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1. Introduction

Chiral Perturbation Theory (yPT) was developed in the early eighties by Gasser and Lleutwyler
[1]. Since then yPT has been extensively used to explore continuum QCD at low energies and
has also become an essential component in extracting physical quantities obtained using unphysical
parameters (both lattice spacing and quark mass) from lattice simulations. It describes the low-
energy interactions of the pseudoscalar mesons arising as Goldstone modes from the spontaneous
breaking of the chiral symmetry of the QCD vacuum. yPT has also been extended to include the
lattice discretization errors. This allows a continuous extrapolation to a — 0 and m — mppysical
simultaneously.

Symanzik effective theory [2, 3] describes lattice actions near the continuum limit using higher
dimensional operators in orders of lattice spacing a which appears explicitly in the action. Such
a chiral Lagrangian is an expansion in the quark masses (like continuum yPT) and in the lattice
spacing. This formalism is known as lattice yPT. Well-known examples of lattice yPT are Wilson
xPT [4-6] and Staggered yPT [7]. In this work we address minimally doubled fermion yPT,
especially for Karsten-Wilczek formalism [8, 9].

According to the Nielsen-Ninomiya No-Go Theorem [10], fermion actions that have an exact
chiral symmetry must have at least two doublers. The actions that satisfy the minimum criteria
are known as minimally-doubled fermions. All minimally doubled fermions preserve exact chiral
symmetry and locality [11]. One such action with the two doublers on the temporal axis was
suggested by Karsten and Wilczek. Another popular variant of minimally doubled fermions is
Borici-Creutz fermions [12—-15], whose yPT construction will be taken up in the future.

The aim of this work is to construct a lattice yPT for Karsten-Wilczek minimally doubled
fermions. We discuss two cases, first is the simplistic one where we do not consider the existence
of the two doublers. The second case considers the two doublers or "quark tastes" and splits the
quark wavefunction into two. Symanzik effective theory is constructed in both the cases and then
the standard process of spurion analysis is used to construct the chiral Lagrangians.

2. Karsten-Wilczek Fermions

The Karsten-Wilczek (KW) action [8, 9] in presence of SU(3) gauge fields on a discrete
4-dimensional spacetime lattice is written as,
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We retain the lattice spacing a explicitly in the action above and in all the subsequent expressions

since it will play a role in construction of lattice yPT. In the momentum space, the free Dirac
operator [16] with gauge fields turned off, i.e. U =1, is,
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The action preserves chiral symmetry: {Dgw, ys} = 0. We obtain the momentum space free KW
propagator [16, 17] after inverting the free Dirac operator in equation (2),
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The poles of the free massless propagator are at (0, 0, 0, 0) and (0, 0, 0, 7). Expanding the propagator
around the pole (0, 0, 0, 7) shows the presence of two degenerate fermionic species having opposite
chiralities. The discrete symmetries of KW action are P, site-reflection [18] and CT and so CPT.

3. Lattice Chiral Perturbation Theory

QCD action in the continuum is the starting point of continuum yPT [1], which is also employed
in understanding lattice QCD results. In this work, since we are trying to develop lattice yPT for
MDF, particularly KW fermions on lattice, we begin from the construction of Symanzik action.
References [2, 3] suggest that the lattice action can be written as an expansion in lattice spacing,

Seym = So +aS; +a*Sy + ...

4
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O§k+4) are the (k +4)-dimensional operators that obey all the symmetries of the lattice action. The
operators of all dimensions obeying these symmetries are needed in this construction.

The QCD vacuum breaks the axial flavor symmetry group leading to the spontaneous symmetry
breaking of the group SU(N)s. N? — 1 massless Nambu-Goldstone bosons arise from the spon-
taneous breaking of axial symmetry. These are the lowest-lying pseudoscalar mesons. The quark
mass term in the continuum QCD action breaks SU(N)a explicitly, giving small masses to the
pseudoscalar mesons. The low-energy dynamics of QCD are defined by yPT as the interactions

of these pseudoscalar mesons. They are represented as the composite pion field %, defined as
A
T =exp(i %%) where ¢, are the Nambu-Goldstone fields and 1, are the corresponding broken
0

generators. For an introduction to yPT, we refer the reader to [19] and references within.
4. Single Taste Approach
The KW propagator has two poles. This means that the fermion wavefunction in the KW

action can be broken down to two independent fermion wavefunctions or fastes. As a first step, we
consider only one taste and construct a lattice yPT for it.
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4.1 Symanzik Effective Theory

We select all operators up to dimension-5 that are invariant under the discrete symmetries of
the KW action (site-reflection, P and CT) and construct the single-taste Symanzik Effective Theory
(SET) up to dim-5.

Ssym = / [a‘l {c‘”id_/w} + ao{%ﬂaﬂw + Emw}
+a'! {d(o)amzlﬁ + d(l)iamzmt[/ + d(z)Jmﬂ&u,b + d(3)$myj8jgb &)

+d iy 10404 + d iy, 00 + d“)i%zazawﬂ

where, summation over repeated Roman alphabets is understood to be the summation over the space
directions. The coefficients ¢(*) and d*) are independent low-energy constants (LECs).

