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We study (1+1)-dimensional O(3) nonlinear sigma model using the tensor renormalization group
method with the infinite limit of the bond dimension 𝐷cut → ∞. At the vanishing chemical
potential 𝜇 = 0, we investigate the von Neumann and Rényi types of entanglement entropies. The
central charge is determined to be 𝑐 = 1.97(9) by using the asymptotic scaling properties of the
entropies. We also examine the consistency between two entropies. In the finite density region
with 𝜇 ≠ 0, where this model suffers from the sign problem in the standard Monte Carlo approach,
we investigate the properties of the quantum phase transition. We determine the transition point
𝜇c and the critical exponent of the correlation length 𝜈 from the 𝜇 dependence of the number
density in the thermodynamic limit. The dynamical critical exponent 𝑧 is also extracted from the
scaling behavior of the temporal correlation length as a function of 𝜇. This is the first successful
calculation of the dynamical critical exponent with the TRG method.
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1. Introduction

The basic idea of the tensor renormalization group (TRG) method 1 was originally proposed
in the field of condensed matter physics in 2007 [1]. In the past decade the TRG method has
been getting applied to the particle physics. Although the inital research target was focused on
the phase transitions of two-dimensional (2𝑑) models, recent studies cover those for 4𝑑 models
with the scalar, gauge and fermion fields [10, 13–17]. The particle physicists are attracted by the
following characteristc features in the TRG method: (i) no sign problem, (ii) logarithmic computa-
tional cost on the system size, (iii) direct manipulation of the Grassmann variables, (iv) evaluation
of the partition function or the path-integral itself. So far much attention has been paid to the featute
(i) [3, 10, 14, 17–31],

In this report we investigate the (1+1)𝑑 O(3) nonlinear sigma model (O(3) NLSM) with and
without finite chemical potential. This model is massive and shares the property of asymptotic
freedom with the (3+1)𝑑 non-Abelian gauge theories so that it should be a good testbed before
exploring to investigate the properties of QCD. At 𝜇 = 0 we measure the von Neumann and Rényi
types of entanglement entropies taking advantage of the above feature (iv) [32]. The central charge
is determined from the asymptotic scaling properties of the entanglement entropies. We also make
a direct comparison of both entropies and discuss the consistency between them. At 𝜇 ≠ 0 we
perform a detailed study of the quantum phase transition, which is achieved thanks to the above
features (i) and (ii) [33]. We determine the transition point 𝜇c, the critical exponent 𝜈 and the
dynamical critical exponent 𝑧, where 𝜈 = 0.5 and 𝑧 = 2 are theoretically expected based on the
equivalence between the (1+1)𝑑 O(3) NLSM at finite density and the integer-spin Heisenberg chain
with a magnetic field [34–38].

This report is organized as follows. In Sec. 2, we define the action of the (1+1)𝑑 O(3) NLSM
with finite 𝜇 on the lattice and give the tensor network representation. In Sec. 3 we present the
numerical results. Section 4 is devoted to summary.

2. Formulation

2.1 Tensor network representation

We consider the partition function of the O(3) NLSM with the chemical potential 𝜇 on a (1+1)𝑑
lattice Λ1+1 = {(𝑛1, 𝑛2) |𝑛1 = 1, . . . , 𝐿, 𝑛2 = 1, . . . , 𝑁𝑡 } whose volume is 𝑉 = 𝐿 × 𝑁𝑡 . The
temperature 𝑇 is given by 𝑇 = 1/𝑁𝑡 . We set the lattice spacing 𝑎 = 1 unless necessary. A real
three-component unit vector 𝑠(𝑛) resides on the sites 𝑛 and satisfies the periodic boundary conditions
𝑠(𝑛 + 𝜈̂𝐿) = 𝑠(𝑛) (𝜈 = 1, 2). The lattice action 𝑆 is defined as

𝑆 = −𝛽
∑

𝑛∈Λ1+1,𝜈

3∑
𝜆,𝛾=1

𝑠𝜆(Ω𝑛)𝐷𝜆𝛾 (𝜇, 𝜈̂)𝑠𝛾 (Ω𝑛+𝜈̂), (1)

