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Accurate calculations of the nucleation rate Γ for first order phase transitions are important for
determining their observable consequences in particle physics and cosmology. Perturbative cal-
culations are often used, but they are incomplete and should be tested against fully nonperturbative
lattice simulations. We simulate nucleation on the lattice in a scalar field theory with a tree-level
barrier, a scenario which should be well described by perturbation theory. Our computation of
the nucleation rate, however, only shows qualitative agreement with the perturbative result. This
motivates further study of nucleation on the lattice and to higher orders in perturbation theory.
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1. Introduction

As the universe expanded and cooled, it is likely to have experienced one or more phase transi-
tions. In a first-order phase transition, below a critical temperature 𝑇c there is a discontinuous jump
of some order parameter; the transition would consist of the nucleation, expansion and merging of
bubbles of the new phase.

In the minimal Standard Model there is, rather than phase transition, a crossover – but many
theories of physics beyond the Standard Model predict a first-order phase transition. Such a phase
transition can help to resolve the problem of the matter-antimatter asymmetry of the universe, or ex-
plain the observed abundance of dark matter. Moreover, if the phase transition were strong enough,
it could produce an observable gravitational wave signal from the collision of the bubbles and pos-
sible inhomogeneities set up in the primordial plasma. For a first-order phase transition at around
the electroweak scale, the resulting signal could be detected by the future space-based gravitational
wave detector LISA, if it were sufficiently strong [1].

The rate of bubble nucleation is a key quantity characterising the dynamics of first-order phase
transitions. In field theory, the first complete computation of the rate was carried out by Langer [2,
3], whose method was based on a saddlepoint approximation to a path integral. This approach
was later generalised and adapted to relativistic and quantum theories theories by Coleman [4],
Affleck [5] and Linde [6]. Yet these early works gave different expressions for the nucleation rate
in the high temperature regime, a discrepancy which remains unresolved.

First-order phase transitions are also of interest in condensed matter systems. Experiments
testing nucleation have been performed for systems including ferromagnetic superfluids [7] and the
A-B transition in 3He [8]. The results for ferromagnetic superfluids are in good agreement with
theory, whereas for 3He there is a longstanding discrepancy.

Lattice simulations provide an alternative way to probe the validity of nucleation theory, and
may help to resolve some of the puzzles in both theoretical and experimental work. Studies involv-
ing observing the nucleation of bubbles in real-time simulations were carried out in Refs. [9–13],
but a more efficient method was developed by Moore and Rummukainen in Ref. [14]. This uses
multicanonical simulations to generate the highly-suppressed critical bubble configurations rather
than waiting for them to appear. In this and subsequent work in Ref. [15], the motivation was the
radiatively-induced phase transition in the minimal Standard Model. Nucleation in the minimal
Standard Model was studied again in Ref [16], under the assumption that any new physics would
be heavy enough to integrate out. However, with the recent interest in strong first-order phase
transitions in models with a tree-level barrier, it is worth revisiting the simulational approaches to
computing the nucleation rate. We expect perturbative calculations to perform better in scenarios
with a stronger, tree-level barrier than where the barrier is radiatively induced, based on experiences
with quantities such as the discontinuity in the field condensate [17].

1.1 Our model

We study a toy model consisting of a single real scalar field with a tree-level potential barrier.
We work in the high-temperature limit and assume that the physics of the phase transition – and
bubble nucleation in particular – is well described by the long-wavelength modes and thus consider
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a dimensionally-reduced three-dimensional effective theory

ℒeff =
1
2
𝜕𝑖𝜙𝜕𝑖𝜙 +𝑉3(𝜙), where 𝑉3(𝜙) = 𝜎3𝜙 +

𝑚2
3

2
𝜙2 + 𝑔3

3!
𝜙3 + 𝜆3

4!
𝜙4, (1)

with spatial index 𝑖 ∈ {1, 2, 3}. By matching observables, the parameters 𝜎3, 𝑚2
3, 𝑔3, and 𝜆3 can be

expressed in terms of the original four-dimensional Lagrangian parameters and the temperature 𝑇 .
The thermodynamics of the phase transition in this model was carefully studied in Ref. [17].

The ‘scalnuc’ code used for that paper was extended to include realtime simulations for the present
work [18]. Our lattice action is the 𝑂 (𝑎2) improved version of what was used for that study,

𝑆lat =
∑
𝑥

𝑎3
[
− 1

2
𝑍𝜙𝜙𝑥 (∇2

lat𝜙)𝑥 + 𝜎lat𝜙𝑥 +
1
2
𝑍𝜙𝑍𝑚𝑚

2
lat𝜙

2
𝑥 +

1
4!
𝑍2
𝜙𝜆lat𝜙

4
𝑥

]
, (2)

where 𝑎 is the lattice spacing, and the cubic term has been absorbed into a constant field shift. The
𝑂 (𝑎2) improvement determines the relation between 𝜅lat and their three-dimensional continuum
equivalents in the MS scheme, 𝜅MS, through exact lattice-continuum relations 𝜅lat = 𝜅MS + 𝛿𝜅

as well as multiplicative constants 𝑍𝜙, 𝑍𝑚. For details, please see the Supplemental Material of
Ref. [19].