Spurion analysis is performed by attributing transformation rules to these LECs that make
their corresponding term invariant under all the relevant symmetries. These LECs, ¢(¥) and d(¥,
with their transformation rules and with the lattice spacing dependences are called spurions. As an
example, d!) and quark bilinear iyy4y transform under C, T and SO (4) as,

c.T — er. =
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where d!) is treated as a four vector with only non-zero component being the fourth component.
Using X, its derivatives and together with the spurions, the KW chiral Lagrangian for single fermion
species is constructed. The corresponding terms in the Lagrangian at leading orders in p, M and a

are,
L2 = A0 Z0ET) + A2(04Z04E7) + As(ME + MZT)
1
.Epz/az = ;B[(@42(942T> @)

'Lpza = a{ Cy <ak26kZT> + C2<642642T>}
L2,2 = a’D(0:Z0427)

where, the angular brackets stand for trace and the coefficients A, B, C and D are low-energy
couplings not known in principle.

This single fermion model helps us to see how SO (4) symmetry is breaking. It also indicates
how to build up the two-taste lattice yPT without the usual doublers that appear in lattice with
fermions. This model is obviously simplistic and far from accurate and, hence, cannot be used for
understanding the results from lattice simulations with KW fermions. An additional issue is that
the SET we used contains no gluonic terms, which means that it is a free theory. The symmetries
of the free and the interacting KW action are crucially different and thus studying the interacting
theory is an important step in achieving complete results'.

IThe reason is that in the free KW action, two U(1)a symmetries are conserved whereas in the interacting KW action,
only one survives. We have used the free SET as it is a simpler model to understand.
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5. Two-Taste yPT for KW fermions

The next obvious step is to address both the tastes of KW fermions for the construction of
the chiral Lagrangian. We separate the fermion wavefunction in equation (1) into two independent
wavefunctions corresponding to the two poles of the KW propagator. This is known as point-
splitting [20, 21]. The momentum space KW action coming from the Dirac operator in equation
(2) itself is broken down into two actions corresponding to the two tastes. Point splitting has
been discussed in detail by Tiburzi [20] and an alternate version has been provided by Creutz
[21]. For the sake of completeness, we provide a brief summary of Tiburzi’s method below. We
construct the SET for the free point-split action following which we construct the chiral Lagrangian”.

5.1 Point Splitting

Here, we recapitulate Tiburzi’s approach to point splitting. Once the existence of two fermion
tastes is considered, the discrete symmetry transformations (P, C, T, site-reflection) do not preserve
the locality of the coordinate space single fermion wavefunction. This is because the momentum
support of the wavefunction comes from two different poles with opposite chirality. It is convenient
to use a non-local object whose structure of non-locality remains preserved under discrete transfor-
mations.

First, we divide the Brillouin zone between the tastes by allocating half Brillouin zones to each
taste. This is done by defining the two momentum space wavefunctions corresponding to the two
tastes as follows,

W)y e =" (k) @®)
V() g5 = vayse? (Tusk)
where the new momentum is given by T4k, = (k, (k4 + ) mod 2r). B is the central part of the

Brillouin zone, 8B : |k4| < 5. Two equal parts of the Brillouin zone correspond to the two tastes.
We define the isospinor,

y D (k)
Y(k) = 9
(k) ( "0 ©)
In terms of this isospinor, the free two-taste KW action is,
S d'k ¥ (k) [ Zi(y ® 1)sink, —i(ysa® 7 )Z(cosk 1)}\{!(/() (10)
= — —_ 4 3 PR—
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The action splits into two parts, each consisting purely of a single taste fermion differing only by the
sign of the second term, signifying that the chirality of the two tastes is opposite. The symmetries of
the free two-taste action are covered in detail by Tiburzi and are listed as transformations in Tables

2A caveat- we acknowledge that in our work we missed an important ingredient as was pointed out by Steve Sharpe
and Stefan Diirr at the Lattice 2024 conference where this work was presented. The principal point is that the total
number of pions (Nambu-Goldstone modes) should be three instead of two as has been argued here.



Chiral Lagrangian for Karsten-Wilczek Minimally Doubled Fermions Kunal Shukre

Table 1: Transformation properties of time-smeared wavefunctions under discrete symmetries.

Site-Reflection Parity CxT TxFlavor Rotation
p— o —T — - p—

Og¥x | Y4Y508Y1_xx, | Y408Y -xx, | V2Y508Yx _x, ie'™et 055y
p— —_T — — —

SgWs | YaYsOqWixxs | —V40GY—xxs | —V2Y5OGWx —, | —i€' ™ e 0Sp0, _,,

Table 2: Transformation properties of the time-smeared wavefunctions under the four U(1) symmetries.