1In this paper, the “TRG method” or the “TRG approach” refers to not only the original numerical algorithm proposed
by Levin and Nave [1] but also its extensions [2–12].
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where the spin 𝑠(Ω) and matrix 𝐷 (𝜇, 𝜈̂) are expressed as

𝑠(Ω) =
©­­«

cos 𝜃
sin 𝜃 cos 𝜙
sin 𝜃 sin 𝜙

ª®®¬ , (2)

𝐷 (𝜇, 𝜈̂) =
©­­«

1
cosh(𝛿2,𝜈𝜇) −𝑖 sinh(𝛿2,𝜈𝜇)
𝑖 sinh(𝛿2,𝜈𝜇) cosh(𝛿2,𝜈𝜇)

ª®®¬ (3)

with
Ω = (𝜃, 𝜙) , 𝜃 ∈ (0, 𝜋], 𝜙 ∈ (0, 2𝜋] . (4)

Note that we introduce the chemical potential to the rotation between the second and third compo-
nents.

The partition function and its measure are written as

𝑍 =
∫

DΩ
∏
𝑛,𝜈

𝑒𝛽
∑3

𝜆,𝛾=1 𝑠𝜆 (Ω𝑛 )𝐷𝜆𝛾 (𝜇,𝜈̂)𝑠𝛾 (Ω𝑛+𝜈̂ ) , (5)

DΩ =
𝑉∏
𝑝=1

1
4𝜋

sin(𝜃𝑝)𝑑𝜃𝑝𝑑𝜙𝑝 . (6)

We discretize the integration (5) with the Gauss-Legendre quadrature [26] after changing the inte-
gration variables:

−1 ≤ 𝛼 =
1
𝜋
(2𝜃 − 𝜋) ≤ 1, (7)

−1 ≤ 𝛽 =
1
𝜋
(𝜙 − 𝜋) ≤ 1. (8)

We obtain

𝑍 =
∑

{Ω1}, · · · ,{Ω𝑉 }

(
𝑉∏
𝑛=1

𝜋

8
sin(𝜃 (𝛼𝑎𝑛))𝑤𝑎𝑛𝑤𝑏𝑛

) ∏
𝜈

𝑀Ω𝑛 ,Ω𝑛+𝜈̂ (9)

with Ω𝑛 = (𝜃 (𝛼𝑎𝑛), 𝜙(𝛽𝑏𝑛)) ≡ (𝑎𝑛, 𝑏𝑛), where 𝛼𝑎𝑛 and 𝛽𝑏𝑛 are 𝑎- and 𝑏-th roots of the 𝐾-th
Legendre polynomial 𝑃𝐾 (𝑠) on the site 𝑛, respectively.

∑
{Ω𝑛 } denotes

∑𝐾
𝑎𝑛=1

∑𝐾
𝑏𝑛=1. 𝑀 is a 4-legs

tensor defined by

𝑀𝑎𝑛 ,𝑏𝑛 ,𝑎𝑛+𝜈̂ ,𝑏𝑛+𝜈̂ = exp
𝛽

3∑
𝜆,𝛾=1

𝑠𝜆(𝑎𝑛, 𝑏𝑛)𝐷𝜆𝛾 (𝜇, 𝜈̂)𝑠𝛾 (𝑎𝑛+𝜈̂ , 𝑏𝑛+𝜈̂)
 . (10)

The weight factor 𝑤 of the Gauss-Legendre quadrature is defined as

𝑤𝑎𝑛 =
2(1 − 𝛼𝑎𝑛2)
𝐾2𝑃2

𝐾−1(𝛼𝑎𝑛)
, 𝑤𝑏𝑛 =

2(1 − 𝛽𝑏𝑛2)
𝐾2𝑃2

𝐾−1(𝛽𝑏𝑛)
. (11)

Throughout this report we employ 𝐾 = 100. After performing the singular value decomposition
(SVD) on 𝑀 , we obtain

