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We present preliminary results on the susceptibilities involving the CP-violating (CPV) Weinberg
three-gluon operator and the topological Θ term using the gradient flow scheme, and study their
continuum and chiral extrapolations. These are used to provide an estimate of the Θ induced
by the Weinberg operator in theories with the Peccei-Quinn (PQ) mechanism. Combined with
the calculations of the matrix elements (MEs) of quark-bilinears between nucleon states, such
calculations will enable estimates of the electric dipole moments (EDMs) and CPV pion-nucleon
couplings due to the Weinberg operator, thereby providing robust constraints on beyond the
standard model (BSM) physics.
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1. The case for physics Beyond the Standard Model

Both the Standard Model (SM) of Particle Physics and the Standard Model of Cosmology
have revolutionized our understanding of the universe, yet they are fundamentally incompatible in
several critical areas, including the unexplained nature of dark energy, dark matter, and the origin
of a matter-dominated universe. According to the Standard Model of particle physics, the matter-
antimatter asymmetry has to arise after the inflationary phase of the universe [1]. It is well known
that this requires violation of the CP symmetry (the combined symmetry of charge conjugation
and parity) in the elementary interactions [2]. While the Standard Model exhibits CP-violation
through the Cabibbo-Kobayashi-Maskawa (CKM) quark-mixing matrix [3] in weak interactions—
and through the similar leptonic Pontecorvo–Maki–Nakagawa–Sakata (PMNS) mixing matrix in
the neutrino sector [4, 5], the observed magnitude is probably too small to account for the observed
matter-antimatter asymmetry of the universe (BAU) [6–11]. This deficiency points to the existence
of new sources of CP violation beyond the Standard Model (BSM), and finding experimental
evidence for such theories is an important arena of current research.

2. Electric Dipole Moments: Unambiguous signals of BSM physics

Electric Dipole Moments (EDMs) are among the most sensitive tools for detecting BSM
physics, particularly in the context of CP violation [12]. Since nondegenerate quantum eigenstates
do not have EDMs in CP-conserving theories, the detection of an EDM of an elementary particle
would be a definite signal of CPV. Current experiments have put stringent limits on the EDMs
of the electron [13], neutron [14], and proton [15] of 4.1 × 10−30 𝑒 · cm, 1.8 × 10−26 𝑒 · cm and
2.1 × 10−25 𝑒 · cm respectively, all at or within a few orders of magnitude of what would be naïvely
expected from a BSM CPV near the weak scale [12]. Importantly, CPV in the SM predicts EDMs
to be extraordinarily small—roughly a million times weaker than the current experimental limits.

What makes EDMs particularly compelling today is the promise of significant near-term
progress in their detection. Advances in experimental techniques are expected to improve sensitivity
by 2 to 3 orders of magnitude [12]. This increased precision has profound implications: it could
allow us to either observe EDMs directly or rule out several leading BSM mechanisms for generating
the CP violation necessary for baryogenesis.

3. Leading CPV operators

An useful way of classifying the CPV operators is in terms of their mass dimensions in the
effective field theory (EFT) description of BSM physics [16]. Each operator opens a distinct window
into CP-violation beyond the SM, with their importance shaped by energy scales, experimental reach,
and theoretical context.

At the QCD scale of about a GeV, low dimension operators are closely related to SM physics.
In particular, complex phases in the fermion mass matrix are of dimension 3 while the topological
Θ-term in QCD is of dimension 4. These two are related: anomalous axial symmetry of the standard
model rotates the topological term into the complex phases of the quark mass-matrix, implying their
physical effects vanish if any quark is massless. Even with the observed small quark masses, an
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O(1) value of Θ would induce EDMs for the neutron a billion times its experimental constraint [17].
Various models have been proposed to explain this, a leading contender being the Peccei-Quinn
mechanism [18] that dynamically relaxes Θ to zero in the absence of any other CPV interaction
in the theory. In contrast, the dimension-5 operators, suppressed by a high scale, arise from BSM
physics. These are the EDMs for leptons and quarks, and the quark chromo-electric dipole moment.
The effect of these on the nucleon EDMs are being studied [19–21].

