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We report our preliminary results for the charge radii of 𝜋+ and 𝐾+ mesons with the PACS10
configuration generated at the physical point using the Iwasaki gauge action and 𝑁 𝑓 = 2 + 1
stout-smeared nonperturbatively O(𝑎) improved Wilson quark action, especially at 0.085 fm
corresponding lattice size 1284. The charge radii are obtained from a model-independent method
that directly calculates the first-order differential coefficient of the electromagnetic form factor and
also from a traditional method that analyzes the form factor using a fit ansatz. We compare our
preliminary results obtained by these methods with previous lattice calculations and experiments.
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1. Introduction

The (mean-square) charge radius is a fundamental quantity that characterizes the structure of
hadrons and describes the spread of the charge distribution. It is defined by the derivative of the
electromagnetic form factor with respect to the momentum transfer. The form factor is obtained
from the calculation of the matrix element of the electromagnetic current. In particular, the 𝜋+

charge radius has recently been compared with experimental value with high precision. However,
the results of the lattice calculations still have larger errors than the experimental value [1]. There
are four main systematic errors in the charge radius obtained from lattice calculations: chiral
extrapolation, continuum extrapolation, finite volume effects, and fit ansatz.

We have to choose a fit ansatz in the traditional method. For example, the charge radius can
be obtained using the following procedure. First, the form factor of the 𝑋 meson, 𝐹𝑋 (𝑄2), at a
momentum transfer 𝑄2 is extracted by combining a proper three-point function and known factors.
Second, we fit these data points by assuming a function for the form factor. Finally, using the fit
result, the charge radius is obtained by calculating〈

𝑟2
𝑋

〉
= −6

d𝐹𝑋 (𝑄2)
d𝑄2

����
𝑄2=0

. (1)

In the second step of this procedure, the assumption for the fitting function and the selection of the
fitting range cause the systematic error of the fit ansatz.

On the other hand, the model-independent method does not include the fit ansatz. The simplest
method of the model-independent method is to calculate the difference, as in (𝐹𝑋 (𝑄2) − 1)/𝑄2.
If the momentum transfer is small enough, we can obtain the first derivative of the form factor
from it. The important point is that this method does not use any fit ansatz. Therefore it is called
the model-independent method. However, this method can be affected by contamination from
higher-order terms in the Taylor expansion of 𝐹𝑋 (𝑄2) if the momentum transfer is large. In other
words, the charge radius may be largely affected by it. Therefore, it is very important to reduce this
contamination for precise calculations of the charge radius.

We report our preliminary results for the 𝜋+ and 𝐾+ charge radii using a model-independent
method [2], which was proposed to reduce the higher-order contamination, in the PACS10 config-
uration, whose spacetime volume is more than (10 fm)4 at the physical point. We compare our
results with those of previous lattice calculations and present our results are consistent with those.

2. Overview of model-independent method

In this section, we provide an overview of the model-independent method, explaining how a
spatial moment is used to reduce the higher-order contamination. For a detailed discussion, see
Refs. [2–4].

The simplest method of calculating the difference (𝐹𝑋 (𝑄2) − 1)/𝑄2 might have a large con-
tamination and is not suitable for precision calculations. To reduce the contamination, an important
idea is calculating the spatial moment. For infinite volume limit, we derive

d𝐶̃𝑋3pt(𝑡; 𝑝)
d𝑝2

�����
𝑝2=0

=
1
2

∑︁
𝑥

𝑥2𝐶𝑋3pt(𝑡; 𝑥) (2)
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from the derivative of the Fourier transform of the three-point function of the 𝑋 meson, 𝐶𝑋3pt(𝑡; 𝑥).
It means that the 1st-order momentum squared derivative equals the 2nd-order spatial moment.
Therefore, we can suppress the contamination at large volumes by calculating the spatial moment
of the three-point function. This method was used to calculate the slope of the Isgur-Wise function
at zero recoil point [5, 6] and the nucleon charge radius [7, 8]. However, this method still has the
contamination at a small volume.

We can suppress higher-order contamination by cleverly combining the 𝑥2 and 𝑥4 moments
even at a small volume, as in

𝑅𝑋MI(𝑡) = 𝛼1𝐶
𝑋
3pt

(1) (𝑡) + 𝛼2𝐶
𝑋
3pt

(2) (𝑡) + ℎ, (3)

where 𝛼1, 𝛼2 and ℎ are parameters set to cancel out the higher-order contamination and the 2𝑛-th
moment of the three-point function,

𝐶𝑋3pt
(𝑛) (𝑡) =

∑︁
𝑥

𝑥2𝑛𝐶𝑋3pt(𝑡; 𝑥)∑︁
𝑥

𝐶𝑋3pt(𝑡; 𝑥)
. (4)

This method was used to calculate the pion charge radius [2]. In the following, we call this original
model-independent method.