Isosinglet Vector | Isovector Axial | Isovector Vector | Isosinglet Axial
OB eiQé‘wa eieysé‘B(//x eigéfb’wx eieysé‘i?lr//x
5§¢x €i95§¢x ei9755§¢x fi%g%c e—i975(5§¢x

1 and 2. The single taste coordinate space wavefunction loses its locality under the transformations
given in Tables 1 and 2. But the time-smeared wavefunctions 6 gy and 6z preserve the structure
of their time-smearing under these transformations. The time-smeared wavefunction is defined as,

dk ; _
OgWy = '/3 Z_;Zezk4(x4 y4)¢,x’y4 (11)
V4

and similarly for 65y with the integration domain changing to B. We say that the quark wave-
function splits into two taste wavefunctions 6 gy x and 6 gif/ .

5.2 Two-taste Chiral Lagrangian

Using the taste wavefunctions of equation (9) as our fundamental building blocks, the two-taste
SET is constructed as given below in equation (12). The most general terms made up of the taste
wavefunctions are those that are invariant under all the transformations given in Tables 1 and 2.
The action corresponding to the taste originating from the pole at {0, 0, 0, 0} is,

S.‘B

4
Sym:/dx

a e Visgyysdo gy} +a’ {589y, 0,0 8¢ + Sgymd sy}

+a1{d(0)6ggm2531//x +d(l)i6g$xm2y463g//x (12)

+d 35 g Y404 80 + dVid gl V404040 8V

o . B
A similar action S,

oY with 6z¢. Hence we see that the SET splits into two SETs each made only of a single taste.
Because of the invariance of the total action (sum of the individual single-taste actions) under

corresponding to the pole at {0,0,0, 7} can be written by replacing

T'xFlavor Rotation symmetry, the coefficients ¢) and ) must be equal in both ng and ng.
The chiral group of the action in equation (10) comprises of the four U(1) transformations as

given in Table 2. They can be written as,

G=UMExUMExUMExUm? (13)
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Table 3: Transformations of the composite pion field.

P C T G TxTaste Rotation
M(x) | 0f(x) | 07 (x) | O(x) | gLlI(x)g}, T I(x)7)

This chiral group is spontaneously broken to the group H = U (1)‘2,3 xU (l)g, two axial generators
getting spontaneously broken®. Therefore, Goldstone’s theorem implies the existence of two mass-
less Goldstone bosons. The composite pion field is TI(x) = exp (i¢/ fo). Since the broken group is
G/H=US e U,

$(x) = 79(0)T* = 7(x) ((1) 8)+7?(x) (O 0):(”(x) 0 ) (14)

where 7(x) is the pion coming from taste 8 and 7 (x) is the one coming from taste 8. Thus the
composite pion field I1(x) becomes,

D) _ [ 0
I(x) = exp (ZT ol L) (15)
The transformations of the field I1(x) are given in Table 3 where, gr/r stands for,
eief/R 0
8LR = (0 (16)
O e L/R

Effectively, TxTaste Rotation exchanges the pion fields that is 7(x) 2 7 (x).
At various orders in p, a and M, the terms in the chiral Lagrangian are,

L2 = A0 TIOITT) + Ay (04104117 ) + A3(MTI + MTT")
1 _
L2 = ;BK&;H&;HU (17)
L2, = af Cr{(OTIOIT) + C2(04T10,11" )}

L2 =a*D(0sTIo,IT")

The terms appearing in the two-taste chiral Lagrangian are identical to those in equation (7)
except that the structure of the composite pion field is different in each case. This difference brings
changes in structure of the interactions of the pions.

6. Summary

We have developed a chiral Lagrangian for free KW fermions using two different approaches.
The first approach considers only one taste and provides a simplistic model for the eventual develop-
ment of the full chiral Lagrangian with two tastes. In this approach, symmetries of the single-taste

3This statement is not completely correct. All three generators of SU(3)p are spontaneously broken while two of
them are also explicitly broken. So only one generator of SU(3)y is preserved explicitly. This assumption leads to the
erroneous result of having two pions instead of three, as pointed out by Sharpe and Diirr.
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KW action are used to construct a single-taste Symanzik Effective Theory. Spurion analysis is
then used to write down the chiral Lagrangian. In the second approach, existence of two tastes is
considered. The momentum-space KW action is split into two once the wavefunction is point-split.
The symmetries of this two-taste KW action are used to construct a two-taste Symanzik Effective
Theory. The pion field is defined following the group structure of the (spontaneously broken) sym-
metries of the action. Spurion analysis is then performed to obtain the two-taste chiral Lagrangian.
The two-taste chiral Lagrangian turns out to be similar to the single-taste chiral Lagrangian except
for the structure of the composite pion field.

This work has been done using the free KW action. Complete results will be established using
the interacting KW action as the symmetries of the two actions differ significantly. The group
arguments used to define the pion field for the two-taste chiral Lagrangian are erroneous and lead
to two pions instead of three. For KW fermions, due to lattice discretization errors, one expects
the existence of one massless pion and two massive pions in the chiral limit. In the continuum
limit, all three pions become massless. Ongoing work focuses on studying the interacting two-taste
Symanzik Effective Theory and developing the corresponding chiral Lagrangian. Such a chiral
Lagrangian can be used to calculate the masses of the two pions that are massive in the chiral limit
as a function of the lattice spacing.
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