𝑀𝑎𝑛 ,𝑏𝑛 ,𝑎𝑛+𝜈̂ ,𝑏𝑛+𝜈̂ ≃
𝐷cut∑
𝑖𝑛=1

𝑈𝑎𝑛 ,𝑏𝑛 ,𝑖𝑛 (𝜈)𝜎𝑖𝑛 (𝜈)𝑉†
𝑖𝑛 ,𝑎𝑛+𝜈̂ ,𝑏𝑛+𝜈̂

(𝜈), (12)
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where 𝑈 and 𝑉 denote unitary matrices and 𝜎 is a diagonal matrix with the largest 𝐷cut singular
values of 𝑀 in the descending order. We can obtain the tensor network representation of the O(3)
NLSM on the site 𝑛 ∈ Λ1+1

𝑇𝑥𝑛 ,𝑥′𝑛 ,𝑦𝑛 ,𝑦′𝑛 =
𝜋

8

√
𝜎𝑥𝑛 (1)𝜎𝑥′𝑛 (1)𝜎𝑦𝑛 (2)𝜎𝑦′𝑛 (2)

∑
𝑎𝑛 ,𝑏𝑛

𝑤𝑎𝑛𝑤𝑏𝑛 sin(𝜃𝑎𝑛)

×𝑉†
𝑥𝑛 ,𝑎𝑛 ,𝑏𝑛

(1)𝑈𝑎𝑛 ,𝑏𝑛 ,𝑥′𝑛 (1)𝑉
†
𝑦𝑛 ,𝑎𝑛 ,𝑏𝑛

(2)𝑈𝑎𝑛 ,𝑏𝑛 ,𝑦′𝑛 (2). (13)

Here the bond dimension of tensor 𝑇 is given by 𝐷cut, which controls the numerical precision in the
TRG method. The tensor network representation of the partition function is given by

𝑍 ≃
∑

𝑥0𝑥
′
0𝑦0𝑦

′
0 · · ·

∏
𝑛∈Λ1+1

𝑇𝑥𝑛𝑥′𝑛𝑦𝑛𝑦′𝑛 = Tr [𝑇 · · ·𝑇] . (14)

In order to evaluate 𝑍 we employ the higher order tensor renormalization group (HOTRG) algo-
rithm [2].

2.2 Correlation length and entanglement entropies

We evaluate the temporal correlation length 𝜉𝑡 with

𝜉𝑡 =
𝑁𝑡

ln
(
𝜆0
𝜆1

) , (15)

where 𝜆0 and 𝜆1 is the largest and the second largest eigenvalues of the density matrix 𝜌𝑦𝑦′ =
Tr𝑥𝑇∗

𝑥𝑥𝑦𝑦′ with 𝑇∗ the reduced single tensor obtained by HOTRG.
For calculation of the entanglement entropies we consider the system consisting of two subsys-

tems A nad B with the same size of 𝐿 × 𝑁𝑡 . The von Neumann entropy is obtained by

𝑆𝐴 = −Tr𝐴𝜌𝐴 log(𝜌𝐴) (16)

with 𝜌𝐴 ≃ 1
𝑍Tr𝐵𝑇∗

𝑥𝑥′𝑦𝐵𝑦𝐵
𝑇∗
𝑥′𝑥𝑦𝐴𝑦′𝐴

= 𝑀𝑦𝐴,𝑦
′
𝐴
, where Tr𝐵 denotes the trace restricted to the subsys-

tem B. On the other hand, the Rényi entropy is defined by

𝑆 (𝑛)𝐴 =
log Tr𝐴𝜌𝑛𝐴

1 − 𝑛 , (17)

with 𝜌𝑛𝐴 the 𝑛th matrix power of 𝜌𝐴. Both entropies are related by

lim
𝑛→1

𝑆 (𝑛)𝐴 = 𝑆𝐴. (18)

3. Numerical results

3.1 Entanglement entropies with 𝜇 = 0

Before discussing the entanglement entropies, it may be instructive to show the results for the
internal energy at 𝜇 = 0 obtained by the impure tensor method with 𝐷cut = 48 [30]. In Fig. 1 we
compare the TRG results with the strong and weak coupling expansions. In the strong coupling

4
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Figure 1: 𝛽 dependence of internal energy at 𝜇 = 0 on a 1024 × 1024 lattice. Solid curves represent the
results of the strong and weak coupling expansions.

region we observe that our result show good consistency with the strong coupling expansion up to
𝛽 ∼ 1.2. On the other hand, the result starts to follow the weak coupling expansion curve around
𝛽 ∼ 2.0.