2. Simulations

In order to compute the nucleation rate, we first simulate the theory (2) using lattice Monte
Carlo methods. Because the tunnelling between the metastable and stable phases is highly sup-
pressed, we use the multicanonical method to overcome the barrier [20]. In short, this consists
of adding a weight function 𝑊 to the lattice action that encourages tunnelling, and which can be
reweighted away to produce results for the original action. One must first generate𝑊 , which usually
requires an additional simulation.

We select an ‘order parameter’ 𝜃op that distinguishes between the field values in the two phases,
and use this to construct a multicanonical weight function𝑊 [𝜃op]. For our theory, a simple volume
average of the field value 𝜃op, lin = 𝜙 would seem, at first glance, to be sufficient.

Once the weight function has been successfully generated, we can simulate the resulting theory
with lattice action 𝑆lat +𝑊 to obtain configurations that lie in the highly suppressed region between
the two phases. These mixed-phase configurations can take the form of bubbles, slabs, or cylinders.
If the box is sufficiently large, then the local maximum of the free energy between the two phases
corresponds to a bubble. Furthermore, we describe the set of field configurations corresponding to
this maximum the ‘separatrix’ between the two phases (sometimes also referred to as the ‘transition
surface’). In order for us to be working with critical bubbles rather than slabs or cylinders which are
subject to finite-volume effects, our lattices must be sufficiently large. For this reason, we also use
cubic lattices as there is no advantage in the current study to any other geometry. These geometrical
issues are discussed further in Refs. [14, 15, 21].

Ensuring that the maximum of the free energy is a bubble motivates larger lattices, but this in
turn leads to a new problem. In addition to mixed-phase fluctuations, there are also bulk fluctuations
– fluctuations around the metastable and stable phase. Since the critical bubble has a fixed, finite
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Figure 1: Free energy as the function of the order parameter at some temperature below 𝑇𝑐. The metastable
and stable phases are separated by an exponentially suppressedmixed phase. Themaximum of the free energy
in this mixed phase corresponds to the critical bubble. Configurations near the critical bubble - the separatrix
- are drawn from a narrow range 𝜖 and act as initial conditions for the real time dynamics of the system.

size, as the volume of the lattice is increased, configurations near each vacuum come to be domi-
nated by the bulk phase fluctuations; this can overwhelm the critical bubble configurations – and it
becomes difficult to determine whether a given configuration with a near-critical value of the order
parameter consists of bulk fluctuations or is a true critical bubble (an issue alluded to in Ref. [16]).

One therefore cannot continue to arbitrarily large lattices with this method. However, the ex-
tent of the bulk fluctuations depends on the exact choice of order parameter and we can alleviate the
symptoms by using the modified order parameter 𝜃op = 𝜙2 − 2𝐴𝜙, where 𝐴 is an arbitrary constant.
If 𝐴 is selected to be close to the metastable vacuum peak value of 𝜙, then we found that this order
parameter dramatically suppressed bulk phase fluctuations. For a more detailed discussion of al-
ternative order parameters and pseudo-order parameters for studying critical bubble configurations,
see Ref. [21] in these proceedings. In particular, the ‘order parameter’ does not even need to be
a true order parameter, so long as the critical bubble configurations can be distinguished from the
bulk phases.

Once we are able to resolve the configurations corresponding to critical bubbles, we can com-
pute the probability density of finding a near-critical bubble relative to the metastable phase,

𝑃normalised
𝑐 =

𝑃( |𝜃op − 𝜃c | < 𝜖/2)
𝜖𝑃(𝜃op < 𝜃c)

, (3)

where 𝜃c is the order parameter value corresponding to the critical bubble (and hence maximum
of the free energy), and 𝜖 is a small constant (see Fig. 1). Note that this critical bubble probability
density depends on the choice of 𝜃op and 𝜖 , as demonstrated in the results of Ref. [21].

2.1 Computing the nucleation rate

The critical bubble probability above is obtained with standard multicanonical lattice simula-
tions. However, we use the same configurations for which 𝜃op ∈ [𝜃c − 𝜖

2 , 𝜃c + 𝜖
2 ] as the starting

point for real-time simulations. We then determine the fraction of these configurations which tun-
nel and thus correspond to true critical bubbles, by evolving each configuration both forwards and
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backwards in the presence of a thermal bath, to see which phase the system travels towards. In this
way, the exact choice of 𝜖 is not important.