These dimension-5 operators, in fact, arise from dimension-6 interactions involving the Higgs’
field at the weak scale. While dimension-5, in many models they are suppressed by small
Yukawa couplings [17]. For this reason, their effects are often competitive with those that re-
main dimension-6 at the QCD scale: i.e., the CPV Weinberg three-gluon operator and various
four-fermion interactions—some of which appear on integrating out the W and Z bosons in the
standard model. The four-fermion operators are implicated in processes such as lepton-flavor vio-
lation, neutral meson mixing, and rare decays, but there is little work on the nonperturbative effects
of any of these dimension 6 operators [22]. Here we study the first of these: the CPV Weinberg
operator that describes the chromoelectric moment of the gluon.

4. Effective Field Theory, Renormalization, and Gradient Flow

4.1 Effective Field Theory: Separation of scales

One of the reasons for the difficulty in understanding the effects of the higher-dimensional
operators in effective field theory (EFT) is their nonperturbative dependance on the renormalization
scheme. The EFT expansion of a typical ME in the BSM reads

BSM ME = Wilson Coeff1 × ME(O1) +
Wilson Coeff2

BSM scale𝑛
× ME(O2) + . . . (1)

Here, O1 and O2 are operators in the EFT, with O2 having a mass dimension 𝑛 higher than O1. Wilson
coefficients (e.g., Wilson Coeff1 and Wilson Coeff2), which parametrize the short-distance effects,
depend on the strong coupling constant 𝛼𝑠 at the BSM scale. These coefficients are typically
calculated using perturbation theory without a hard cutoff (e.g., in schemes using dimensional
regularization), and the resulting expressions typically turn out to be non-Borel summable, leading
to ‘ultraviolet renormalon’ ambiguities in Wilson Coeff1 proportional to

exp
(
− 𝑛

2𝛽0𝛼
2
𝑠 (BSM scale)

)
∼
(

ΛQCD

BSM scale

)𝑛
, (2)

where ΛQCD is the QCD scale, and 𝛽0 is the first coefficient in the QCD beta function [23].
Consistent with this, if one attempted to compute ME(O2) in perturbation theory without a hard
cutoff, then one would find a cancelling ‘infrared renormalon’ proportional to (ΛQCD)𝑛.

A problem, however, arises if we attempt to merge the perturbative calculation of the Wilson
coefficients with the nonperturbative evaluation of the MEs of the EFT operators, since the two
pieces individually are ill-defined. In particular, any redefinition of the higher-dimensional operators
of the form

O2 − MixingCoeff21 Λ
𝑛
QCD O1 . (3)
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can be absorbed into a nonperturbatively small change in the Wilson Coeff1. This is, however,
no more than a scheme dependence: Any choice that consistently calculates both the Wilson
coefficients and defines the higher-dimensional operators in Eq. (1) can be used to calculate the
BSM MEs from the EFT operators with no ambiguity up to the given order in (ΛQCD/BSM scale).

4.2 Renormalization and power divergences in EFT

As described in the previous subsection, higher-dimensional operators in EFT (e.g., O2

in Eq. (1)) obtain a non-perturbative scheme-dependent contribution proportional to the lower-
dimensional operators. In particular, their MEs regularized with a hard cutoff often exhibit power
divergences as the cutoff (the scale above which degrees of freedom are integrated out) increases.
These divergences grow as Cutoff𝑛, where 𝑛 depends on the operator’s dimension, and, provided
the action is properly renormalized, are proportional to the MEs of lower-dimensional operators,
such as ME(Cutoff𝑛O1). To remove the cutoff, one needs to renormalize the operators with a
subtraction: O2 − MixingCoeff21Cutoff𝑛O1, and the scheme dependence arises since a change of
MixingCoeff21 by a piece vanishing as Cutoff−𝑛 changes the renormalized MEs by a finite amount.

4.3 Gradient Flow scheme

As discussed above, higher-dimensional operators in ‘hard cutoff’ theories are power-divergent,
and the subtraction of this power divrergence introduces scheme dependence. An especially con-
venient scheme for regulating this divergence is the ‘Gradient Flow renormalization scheme’ [24].
In this scheme, one introduces a hard cutoff 𝜏gf =

√︁
8𝑡𝑔 𝑓 𝑎, where 𝑎 is the lattice spacing that sets

the cutoff in lattice regularization. All fields are smeared in position space to this 𝜏gf scale. In
particular, the gauge field 𝑈 (𝑡gf) is evolved according to the gradient flow equation:

𝜕𝑈 (𝑡gf)
𝜕𝑡gf

= ∇𝑆[𝑈 (𝑡gf)] ·𝑈 (𝑡gf) , (4)

where ∇𝑆[𝑈 (𝑡gf)] is the derivative of the action with respect to the gauge field, and the initial
𝑈 (0) is the original lattice gauge field. It has been shown at a fixed 𝜏gf , the original lattice cutoff
can be removed, i.e., 𝑎 taken to 0, keeping all physical matrix elements finite, provided only the
parameters in the action and the wavefunction of the fermions are renormalized [24]. As opposed
to the lattice regularization, this scheme has a number of advantages. In particular, as 𝑎 → 0,
the symmetries of the continuum gauge theory, including Euclidean and chiral invariance [25], are
restored. Furthermore, composite operators do not need additional regularization—their matrix
elements are automatically finite [24]. And finally, both the nonperturbative implementation of the
gradient flow and the perturbation theory needed to connect to any other scheme are reasonably
straightforward [26, 27].

5. Topological charge and Weinberg operators

The relationship between the gradient flow (gf) scheme and MS renormalization scheme for
gluonic CPV operators such as the topological charge 𝐺 · �̃� and the Weinberg operator 𝐺 · �̃� · 𝐺
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can be described through the following matrix equation:

©«
𝐺 · �̃�

𝐺 · �̃� · 𝐺
· · ·

ª®®¬MS

=

©«
1 0 0

𝑍𝑀
1

(𝜏gf𝑎)2 𝑍𝑊 𝑂 ((𝜏gf𝑎)2)
𝑂 ( 1

(𝜏gf𝑎)4 ) 𝑂 ( 1
(𝜏gf𝑎)2 ) · · ·

ª®®®¬
©«

𝐺 · �̃�
𝐺 · �̃� · 𝐺

· · ·

ª®®¬gf

, (5)

where, 𝑍𝑊 is the renormalization constant for the Weinberg operator and 𝑍𝑀 represents the
renormalization constant for the mixed operator [26]. For regularization schemes like the gradient
flow that keep the topological charge integral, the density 𝐺 · �̃� is not renormalized. In this
preliminary work, we only present results in the gradient-flow scheme without conversion to MS.

In this work, we will examine the topological, mixed, and Weinberg susceptibilities. These
are defined as the second derivative of the renormalized effective action with respect to the corre-
sponding renormalized potentials, i.e., Θ and 𝑤, the coefficients of the topological and Weinberg
terms added to the action. These quantities are, therefore, automatically renormalized. In practice,
we calculate them as the variances and covariances of the corresponding charges: the topological
charge and the volume integral of the Weinberg operator. Expressed in this way, they are the product
of two volume integrals of densities, and include contribution from the contact terms between the
two densities. Though these contact terms diverge, and, in a general scheme, would need extra
regularization when treated as a density, their volume integral that contributes to the susceptibity is
finite. In summary, once the individual topological charge density and the Weinberg operator are
renormalized, calculating susceptibilities do not need any further normalization.

6. Susceptibilities: Topological, Weinberg and Mixed

Susceptibilities play a crucial role in understanding the vacuum structure of QCD by quanti-
fying the system’s response to external perturbations.

The topological susceptibility 𝜒𝑄 measures fluctuations in the topological charge 𝑄, defined
as 𝑄 =

∫
𝑑4𝑥𝐺 · �̃�, where 𝐺 · �̃� is the topological charge density. It is expressed as:

𝜒𝑄 = ⟨𝑄2⟩ − ⟨𝑄⟩2 = 𝜕2 ln 𝑍Θ/𝜕Θ2 , (6)

where 𝑍Θ is the partition function, and Θ is the CP-violating coefficient of the topological charge
in the action. The expectation value of the topological charge, ⟨𝑄⟩, being CP-violating vanishes in
the QCD vacuum, and, hence we have 𝜒𝑄 = ⟨𝑄2⟩. The Weinberg susceptibility is similarly defined
as 𝜒𝑊 = [

∫
𝑑4𝑥(𝐺 · �̃�) · 𝐺]2 and measures the response of the QCD vaccuum as the Weinberg

operator is turned on. The mixed susceptibility 𝜒𝑀 = [
∫
𝑑4𝑥(𝐺 · �̃�)] [

∫
𝑑4𝑥(𝐺 · �̃� ·𝐺)] quantifies

the interplay between topological and Weinberg charges.