We proposed a more improved version of the original model-independent method [3, 4]. In
the reports, we presented that our improved method is effective at small lattice sizes. In this study,
however, we use a large lattice size configuration called PACS10. Therefore, we do not have to use
our improved method, while we use our method for a consistency check. Using these methods, we
can determine the charge radius without fit ansatz.

3. Lattice simulation and Preliminary results

3.1 Simulation parameters

We apply these methods explained in the previous sections to the PACS10 configuration
which is a 2+1 flavor gauge configuration generated by the PACS Collaboration [9] with the
nonperturbative O(𝑎)-improved Wilson action and the Iwasaki gauge action. This configuration
has the characteristics of the physical point and a large volume exceeding (10 fm)4, so it is not
necessary to consider chiral extrapolation or finite volume effects. And, since it is generated at
3 lattice spacings, we can perform a continuum extrapolation. In this study, we use the coarsest
PACS10 configuration for the first step in this calculation. The ensemble parameters are shown in
Table 1.

3.2 Correlation functions

We use the one-dimensional two- and three-point functions defined by

𝐶𝑋2pt(𝑡; 𝑥1) =
∑︁
𝑥2,𝑥3

⟨0|O𝑋 (®𝑥, 𝑡)O𝑋†(®0, 0) |0⟩ , (5)

𝐶𝑋3pt(𝑡; 𝑥1) = 𝑍𝑉

∑︁
®𝑦

∑︁
𝑥2,𝑥3

⟨0|O𝑋 (®𝑦, 𝑡sink)𝑉4(®𝑥, 𝑡)O𝑋†(®0, 0) |0⟩ , (6)
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𝛽 𝐿3 × 𝑇 𝐿 [fm] 𝑎 [fm] 𝑎−1 [GeV] 𝑚𝜋 [MeV] 𝑚𝐾 [MeV] 𝑁conf 𝑁meas

1.82 1284 10.9 0.085 2.316 135 497 20 576

Table 1: Details of the coarsest PACS10 configuration. The bare coupling (𝛽), lattice size (𝐿3 ×𝑇), physical
spatial extent (𝐿[fm]), pion and kaon masses (𝑚𝜋 , 𝑚𝐾 ) are tabulated. We represent 𝑁conf and 𝑁meas as the
number of configurations and the number of measurements per configuration, respectively.

where the interpolating operators O𝑋, and the bare electromagnetic vector current 𝑉4 are

O𝜋+ = 𝑑𝛾5𝑢, O𝐾+ = 𝑠𝛾5𝑢, 𝑉4 =
∑︁
𝑓 =𝑢,𝑑,𝑠

𝑄 𝑓 𝜓̄ 𝑓 𝛾4𝜓 𝑓 , (7)

and 𝑍𝑉 is the renormalization factor of the vector current determined from that the value of the
renormalized form factor in the zero-momentum transfer becomes the electric charge of the 𝑋
meson, as in 𝑍𝑉𝐹bare

𝑋
(0) = +1. The correlation functions are calculated with the 𝑍 (2) ⊗ 𝑍 (2)

random source [10] and source-sink time separation 𝑡sink = 36. The periodic boundary condition
is imposed in the spatial directions of the correlation function, while the periodic and anti-periodic
boundary conditions are employed in the temporal direction. The wrapping around effect [11, 12] is
reduced by the average of the three-point function under these boundary conditions [13, 14]. Using
𝐶𝑋3pt(𝑡; 𝑥1) in Eq. (6), we calculate the moments of the three-point function as in Eq. (4).

The form factor for each momentum transfer squared is extracted from the time-independent
part of the following ratio,

𝑅𝑋FF(𝑡;𝑄
2) =

(
𝑍𝑋 (0)
𝑍𝑋 (𝑝)

)
2𝐸𝑋 (𝑝)

𝑀𝑋 + 𝐸𝑋 (𝑝)
𝐶̃𝑋3pt(𝑡; 𝑝)

𝐶̃𝑋3pt(𝑡; ®0)
𝑒 (𝐸𝑋 (𝑝)−𝑀𝑋 )𝑡 , (8)

where 𝑝 = 2𝜋
𝐿
𝑛 with 𝑛 and 𝐿 being an integer and the spatial extent, 𝐸𝑋 (𝑝) =

√︃
𝑀2
𝑋
+ 𝑝2,

𝑍𝑋 (𝑝) = ⟨0|O𝑋 (®0, 0) |𝐸𝑋 (𝑝)⟩, and the momentum transfer squared 𝑄2 = 2𝑀𝑋 (𝐸𝑋 (𝑝) − 𝑀𝑋).
𝐶̃𝑋3pt(𝑡; 𝑝) is the momentum projection of the three-point function in Eq.(6).