There are three ingredients to the overall nucleation rate: the probability of obtaining a near-
critical bubble configuration, the flux through the separatrix surface in field space, and the fraction
of near-critical configurations that actually tunnel. Assuming that the flux depends principally upon
physics on short timescales whereas the probability of a configuration tunnelling depends on physics
on much longer timescales [15] , the overall rate Γ in a volume V factorises:

ΓV ≈ 𝑃normalised
𝑐

1
2
⟨flux⟩ ⟨d⟩ , (4)

where ⟨flux⟩ =
〈���Δ𝜃op

Δ𝑡

���
𝜃c

〉
=
√

8
𝜋V (𝜃c + 𝐴2) for our choice of order parameter 𝜃op, assuming that the

momentum field is Gaussian. The quantity d is related1 to the number of configurations that tunnel
during realtime simulations, normalised to the number of times 𝑁crossings a tunnelling trajectory
crosses 𝜃c:

d =
𝛿tunnel

𝑁crossings
, where 𝛿tunnel =

{
1 if trajectory tunnels
0 if trajectory does not tunnel

(5)

– the factor of 1
2 is to account for the fact we are only interested in nucleation processes in one

direction (i.e. from metastable to stable).
We use the fourth order accurate symplectic Forest-Ruth algorithm with momentum refresh

to reproduce the effects of the critical bubbles being exposed to the thermal fluctuations of the
primordial heat bath. This evolution algorithm is built out of a standard leapfrog evolution with
timestep Δ𝑡:

𝜋𝑡+ 1
2 ,𝑥

= 𝜋𝑡 ,𝑥 −
1
𝑎3

𝜕𝐻eff
𝜕𝜙𝑡 ,𝑥

Δ𝑡
2
, (6)

𝜙𝑡+1,𝑥 = 𝜙𝑡 ,𝑥 + 𝜋𝑡+ 1
2 ,𝑥

Δ𝑡, (7)

𝜋𝑡+1,𝑥 = 𝜋𝑡+ 1
2 ,𝑥

− 1
𝑎3

𝜕𝐻eff
𝜕𝜙𝑡+1,𝑥

Δ𝑡
2
, (8)

where 𝐻eff is the Hamiltonian for the system, corresponding to the action (2) and 𝜋 is the conjugate
momentum to the field 𝜙. One Forest-Ruth step consists of three successive updates with different
timesteps:

Δ𝑡1 = (2 − 21/3)−1Δ𝑡, Δ𝑡2 = −21/3(2 − 21/3)−1Δ𝑡, Δ𝑡3 = Δ𝑡1. (9)

After these three sub-steps, the Forest-Ruth algorithm has advanced oneΔ𝑡 timestep forwards. After
each step we perform a momentum refresh,

𝜋𝑡+0,𝑥 =
√

1 − 𝜗2𝜋𝑡−0,𝑥 + 𝜗𝜉𝑡 ,𝑥 , (10)
𝜗2 = 1 − exp(−2𝛾Δ𝑡), (11)

1See Ref. [14], Appendix A for a justification of this approach.
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Figure 2: Schematic illustration of trajectories starting from near-critical bubble configurations, drawn from
the narrow range 𝜖 . Configurations are evolved backwards and forwards in time from the starting point and
then combined into a full trajectory that is used to determine whether a given configuration tunnels or not.
The system is evolved forwards and backwards for a given number of timesteps, or until the field leaves a
predefined range (dashed lines) of the order parameter near 𝜃c, whichever happens first.

where 𝛾 is a damping term and 𝜉 satisfies

⟨𝜉𝑡 ,x𝜉𝑡 ′ ,x′⟩ =
2𝛾
𝑎3Δ𝑡

𝛿𝑡
′
𝑡 𝛿

𝑥′
𝑥 . (12)

We found empirically that a high-order symplectic algorithm was needed so that the Monte Carlo
and real time stages of the calculation would agree on the location of the separatrix in field config-
uration space. Performing the above evolution is equivalent to evolving a Langevin equation for the
system with damping 𝛾 and noise 𝜉. We take 𝛾 = 1/𝐿 where 𝐿 is the box size, so that 𝛾 → 0+ in
the infinite volume limit. This is chosen in order to reproduce pure Hamiltonian evolution which
captures the evolution of the quantum theory at leading order [22], while minimising finite-volume
artefacts from the lattice heating up as the bubble expands [15].

Trajectories are evolved forward and backward from the same initial state (see Fig. 2). The
initial momenta are reversed for the backward evolution.

