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RG equations for 2+1 clover fermions R. Horsley

1. Introduction

One of the major difficulties in lattice gauge theories is the extrapolation to the continuum
limit. Usually individual fits at a particular lattice spacing are made to, e.g. a hadron mass or
matrix element, followed by an extrapolation to the continuum limit (usually in @?). This is a noisy
procedure, involving both the pre-determined a values and also the individual values of the mass
or matrix element. To improve the situation often a smoothing procedure is used, for example a
joint extrapolation involving both the lattice spacing and mass or matrix element simultaneously.
Theoretically this is often not so well justified. A better motivated procedure suggested here is
to use the Renormalisation Group (RG) equations to help to achieve this. In this contribution we
attempt a first step by deriving and solving the RG equations for the lattice spacing.

2. The RG equation

Scaling means that we have lines of constant physics (e.g. constant mass ratios) passing through
our parameter space. On one of these lines we can measure the relative rate at which lattice spacing
changes by monitoring the rate at which correlation lengths change as we move along the trajectory.
Scaling (up to O(a?) violations) are regions where aA™ < 1 and amg < 1. For Wilson type
fermions considered here we have in go, x, space

0
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Re-writing this in terms of m“t = am, where
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(with ko the hopping parameter on the SU(n r)-flavour symmetric line, with critical point at the
chiral limit ko) and then Taylor expanding U and V,, gives
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The By, Go, Ho coeflicients are usually referred to as ‘renormalisation’, while the By, G|, G», Hj,
H> coefficients are the ‘improvement’ terms, so in principle this treats both the renormalisation and
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improvement terms in a unified fashion. For chiral fermions all the coefficients vanish, except for
B() and G().

It is sufficient to only consider here the leading terms (ie O (am,)), although the higher order
terms can be considered, [1]. The leading functions are related to the usual renormalisation
coeflicients

Bo(go) = —B(go), Gol(go) =1—-vy(g0)» Ho(go) =vm(g0) — ¥m(g0) (5)
with

B(g0) = —bogs — b1gy - bi'gb +0(gd), ¥ (g0) = dogg +dS™gg +0(g}),

(6)
Bi(g0) = b%gs+0(g)), v (g0) = dogg + d5™gg + 0(gl)

where bg, b; and dj are known universal coefficients.

2.1 Renormalised quark masses

For Wilson-like fermions, which have no chiral symmetry, the singlet and non-singlet quark
mass pieces evolve differently

m® = amu(go) , my —m® = (amg — am) v(go) . 7
For simplicity we consider the Renormalised Group Invariant (RGI) quark mass, alternatively the
same equations hold for the quark mass in a given scheme at a given scale. Also to simplify the
notation somewhat we have absorbed A™ into the definition of /7', i.e. we measure the quark mass
in units of A™. Note, in particular, that /" o« am.
We now solve the RG equation

8 rgi

a % physics Mé B O , (8)

to give

80 1 by +body  Go(€) + Ho(¢)
=C d - - ’ 9
u(g0) = C(g0) exp [ | e { e Bo(@) H ®
and
8o 1 b1 +body  Go(€)

=C d - - , 10
v(go0) = C(go) exp [/0 ¢ {b0§3 b2E Bo(€) }] (19

where

do 2y, 1
C(g0) = A™ [2bogg] ™ [bogg] ™0 exp [2b 2] ' "
08

These are the usual type of equations, arranged so that there is no singularity in the integral as
go — 0. Again, for simplicity, as for m" we shall in future measure u (and v) in units of A™, so
u — u/A™. Similar equations (with appropriate ys) also hold for the renormalisation of operators
m™ — O™, However we shall not consider this further here.
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2.2 Coupling constant

Rather than considering the renormalised coupling, we consider here the relation between the
lattice spacing and lattice coupling. There are two possibilities. First we consider changing lattice
spacing (i.e. including am in the definition, but keeping the coupling constant). Setting

a=s(go){l+amr(go)} , 12)
and solving
0
a %phyma =a, (13)
gives
&0 1 1 by
= A P _
s(s0) <mnm(£ #{%@) mg+bgh’ (14)
o o . B Dby, 4
o) = uten [ ae St = a0, 1s)
g5 —0
with

1 -2 1
A(go) = A [bog(z)] 0 exp l— 2b0g2 . (16)
0

Note that s(go) is the standard RG solution to the S-function. Alternatively a second possibility
would be to re-define the coupling constant by setting (e.g. [2])

85 =go {1 +bg(go)am} , 17)
and now solving
0 . .
a- go = Bo(go) (18)
a physics
gives
BO(gO) at
bg(go) =2 r(g0) = -2bjigs+0(gl)- (19)
N——
g(2)—>0

As anticipated we have b, oc r. As discussed in e.g. [3, 4] we expect b, (and hence r) to be
numerically quite small.