3.3 Preliminary results

We obtain the charge radii for the 𝜋+ and 𝐾+ mesons using the traditional method with fit
ansatz and the model-independent method. In the traditional method, the data of the form factor are
obtained from the constant part of the ratio in Eq. (8), where the amplitude 𝑍𝑋 (𝑝) and 𝐸𝑋 (𝑝) are
obtained from Eq. (5) after a proper momentum projection. The charge radii are calculated from
the data points for the form factor using the fit ansatz of monopole, polynomial, z-expansion [15],
and the NLO chiral perturbation theory (ChPT) formula1. On the other hand, we calculate Eq. (3)
to obtain the charge radii directly without fit ansatz in the model-independent method, as shown in
Fig. 1. We see a time-independent region between the source and the sink time slices. The value of
the first-order derivative of the form factor is extracted from this flat part.

The results obtained by each method are shown in Fig. 2. The black symbols in Fig. 2 represent
the results of the traditional method using the six functional forms for both 𝜋+ and 𝐾+. These data

1We use SU(2)-ChPT [16] for pion analysis and SU(3)-ChPT [17, 18] for kaon.
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Figure 1: Results of 𝑅𝑋MI (𝑡) in Eq. (3) for 𝜋+ meson (left) and 𝐾+ meson (right). The solid red lines express
the first derivative of the form factor obtained from a constant fit of a flat region.

Traditional

Model-independent

Our 
improved

Original

Traditional

Model-independent

Our 
improved

Original

Figure 2: Preliminary results for 𝜋+ meson (left) and 𝐾+ meson (right) charge radii obtained from traditional
and model-independent methods. The black and blue symbols are the results of the traditional method.
The black circle, inverted triangle, triangle, diamond, square, and crosse symbols are the results of using
monopole, quadratic polynomial, cubic polynomial, quadratic z-expansion, cubic z-expansion, and ChPT
NLO, respectively. The blue symbols are the result of considering systematic errors of fit ansatz. The red and
purple symbols are the result of the original model-independent method and our improved model-independent
method, respectively. The black line and gray band represent the central value and error of PDG22 [19].

are reasonably consistent with each other within the error. However, there is variation in the central
value depending on the fit ansatz, which is the systematic error of the fit ansatz. In this study,
we evaluate the error of the traditional method as follows, as in Ref. [4]. The central value and
statistical error are the weighted average of these results and the jackknife error of the central value,
respectively. The systematic error is the maximum difference between the central value and the
value on each form. We obtain the blue symbols in Fig. 2 as the result of the traditional methods.

We plot the results obtained from the original model-independent method and our improved
method with log function [4] shown in the red and purple symbols in Fig. 2, respectively. They
are consistent with those for the traditional methods. Furthermore, the model-independent method
does not suffer from fit ansatz error and has smaller errors than the traditional method. In addition,
our improved method agrees with the original model-independent method, because contamination
is already well suppressed due to the large volume of the PACS10 configuration. This behavior is

5
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expected from our previous studies [3, 4].
All calculation results are consistent with the experimental values [19] within the margin of

error. In particular, we obtain 𝐾+ charge radius with a smaller error than the experimental value.
The error is about eight times smaller than the experimental value.
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Figure 3: The comparison of our preliminary result of the charge radius between those for previous lattice
QCD calculations and PDG value. The left graph shows the 𝜋+ charge radius and right graph is 𝐾+ one. The
colored symbols are the lattice calculations[2, 20–23], especially the red symbol is our preliminary result.
The black line and gray band represent the central value and error of PDG22 [19].

We compare our results, obtained using the model-independent method, with the results of
previous lattice calculations and also the experimental value (PDG22). From Fig. 3, we see that our
results are reasonably consistent with these values.

4. Summary

We have presented the preliminary results of the charge radii of 𝜋+ and 𝐾+ mesons calculated
with the coarsest PACS10 configuration at the lattice spacing of 0.085 fm. This configuration is
generated at the physical point on a (10 fm)4 volume.

We have obtained the preliminary values of the charge radii for 𝜋+ and 𝐾+ obtained using a
model-independent method:〈

𝑟2
𝜋+
〉
= 0.423(10) fm2,

〈
𝑟2
𝐾+

〉
= 0.373(4) fm2. (9)

Our preliminary results are reasonably consistent with the previous lattice calculations and also the
experimental values. In particular, our 𝐾+ charge radius is more accurate than the experimental
value. In this study, the systematic error of source-sink time separation and continuum extrapolation
were not considered. Therefore, evaluating these errors are important tasks.
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