7. Lattice calculations, fits to susceptibilities, and results for the Peccei-Quinn term

7.1 Lattice setup and ensemble parameters

We employ tadpole-improved [28] clover fermions [29] for both both valence and sea quarks
with the lattice parameters of the 11 ensembles given in Table 1. This action removes all tree-level
𝑂 (𝑎) errors as well as the anomalously large 𝑂 (𝛼𝑠𝑎) contributions arising from the lattice action.
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The remaining discretization errors are therefore 𝑂 (𝑎2) and 𝑂 (𝛼𝑠𝑎) and with 𝑂 (1) coefficients.
The range of lattice spacings and quark masses ensures robust control over systematic uncertainties,
enabling reliable extrapolations to the physical continuum and infinite-volume limits.

Ensemble name 𝑎 (fm) 𝑀𝜋 (MeV) 𝑀𝐾 (MeV) 𝐿3 × 𝑇

C13 0.127(2) 285(5) 476(5) 323 × 96
D5L 0.094(1) 268(3) 512(5) 483 × 128
D220 0.094(1) 214(3) 543(6) 483 × 128
D6 0.0914(9) 175(2) 492(5) 483 × 96
D7 0.091(1) 170(2) 491(5) 643 × 128
E5 0.0728(8) 272(3) 575(6) 483 × 128
E6 0.0707(8) 223(3) 539(6) 643 × 192
E7 0.0706(7) 167(2) 538(6) 723 × 192
E9 0.0700(7) 128(2) 521(5) 963 × 192
F5 0.056(1) 280(5) 526(6) 643 × 192
F6 0.0555(6) 216(2) 527(5) 723 × 192

Table 1: Summary of lattice ensembles used in this work. All measured numbers are preliminary [30].

7.2 Fitting methodology for lattice data

The dependence of observables for 𝜏gf ≪ Λ−1
QCD is amenable to perturbation theory. On the

other hand, they suffer from artifacts when 𝑎 ≲ 𝜏gf (or when 𝜏gf ≳ 𝐿𝑎) [24, 31]. As a result, only
a small range provides a reliable guide to the flow-time behavior—all we can assert is they are
expected to be smooth functions of this variable. For this reason, in this work we have chosen to
model the 𝜏gf dependence of all quantities by cubic splines [32].

For modeling the chiral and lattice spacing dependence, we have, however, chosen low order
polynomials—in particular the data are fit either with a three,

𝜒 = 𝑠0(𝑡gf) + 𝑠1(𝑡gf)𝑎𝑝 + 𝑠2(𝑡gf)𝑀2
𝜋 , (7)

or a four-parameter form:

𝜒 = 𝑠0(𝑡gf) + 𝑠1(𝑡gf)𝑎𝑝 + 𝑠2(𝑡gf)𝑀2
𝜋 + 𝑠3(𝑡gf)𝑎𝑝𝑀2

𝜋 , (8)

with the power 𝑝 = 1 or 2. The motivation for testing the 𝑝 = 1 form is that over this range of
lattice spacings and masses, the strong coupling constant 𝛼𝑠 is almost a constant, and the expected
𝛼𝑠𝑎 dependence can be treated as an 𝑎 dependence. On the other hand, if these effects are small,
the strong 𝑂 (𝑎2) effects may dominate the behavior. As mentioned before, the coefficients in each
case are modeled as a cubic spline, with the number and positions of knots in the splines optimized
using the Akaike Information Criterion (AIC) [33], balancing model complexity with the quality
of fit to prevent overfitting [34]. Contributions from 𝑀2

𝐾
being heavier than physical and finite

volume effects are assumed negligible in this preliminary analysis. The fits exclude the ensembles
C13, D220, D5L, and D6 to avoid coarse lattice spacing, heavy pion masses or small volumes
(see Table 1). A summary of the the fit quality assessed through both AIC and 𝜒2 per degree of
freedom, is provided in Table 2.
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Fit Type
𝜒𝑄 (Topological) 𝜒𝑊 (Weinberg) 𝜒𝑀 (Mixed)
AIC 𝜒2/dof AIC 𝜒2/dof AIC 𝜒2/dof