3. Lattice data

Forny = 2+ 1, g = u, d, s flavours (am, = amg = am;) the QCDSF strategy [5] is to

consider a flavour singlet quantity X (m., m?, m¥) for example X2 = (2M12< +M2) /3, X,z0 = 1/to,
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Figure 1: Left panel: X;*“z for s = ty, N, wo, p, 7, fr, for (B, ko) = (5.50,0.120900), together with constant
fits. The opaque points have ML < 4 and are not considered in the fit. The vertical line is approximately
the physical mass ratio value. The plot is taken from [6], to which we refer to for further details. Right panel:
X2 along the SU(3)-flavour symmetric line, blue triangles (with a linear fit) and along am = const. lines
starting from «o = 0.120900, cyan horizontal triangles and o = 0.120950, orange horizontal triangles (both
together with a constant fit). Also shown are the Ml,";‘z lines for constant kg = 0.120900, o = 0.120950 and
varying k, = Ks = kj, cyan and orange triangles (both with a linear fit).

Xzzv = (MIZV + M% + Mé) /3. These are invariant under all u, d, s quark interchanges (by definition)
and have the useful property that they have a stationary point on the SU(3)-flavour symmetric line
when all the quark masses are equal. This means that X, (™ + om}>, m™® + 6m§i, me +om?¥) =
Xg(m'®, m™, m®) + 0((5m§i)2) where (Smgi is the ‘distance’ from the SU(3)-flavour symmetric
line, m"™ being held constant (otherwise additional terms arise) [5]. As from eq. (7) m™® « am, this
result is valid whether renormalised or lattice is being considered. This is shown in the LH panel of
Fig. 1. We use an O (a) non-pertubatively improved clover action, [7], with 8 = 10/ g(z) =5.40, 5.50,
5.65, 5.80 and 5.95 on a variety of lattice sizes (24> x 48, 323 x 64 and 48> x 96) with ML > 4.
Little evidence of any quadratic term O ((&(am;))?) and any systematic effect is seen for any X2
down to the physical point, so to within our accuracy we shall take X*? to be constant along any
am = const line. The RH panel in Fig. 1 shows the ratio X2 for various xo and ; values as
described in the figure caption. We have

Xy (g0, ™) = a*(go, m™) X3 (™), (20)

(again setting m™ o am in a) and forming a ratio gives

X2 X2(me) X200+ X2(0) _ X2(0) _
w2 - w2y ¥2 = ——m¥+... = ——u(go)am+.... 1)
X X7 (m) X5 (0) +... X;:(0) Xz (0)

The first equality shows that X2/ X}g‘z can be taken as a proxy for m™. The second (and third)
equalities use PCAC while the last equality has used the previous relation between m and am,
eq. (7). (So, for example, determining the 1/k¢ gradient of the SU(3)-flavour symmetric line could
give an indication of (X’2(0)/ Xt20 (0))u(go).) However, while the RG equations in section 2 were
developed with am, the present long extrapolation in 1/x¢ necessary to find kg, means that it is
difficult to determine am and so from eq. (21) we shall use instead X‘,‘;‘Z / Xt";‘)‘z.
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Figure 2: Left panel: y = X;‘;‘z /X}g‘2 Versus x = X‘;;‘2 (logarithmic scale) together with a 2-parameter
fit x = y(A + By) for our five B8 values. (the filled points lie on the SU(3)-flavour symmetric lines, the
opaque points are am = const.). Sample lines when the y-axis height yo = 0.08, 0.10, 0.13. Right panel:
a?(m', B)/a* (™, B) with B = 5.95 versus X#2/ X} for our five B values. The vertical lines correspond
to the sample horizontal lines in the LH panel.

4. Lattice results

We now compare lattice spacings as a function of 8 with matching physics (i.e. same m'®). So
we plot for the y- and x-axes
_xE2 X3

= = — lat2: 2 = rgi 2 (= rgi
YIS gy TR T e X (22)

The y-axis is a proxy for the (physical) quark mass, m™. In the LH panel of Fig. 2 we show this
plot, together with a 2-parameter fit x = y(A + By), and with sample lines with the y-axis height
yo = 0.08, 0.10, 0.13. The physical region is given by yg ~ 0.09 — 0.10.

If a depends only on 8 and negligibly on m™ the lines will have the same slope at each point
and be equidistant to each other. This can be illustrated by considering two S-values (5 and S.; say)
with common ™ (i.e. the same height for y-axis) then the ratio of the corresponding values on the
x-axis is the ratio of lattice spacings only

x(B,m) _ a*(B,m™)
X(Brats 1) a2 (Brer, 178
which when re-written as a difference: Inx(B, m®) — Inx (B, M) = In (a*(8, ) /A (Brs, M)
should be approximately constant. This appears to be the case.
To check this in the RH panel of Fig. 2 we plot a*(B8, i) /a?(Bur, m™) with B = 5.95 against
X2/ X}g‘z and thus for many /m™ values'. If there was no /™ dependence these would be constant.