The density matrix 𝜌𝐴 is evaluated using HOTRG with the bond dimension 𝐷cut ∈ [10, 130].
We choose 𝛽 = 1.4, 1.5, 1.6 and 1.7 for the coupling constant to keep the condition 𝑎 ≪ 𝜉 ≪ 𝐿,
where the correlation length 𝜉 was precisely measured in Ref. [39]: 𝜉 = 6.90(1), 11.09(2), 19.07(6)
and 34.57(7) at 𝛽 = 1.4, 1.5, 1.6 and 1.7, respectively.

Figure 2 plots 𝐿 dependence of the von Neumann entropy 𝑆𝐴 at 𝑁𝑡 = 1024 with 1.4 ≤ 𝛽 ≤
1.7, where 𝑁𝑡 = 1024 is large enough to be regarded as the zero temperature limit. We observe
that 𝑆𝐴(𝐿) shows plateau behavior once the interval 𝐿 goes beyond the correlation length. As 𝜉
increases for larger 𝛽, the plateau of 𝑆𝐴(𝐿) starts at larger 𝐿 and its value is increased according
to the theoretical expectation of 𝑆𝐴(𝐿) ∼ 𝑐

3 ln 𝜉 with 𝑐 the central charge under the condition of
𝜉 ≪ 𝐿 [40]. For a comparative purpose we also plot the 𝐿 dependence of the 2nd-order Rényi
entropy 𝑆 (2)𝐴 in Fig. 3. Both entropies show similar behaviors, though the plateau values of 𝑆 (2)𝐴 are
smaller than those of 𝑆𝐴 according to the theoretical expectation 𝑆 (𝑛)𝐴 (𝐿) ∼ 𝑐

6 (1 + 1/𝑛) ln 𝜉 [40].
In Fig. 4 we show the 𝛽 dependence of 𝑆𝐴(𝐿 = 128) and 𝑆 (2)𝐴 (𝐿 = 128) at 𝑁𝑡 = 1024, which

are obtained by linear extrapolations in terms of 1/𝐷cut to remove the finite 𝐷cut effects. We extract
the central charge 𝑐 by fitting the data with the following functions:

𝑆𝐴 =
𝑐

3
(2𝜋𝛽 − ln 𝛽) + const., (19)

𝑆 (𝑛)𝐴 =
𝑐

6

(
1 + 1

𝑛

)
(2𝜋𝛽 − ln 𝛽) + const., (20)

with 𝑛 = 2, where we use the perturbative 𝛽 dependence of 𝜉 ∝ 1/𝛽 exp(2𝜋𝛽). For the von Neu-
mann entropy we obtain 𝑐 = 1.97(9), which is consistent with 𝑐 = 2.04(14) obtained by the MPS
method [41]. On the other hand, the value of 𝑐 = 2.27(16) extracted from the 2nd-order Rényi
entropy is slightly larger than that from the von Neumann entropy. Repeating the same calcula-
tion for other 𝑛th-order Rényi entropy we obtain the 𝑛 dependence of the central charge 𝑐 shown

5
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β=1.4
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β=1.7

Figure 2: 𝐿 dependence of von Neumann entropy
𝑆𝐴 at 𝑁𝑡 = 1024 in 1.4 ≤ 𝛽 ≤ 1.7 with 𝐷cut = 130.

2 4 8 16 32 64 128 256 512 1024
L

0.0

1.0

2.0

3.0

S A
(2

)

β=1.4
β=1.5
β=1.6
β=1.7

Figure 3: 𝐿 dependence of 2nd-order Rényi entropy
𝑆 (2)𝐴 at 𝑁𝑡 = 1024 in 1.4 ≤ 𝛽 ≤ 1.7 with 𝐷cut = 130.

in Fig. 5. As 𝑛 increases the central charge seems to converges to 𝑐 = 2 and becomes consistent
with 𝑐 = 1.97(9) determined from the von Neumann entropy. This convergence behavior may
be explained by the fact that the largest eigenvalue in the density matrix, which is most presisely
calculated, gives dominant contribution to the Rényi entropy as 𝑛 increases.