3-parameter Fit with 𝑎 (Eq. 7) 156.654 2.493 91.008 1.067 135.460 2.029
3-parameter Fit with 𝑎2 (Eq. 7) 142.890 2.189 86.288 0.977 130.329 1.922
4-parameter Fit with 𝑎 (Eq. 8) 106.234 1.382 86.081 0.886 129.756 1.937
4-parameter Fit with 𝑎2 (Eq. 8) 115.116 1.572 86.365 0.871 129.334 1.867

Table 2: Summary of fit qualities for the susceptiblities 𝜒𝑄, 𝜒𝑊 , and 𝜒𝑀 .
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Figure 1: Topological (left) and Weinberg (right) susceptibility as a function of flow time for various lattice
ensembles, and their chiral-continuum extrapolation. The data points represent lattice results for different
ensembles, while the solid curves and error bars, obtained from fits, indicate the mean values with error bands
corresponding to 1𝜎 deviations. The overlapping magenta (chiral limit) and gray (physical quark masses)
curves give the results after extrapolation in the quark masses and to the continuum limit.

7.3 Fits to the susceptibilities

Our preliminary results for the topological and Weinberg susceptibilities using the fit ansatz with
𝑎2 dependence in Eq. (7) are shown in Fig. 1. The mixed susceptibility is shown in the left panel of
Fig. 2. Many fit forms were investigated—the choice of the results shown in Figs. 1 and 2 is motivated
by the fit quality and the theoretical expectations that the topological susceptibility vanishes in
the chiral- continuum limit [31]. From these fits, we estimate the topological susceptibility to be
approximately (71 MeV)4 at the physical quark masses, in agreement with prior determinations [35].

7.4 Result for the Peccei-Quinn term Θinduced

In theories using the Peccei-Quinn (PQ) mechanism, Θ, promoted to a field, dynamically
relaxes to minimize its effective potential [18]. If the Weinberg term is the only other source of CP
violation, then this minimum is at [17]

Θinduced = −𝑤(𝜒𝑀/𝜒𝑄) . (9)

This expression is ill-defined in the chiral-continuum limit since both the susceptibilities vanish.
In this limit, the topological charge density can be rotated away, so the value of Θinduced does not
affect any physical matrix elements. Our goal is to calculate it for the physical quark masses in
the continuum limit. Unfortunately, data in Fig. 2 show that the statistical uncertainties in this
preliminary study are still too large to obtain a useful estimate of Θinduced.

7



P
o
S
(
L
A
T
T
I
C
E
2
0
2
4
)
3
4
4

Gradient flow of the Weinberg operator Bhattacharya et al.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
(fm)

0

2000

4000

6000

8000

10000

M
(fm

6 )

Mixed susceptibility versus flow time

D7: a=0.09, Mpi=170
E5: a=0.07, Mpi=272
E6: a=0.07, Mpi=223
E7: a=0.07, Mpi=167
E9: a=0.07, Mpi=128
F5: a=0.06, Mpi=280
F6: a=0.06, Mpi=216
Continuum: a=0, Mpi=140
Continuum: a=0, Mpi=0

0.40 0.48 0.56
(fm)

800

1600

2400

M
(fm

6 )

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
(fm)

0

20000

40000

60000

80000

100000

in
du

ce
d/w

Ratio of M/ Q

Continuum: a=0, Mpi=140

Figure 2: The chiral-continuum extrapolation of the mixed susceptibility is shown on the left using the same
fit forms and ensembles as in Fig. 1. Dividing the extrapolated result by the topological susceptibility shown
in Fig. 1, one obtains the right panel showing the determination of −Θinduced/𝑤 relevant to PQ theories.

8. Summary

Preliminary results on the gradient flow analysis of the Weinberg three-gluon operator are
presented. The flow-time dependence of the lattice results for the topological, Weinberg, and mixed
susceptibilities are fit by a cubic spline, and extrapolated to the continuum limit for both the chiral
and the physical quark masses theories. For the topological susceptibility, our analysis confirms it
vanishes at the chiral-continuum point. For physical quark masses, we get an almost flow-time in-
dependent value of approximately (71 MeV)4, consistent with prior determinations. The Weinberg
susceptibility has a strong flow-time dependence, even though in the chiral-continuum limit, this
dependence is only expected to be logarithmic. The statistical uncertainties in our calculations are
still too large to obtain an useful estimate of Θinduced/𝑤.
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