Coimbra. Details on the gauge
fixing algorithm and definitions of the gluon field in real and momentum spacetime can be found
in [18].

The primary quantities accessed on a lattice simulation are the complete Green functions that
for the four-gluon case is, in momentum spacetime, given by

G01 · · ·04
`1 · · ·`4 (?1, · · · , ?4) = 〈 �01

`1 (?1) · · · �04
`4 (?4) 〉 (1)

and where 〈 〉 stands for ensemble average. The problem to access the corresponding 1PI Green
function being that G01 · · ·04

`1 · · ·`4 (?1, · · · , ?4) is a sum of disconnected parts, contributions that are
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proportional to the three gluon 1PI functions and a term proportional to the four-gluon 1PI Green
function that we are interested in measure, see the discussion in [18]. One way to suppress all the
contributions but the latter one it by a proper choice of the momentum and taking profit that, in the
Landau gauge, the gluon propagator is transverse. The disconnected parts are products of gluon
propagators and they can be removed from the complete Green function by choosing the momenta
of the external legs such that ?8 + ? 9 ≠ 0 for all 8 and 9 . On the other hand, due to the orthogonality
of the gluon propagator, for the kinematical configurations such that

?1 = ?, ?2 = [?, ?3 = _?, ?4 = −(1 + [ + _)? , (2)

with [ and_ being real numbers, the contributions proportional to the three gluon 1PIGreen function
are eliminated from the complete Green function. For this family of kinematical configurations the
complete Green function can be decomposed in terms of 1PI functions as

G0123
`a[Z (?1, ?2, ?3, ?4) =

(
%⊥(?1)

)
``′

(
%⊥(?2)

)
aa′

(
%⊥(?3)

)
[[′

(
%⊥(?4)

)
Z Z ′

� (?2
1) � (?

2
2) � (?

2
3) � (?

2
4)(

� (0) (?2
1, . . . ) Γ̃

(0) 0123
`′a′[′Z ′

+ � (1) (?2
1, . . . ) Γ̃

(1) 0123
`′a′[′Z ′ + �

(2) (?2
1, . . . ) Γ̃

(2) 0123
`′a′[′Z ′ + · · ·

)
(3)

where the gluon propagator reads

G0102
`1`2 (?, ?

′) = 〈 �01
`1 (?) �

02
`2 (?

′) 〉 = + X(? + ?′) X0102

(
X`1`2 −

?`1 ?`2

?2
1

)
� (?2) , (4)

where the term in parenthesis in the r.h.s. is (%⊥(?))`1`2 . For a description of the gluon propagator
� (?2) see e.g. [23, 24] and references therein. In Eq. (3) the term in parenthesis is the tensor
decomposition of the four-gluon 1PI Green function. Herein we will consider that the Green
function is completely described by three form factors that are associated with the following tensor
operators

Γ̃(0) 0123`a[Z = 501A 523A

(
X`[ XaZ − X`Z Xa[

)
+ 502A 513A

(
X`a X[Z − X`Z Xa[

)
+ 503A 512A

(
X`a X[Z − X`[ XaZ

)
, (5)

Γ̃(1) 0123`a[Z = 301A323A

(
X`[ XaZ + X`Z Xa[

)
+ 302A313A

(
X`Z Xa[ + X`a X[Z

)
+ 303A312A

(
X`a X[Z + X`[ XaZ

)
, (6)

Γ̃(2) 0123`a[Z =

(
X01 X23 + X02 X13 + X03 X12

) (
X`a X[Z + X`[ XaZ + X`Z Xa[

)
(7)

with 5012 and 3012 being the fully anti-symmetric and fully symmetric SU(3) structure constants.
Γ̃(0) is the tensor structure associated with four-gluon tree level Feynman rule. As discussed in
[18] it is possible to define projectors that allow to access each of the form factors � (8) from the
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complete Green function. The following kinematical configurations were chosen

p1 p2 p3 p4

0 ? ? −2 ? referred as (0, ?, ?, −2?)
0 ? 2 ? −3 ? referred as (0, ?, 2?, −3?)
? ? ? −3 ? referred as (?, ?, ?, −3?)

In all cases an average over equivalent momenta is performed. The size of the gauge ensembles is
about 9040.

3. The Lattice Form Factors

In the following we report on the estimation for the various form factors. In Fig. 1 the
un-amputated form factors associated with the complete Green function, i.e. that include the
contributions of the gluon propagator, is shown as a function of momentum ?. Within the statistical
errors the results for the two volumes agree with each other, within each family of momenta. The
difference between the data for the various types of momenta reported comes from the form factors
being functions of the symmetric combination of momenta B =

∑
8 ?

2
8
/4, rather than functions of ?.

Figure 1: Un-amputated form factors associated with the complete Green function.
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Figure 2: Amputated form factor associated with the 1PI Green function tree level tensor structure as a
function of B. The left plot shows the data for the 324 lattice, while the right plot shows the data for the two
volumes used in the simulation.

Indeed, in Fig. 2 the data for the amputatedGreen function after projection on Γ̃(0) , i.e. for � (0) (?2),
is shown as a function of B, with the difference between the outcome of the various kinematical
configurations is resolved. The right plot shows the data computed for the smaller lattice volume,
while the right plot shows the data for the larger volume. The form factors being functions of B and
not of ? is a manifestation of Bose symmetry. Another relevant point about the data in Fig. 2 is that,
for the same B, there are various estimations of the form factors. This allow to combine this data
and compute a weighted average of these equivalent points. For the form factor associated with the
tree level tensor operator, i.e. Γ̃(0) , such an average is reported in Fig. 3. Similar procedures can be
built for the remaining form factors, i.e. for � (1) (B) and � (2) (B).

Figure 3: Amputated form factor � (0) (B) after averaging over momenta that differ by less than 2.5% and
taking into account the data of both lattice volumes.
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In what concerns � (0) (B) itself, the data in Fig. 3 is compatible with a constant form factor
for B & 1 GeV2, while for smaller B the lattice points suggests a slight decrease in � (0) (B) as one
approaches the deep infrared region. For B & 1 GeV2 the data is well described by a constant. This
was checked by fitting the data points. Looking only at those points with smaller statistical errors
suggest this type of behaviour.

Figure 4: The form factor � (1) (B) (left) and � (2) (B) (right) after averaging over equivalent momenta using
only the 324 data.

The non-amputated versions of � (1) and � (2) are about one order of magnitude smaller when
compared with � (0) ; see Fig. 1. This also implies that the Monte Carlo signal to noise ratio for
these form factors is poorer. It follows that for the larger lattice, given that the size of the gauge
ensembles is equivalent, the relative statistical errors are much larger than for the smaller volume.
No extra information on the form factors comes by considering the data from the 484 lattice for
� (1) and � (2) . Then, when performing averages over equivalent B we disregard the larger volume
data. The lattice for � (1) (B) and � (2) (B) after this average uses only the data from the 324 lattice
simulation and is reported in Fig. 4.

The form factor � (1) (B) is compatible with a negative constant for B & 1 GeV2 and starts to
increase as B → 0. The lines in left plot of Fig. 4 are the result of a j2/3.>. 5 . minimisation using
a constant function. Similar observations can be made for � (2) (B) that is reported on the right plot
of the same Fig. Note that for the later form factor only data for B 6 3 GeV2 is shown. For larger
values of B the estimated statistical errors become rather large.
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