1.3 1.4 1.5 1.6 1.7 1.8
β

0.0

1.0

2.0

3.0

SA

SA
(2)

Figure 4: 𝛽 dependence of von Neumann entropy
𝑆𝐴 at (𝐿, 𝑁𝑡 ) = (128, 1024) in 1.4 ≤ 𝛽 ≤ 1.7 with
𝐷cut = 130.

0 1 2 3 4 5 6 7 8 9 10 11 12
n

1.0

1.5

2.0

2.5

3.0

c

c w/ entanglement entropy
c w/ Renyi entropy
c=2

Figure 5: 𝑛 dependence of 𝑛th-order Rényi entropy
𝑆 (𝑛)𝐴 at (𝐿, 𝑁𝑡 ) = (128, 1024) in 1.4 ≤ 𝛽 ≤ 1.7 with
𝐷cut = 130.

In Fig. 6 we plot the 𝑛th-order Rényi entropy 𝑆 (𝑛)𝐴 as a function of 𝑛 together with the von
Neumann entropy 𝑆𝐴 at 𝑛 = 1. Note that 𝑆 (1/2)𝐴 is obtained by the square root of the density matrix.
We observe that 𝑆 (𝑛)𝐴 rapidly increases toward 𝑛→ 0 in the region of 𝑛∼<3. As a result, neither 𝑆 (2)𝐴
nor 𝑆 (1/2)𝐴 is a good approximation to the von Neumann entropy. Futhermore, this makes the precise
extrapolation of 𝑆 (2)𝐴 with (𝑛 ≥ 2) difficult as shown with blue and green broken lines in Fig. 6.
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0 1 2 3 4 5 6 7 8 9 10 11 12
n

0.5

1.0

1.5

2.0

2.5

3.0

S A
(n

)

extrapolate with n=2~5, 3rd order polynomial
extrapolate with n=2~11, 6th order polynominal
interpolate with n=1/2~4, 3rd order polynomial
interpolate with n=1/2~11, 6th order polynomial

Figure 6: 𝑛 dependence of 𝑛th-order Rényi entropy with 𝑁𝑡 = 1024 at 𝛽 = 1.5. Solid symbol at 𝑛 = 1
denotes the von Neumann entropy. All the results are extrapolated values at 𝐷cut → ∞.

3.2 Quantum phase transition with 𝜇 ≠ 0

We evaluate the number density with the numerical differentiation of 𝑓 :

⟨𝑛⟩ = 𝜕

𝜕𝜇
𝑓 ≈ 𝑓 (𝜇 + Δ𝜇) − 𝑓 (𝜇 − Δ𝜇)

2Δ𝜇
=

−1
𝐿𝑁𝑡

ln 𝑍 (𝜇 + Δ𝜇) − ln 𝑍 (𝜇 − Δ𝜇)
2Δ𝜇

,

where the partition function 𝑍 is evaluated with the HOTRG algorithm with the bond dimensions
𝐷cut = 125, 130 and 135. We focus on 𝛽 = 1.4 in the 𝜇 ≠ 0 case.

At the criticality of the second order phase tranasition the spatial correlation length 𝜉 should
diverge as 𝜉 ∼ 𝛿−𝜈 = |𝜇 − 𝜇c |−𝜈 with 𝜈 the critical exponent. Since our model defined in Eq. (1)
breakes the space-time symmetry due to the introduction of the chemical potential, the temporal
correlation length 𝜉𝑡 should be deviated from 𝜉 and both are related by 𝜉𝑡 ∼ 𝜉𝑧 ∼ 𝛿−𝑧𝜈 with 𝑧 the
dynamical critical exponent.