(23)

Only for the coarsest lattice (8 = 5.40) is there an appreciable deviation from constant behaviour,
and this is small. For example in the figure range a 10% change in X2 (/n"¢') / X,z0 (m™®) gives ~ 1-2%
change in a?(5.40, m")/a’ (B, m™). So effectively there is only an overall shift in scale if we
slightly miss a chosen value of the quark mass, m™*.

IThe errors are estimated by considering fits x = y(A + B(y — yg)) and varying yo. The error in A gives us the error
inx aty = yg, then used in eq. (23).
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5. Lattice scaling

As the lattice spacing data is well described by linear behaviour in the quark mass, we can
apply the formalism developed in the previous sections to investigate the scaling behaviour. From
eq. (12) we can form a?(8, m™®)/a*(B.:, m™). This gives

a’(B,m®) _ s*(B) X7 (m™)
ﬂmeQ‘ﬂmal+uWWﬁ”%ww ' .
with
_ r(ﬂ) r(ﬁref) sz() (O)
Dﬂ/to(ﬁ’ﬁref) _z(l/l(ﬁ) - M(ﬁref)) X;rz(o) . (25)

From our previous fits (LH panel of Fig. 2 and the associated fit parameters A, B) we can determine
52(B)/5*(B.r) and the coefficient of XZ (i) /X2 (™).
First recalling the solution for s(go), eq. (14), we have

5%(go) [ 80 d¢ }
= -2 . 26
o) P .Lﬂm@> (26)

Guided by the knowledge of the S-function as given in eq. (5) we use the simplest [2/2] Padé

approximation as a fit function

Bo(g0) = —B221(80) = bogy I (27)
(Note that eq. (26) can be integrated analytically.) Secondly we have
X2(0) [eo B 1/(2bog?)
Dﬂ/to(ﬁ’ﬁrcf) = 2?)2— d ZIA & dgé‘: e_§ > (28)
X7 (0) Jgore ~ Bi(&)u(é) = J1/Chogiy)
8;—0

where the LO result (g% — 0) is given by the last expression with a = (b + body)/ (ZbS) and can
be written as the difference of incomplete-I" functions. Numerically in our region of interest it is
almost linear in 8: i.e. < B — B.

In the LH panel of Fig. 3 we show s%(88)/s?(B.) as blue points (from the previous fit), together
with a further fit using eqgs. (26), (27). Also shown is the two-loop B-function result (i.e. setting
b5' = 0in eq. (27)) as an orange dashed line. 52(B)/s*(B.) is small, although growing at 8 = 5.40,
it is still only about ~ 10%. The RH panel of Fig. 3 shows D /4, (B, B.r) together with a fit as
suggested by eq. (28) (with a one parameter fit for the proportionality constant).

Finally we wish to re-construct a®(8, m™*)/a*(B, m™*), via eq. (24), with the fit function
results as shown in Fig. 3. In Fig. 4 we plot a?(8,m™*)/a’ (B, m™*) against 8 from eq. (24),
using values of X2 (nﬁ’gi*)/XfO (m®*) = 0.099(3), QCDSF15 [8]? and as a comparison 0.091(1),
FLAG24 [9]. As expected from our previous results (as exemplified by Fig. 2) there is little
numerical difference between the two values of m™®*. Comparing the results using this RG-guided
approach with each value being found separately (the magenta points), we have achieved a smoother
behaviour for the lattice spacing.

2The 8 = 5.95 result was determined later, using the methods described in [8] as 0.0521(4) fm.
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Figure 3: Preliminary results. Left panel: s%(8)/s%(B.) versus B (B.; = 5.95) blue line from the fit results
given by the ratios from eq. (26) (with eq. (27)) as the blue points. The orange dashed line is the result from
the two-loop B-function (b5 = 0). Right panel: D (B, B.r) versus 3, with the fit as indicated in eq. (28).

6. Conclusions 26 —
— o
In this talk we have discussed RG equa- S NN acpses
tions for 2 + 1 clover fermions and attempted Coeof
to construct some RG functions. Considering Siet
the lattice spacing, we find scaling, with little ire f
dependence on m™*. The next steps, [1], could St
be to reduce the errors on the lattice spacing ra- 12y
tios with more SU(3)-flavour symmetric data, Y ‘ ‘ ‘ ‘ L

. L. 5.4 55 56 57 5.8 5.9 6.0
using a more sophisticated fit procedure and to b

determine m™* accurately at one value of 3., Figure 4: Preliminary results.
and hence a value of ¢ fm, using (e.g. ) the nu- @*(B,m**) /@ (Bur, m™*)  against B (B
5.95), using our previous determination of
XZ(m*) /X2 (m*=*) , QCDSFI5 [8], as a blue
line. Also shown are the results arising from FLAG24
[9] for X2 (m€*)/ Xt% (m™*), green line. Furthermore
as a comparison we show our previous results,
gradient flow data). The general possibility iS QCDSF15, as magenta stars.

cleon baryon octet, [8]. A possible advantage
of the method is that lattice spacing ratios can
be more precisely determined at many S values
(using e.g. as here, accurate pion mass and

that this might lead to smoother extrapolations.
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