3. Results

We carry out simulations at one benchmark parameter point, with 𝜇3/𝜆3 = 1, 𝜎3/𝜆5/2
3 =

−0.016687, 𝑚2
3/𝜆2

3 = −0.082770, and 𝑔3/𝜆3/2
3 = 0. For example, this corresponds to physics

in the xSM theory of the Standard Model with a real scalar field with 𝜆3 = 144.23 GeV and
𝑇 = 93.121 GeV. For this example, the jump in the scalar condensate at the critical temperature is
Δ⟨𝜙⟩c/

√
𝑇c ≈ 1.67. We use jackknife error estimation for all our results.

In Fig. 3, we show the fitting and extrapolation to continuum and infinite volume limits. For one
choice of lattice spacing (𝑎𝜆3 = 1) and volume (𝐿𝜆3 = 42), we also show the result of performing
a comparable study but with the naive order parameter 𝜙op, lin ≡ 𝜙. We note that this results in
considerably larger uncertainty than our final choice of order parameter; the principal source of
this larger error is the difficulty in distinguishing the bubble configuration peak of the free energy
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Figure 3: At left, the continuum extrapolation for fixed volume 𝐿𝜆3 = 42, along with one point computed
with the linear order parameter (denoted 𝜙lin). Given our𝑂 (𝑎2) improvement, we fit to cubic 𝑓 (𝑎) = 𝑏 + 𝑐𝑎3

and quartic 𝑓 (𝑎) = 𝑏 + 𝑐𝑎3 + 𝑑𝑎4, noting also that our largest lattice spacing is comparable to the inverse
screening mass; we thus exclude it from the cubic fit. At right, an extrapolation to infinite volume for 𝑎𝜆3 =
1.5, with a fit 𝑓 (𝐿) = 𝑏 + 𝑐𝑒−𝑚s𝐿 , where 𝑚s is expected to be the screening mass. Figures from Ref. [19].
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Γ
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Figure 4: The nucleation rate as a function of temperature for the tree-level result, the local potential ap-
proximation (LPA), and one-loop perturbative results. For the tree-level and one-loop results the uncertainty
bands are given by varying the renormalisation scale, while for the LPA result the uncertainty band depends
on different choices for handling the complex potential. The continuum-extrapolated lattice nucleation result
based directly on our simulations is shown as an orange triangle, while the orange circles are continuum-
extrapolated, reweighted points. Finally, a continuously reweighted result for 𝑎𝜆3 = 1.5, 𝐿𝜆3 = 60 is given
as an orange line. Figure from Ref. [19].

from bulk fluctuations. To extrapolate to the infinite volume limit we fix 𝑎𝜆3 = 1.5, based on our
observation that lattice artefacts and statistical uncertainties are comparable at this lattice spacing.

Finally, in Fig. 4 we reweight our result to different temperatures and compare our findings to
various analytical results. Varying the renormalisation scale yields an estimate of the uncertainty
in the tree-level and perturbative results, while the local potential approximation (LPA) depends
on how the imaginary parts of the potential are handled. The lattice value for the nucleation rate
has far smaller statistical errors than any of these, both at our continuum-extrapolated point and
the constant-volume reweighted line. Furthermore, our result is also considerably lower than the
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one-loop result throughout the reweightable range.

4. Discussion

Our results show a discrepancy between the lattice and one-loop calculations. The parame-
ter point studied was chosen to be well described by perturbation theory. For the latent heat, the
discrepancy between the lattice and one-loop results is less than 1%, and higher loop results agree
within statistical errors [17]. However, this is not the case for bubble nucleation where we find that
the disagreement in | log Γ | is 20% at one-loop and 100% at tree-level.

Although it is possible the results can be reconciled with a two-loop perturbative calculation,
what if the discrepancy cannot be explained by going to the next loop order? There are other possible
explanations – beyond the need for the next loop-order – as to why we might be seeing this large
difference. It has been suggested that there may well exist other relevant saddlepoints besides the
critical bubble [23], or that the saddlepoint approximation breaks down [24].

Further nucleation studies using the paradigm developed by Moore and Rummukainen (and
applied here) would also be welcome. We have worked with just one benchmark point in one par-
ticular theory. However, it is a somewhat involved framework, and there are technical challenges
around (for example) handling bulk phase fluctuations that we have only started to address.

One can also directly simulate nucleation with the Langevin equation, a technique which has
seen a revival of interest [12, 25]. These simulations are not without their own challenges, how-
ever [26], and by their very nature cannot in their current form reach the very low rates of nucleation
studied in the present work.

For phase transitions in the early universe, the systematic theoretical uncertainty in bubble
nucleation rate calculations is one of the biggest contributors to uncertainty in the amplitude of
the resulting gravitational wave power spectrum [27]. Reducing this uncertainty is crucial if one
is to predict or constrain physics beyond the Standard Model through the gravitational wave power
spectrum resulting from a phase transition in such models.
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