Figure 7 plots the number density as a function of 𝜇 around the transition point on a 𝑉 =
𝐿 × 𝑁𝑡 = 225 × 225 lattice with 𝐷cut ∈ [125, 135]. The volume is large enough to be regarded
as the thermodynamic limit at zero temperature: 𝑇/𝑚 = 2.1 × 10−7 and 𝐿𝑚 = 4.9 × 106 with
the mass gap 𝑚. Taking account of the slight 𝐷cut dependence we apply the global fit to the data
in the range of 0.14575 ≤ 𝜇 ≤ 0.14700 at 𝐷cut ∈ [125, 135] assuming the function form of
⟨𝑛⟩(𝜇, 𝐷cut) = 𝐴𝑛·{𝜇 − (𝜇c + 𝐵𝑛/𝐷cut)}𝜈 with 𝐴𝑛, 𝜇c, 𝐵𝑛 and 𝜈 the fit parameters. The solid curves
show the fit results with 𝐴𝑛 = 0.20(2), 𝜇c = 0.14512(11), 𝐵𝑛 = 0.068(12) and 𝜈 = 0.512(15),
where the value of 𝜇c is consistent with the mass gap 𝑚 = 1/𝜉0 = 1/6.90(1) = 0.1449(2) at 𝜇 = 0
obtained by a high precision Monte Carlo result [39].

In Fig. 8 we show the results for the global fit of the temporal correlation length at 𝐷cut ∈
[125, 135] employing the fit form of ln 𝜉𝑡 (𝜇, 𝐷cut) = 𝐴𝜉 + 𝛼 ln |𝜇 − (𝜇c + 𝐵𝜉/𝐷cut) | with 𝜇c =
0.14512. The solid curve, which shows fairly linear behavior, is drawn with the fit results of 𝐴𝜉 =
−0.030(29), 𝐵𝜉 = 0.0599(9) and 𝛼 = 1.003(5) choosing 𝐷cut = ∞. The relation 𝛼 = 𝑧𝜈 with
the use of 𝜈 = 0.512(15) gives the dynamical critical exponent 𝑧 = 1.96(6). Our results of 𝜈 =
0.512(15) and 𝑧 = 1.96(6) are consistent with the theoretical expectation of 𝜈 = 0.5 and 𝑧 = 2.
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Figure 7: 𝜇 dependence of number density ⟨𝑛⟩ at
𝛽 = 1.4 on a 225×225 lattice with 𝐷cut ∈ [125, 135].
The solid curves represent the fit results at 𝐷cut =
125(red), 130(blue) and 135(green).
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Figure 8: Temporal correlation length ln(𝜉𝑡 ) at 𝛽 =
1.4 as a function of ln |𝜇 − (𝜇c + 𝐵𝜉 /𝐷cut) | with
𝐷cut ∈ [125, 135]. The solid curve represents the fit
result choosing 𝐷cut = ∞.

4. Summary

We have studied the (1+1)𝑑 O(3) NLSM with the TRG method. At 𝜇 = 0 we calcuate the
von Neumann and Rényi types of entanglement entropies. The central charge obtained from the
asymptotic scaling behavior of the von Neumann entropy is 𝑐 = 1.97(9), which is consistent with
𝑐 = 2.04(14) previously obtained with the MPS method. The direct comparison between both
entropies implies that it may be difficult to estimate the von Neumann entropy at high precision
from the extrapolation of higher-order Rényi etropies. We have also investigated the properties
of the quantum phase transition with finite 𝜇, which causes the sign problem in the Monte Carlo
approach. We find the critical chemical potential 𝜇c = 0.14512(11) at 𝛽 = 1.4 in the limit of
𝐷cut → ∞, which is consistent with the mass gap 𝑚 = 1/𝜉0 = 1/6.90(1) = 0.1449(2) at 𝜇 = 0
obtained in the Monte Carlo approach [39]. Our results for the critical exponent 𝜈 = 0.512(15) and
the dynamical one 𝑧 = 1.96(6) also show consistency with the theoretical expectation of 𝜈 = 0.5
and 𝑧 = 2. This is the first successful calculation of the dynamical critical exponent with the TRG
method.
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