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1. Introduction and motivations

Spectral densities p(w) and their smearing with analytically known kernels «(w)

pe= [ s, [ =] " dw ()

are directly related to many physically relevant quantities [3—11]. We are going to consider spectral
functions for theories with a mass gap wg,; > 0, so that their support is effectively in w € [wy, ).
Their Laplace transform is a Euclidean time correlation function

C(t)=/p(w)e_w’ (2

which can be measured from first principles in the non-perturbative framework of Lattice Quan-
tumchromodynamics (QCD). The task of inverting this relation is a notoriously ill-posed problem,
additionally hindered by the discrete, finite and noisy nature of (Euclidean) lattice data. This
problem is transverse to different areas of Science, and here we focus on its applications to Lattice
QCD.

Many solutions have been proposed in the Lattice QCD community. One idea [12], generalizing
the original Backus-Gilbert method [3, 13], is to expand «(w) ~ Y, e~ “’g, on the same exponen-
tially suppressed basis defining the correlator as the Laplace transform of the target spectral function,
with the smeared spectral density being approximated as p, ~ >, g;C(t). The expansion can sim-
ilarly be defined in terms of shifted Chebyshev polynomials of the exponential basis [5, 7]. Other
approaches involve Bayesian methods and Gaussian processes [14—18], machine-learning [19], and
conformal maps combined with the analytic continuation of retarded Green’s functions [20]. The
goal of this talk is to review our recent proposal [1, 2] of analytic formulae to exactly solve the
inverse problem above. In Section 2 we address the continuum analytic inversion, to then discuss its
non-trivial generalization to the discrete case in Section 3. A possible application of this analysis
to the study of integrals of correlation functions is provided in Subsection 3.1. Finally, in Section 4
we present our conclusions and possible outlooks.

2. The continuum case

The starting point is Eq. (2) in the continuum, i.e. we need to compute the inverse Laplace transform
(ILT) of C(¢) on the positive Euclidean time axis. Our strategy can be devised as follows.

1. Compute the Laplace transform of Eq. (2), ending up with a Fredholm integral equation of

the first kind .
/e“‘”C(I) =/ H(w,w)p(w'), /E/ dt 3)
t w’ t 0

where on the r.h.s. the target spectral density is integrated with the Carleman operator [21]

1
w+w

7‘[(&), (I.),) — /e—(w+w’)t — (4)
t
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(a) Continuum reconstruction, see Eq. (8). (b) Discrete reconstruction, see Eq. (21).

Figure 1: Spectral reconstructions, with p(w) defined as in Eq. (11).

2. In order to invert Eq. (3), we first diagonalize H [22-24] with the “Mellin basis”

eislogx xy . 1 )
ug(x) = Nor= ,s€R st e ug(y) = Asug(x), A, =T §+1s (&)
X y
satisfying
’ ’ T
[ Hw.wu@) = nPu). WP= 2. ©
w/

3. Due to its exponentially decreasing eigenvalues |1|?, the operator H{ must be regulated prior
to being inverted. Any real, symmetric and positive-definite regulating functional is suitable,
and for simplicity we adopt Tikhonov regularization [25, 26], defining for @ > 0

Hoy=H+al, W;l(w,w’):/u( )M |2 us(w'), /E/mds. @

4. For ill-posed inverse problems, the regulator can only be removed after computing

p@) = lim po(@). pa(@) = [ u(06p@) = [gatlo)C) @

where we introduced the smeared Dirac delta function

2
bolw, ) = [ Hiw o VH (@, o) = / o) T — A' ot w0
0.)”
satisfying 0 o (w, @) LimaNg (w — w’), and the real coefficients
wi(w)Agui(t)
galtlo) = [ L), (10)
s sl +a
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It is clear from Eq. (8) that p,, can be interpreted as a smeared spectral density with k = d,. Eq. (8)
is the desired solution: p(w) can be extracted from the Euclidean time dependence of C(r) by
integrating it out with analytically known, real and computable coefficients g, (f|w).

A numerical example and proof of convergence of the solution as @ — 0 for

m2 Fp
w)=A|l-4-"L—-L Al M, T,}={135776,140} MeV 11
) = 1T e e M) = ) an

is provided in Fig. 1a, where we compare different reconstructions of p, (w) for a few values of «.
As we decrease «, the reconstructed spectral density approaches the correct one in Eq. (11), also
shown in the same plot. Such convergence can be additionally understood from the fact that p,, can
alternatively be found by expanding p,(w) = ft g4 (1)e” " and minimizing the distance

dlp.pal = / [0(0) ~ pa(@)] +a / ¢ (1)? (12)
w t
with respect to g/, (¢), ending up with
, 1
g;,(z)zfﬂ(;l(z,z')cu'), Ag=A+al, ﬂ(t,t’):/ e~ w(t+) =— (13)
t’ w

which is equivalent to Eq. (8), since gq (f|lw) = |, e~ AN, 1).
Smeared spectral densities. These formulae generalize to the extraction of p, in Eq. (1), obtaining

Pk = limopk,aa Pr,a = /ga(t|K)C(t)a ga(tlK) :/ k(w)ga(tlw) . (14)
a— t w

This solution can be derived from the simple convolution of the spectral density p, (smeared
with the kernel ¢, induced by the regularization) with the desired kernel «. The expression in
Eq. (14) also allows to interpret p. . in the opposite direction, i.e. as the smearing of p with
Ko(w) = fw, Oo(w, w)k(w"), akernel without an inverse problem.

Subtracted spectral densities. The formulae above are rigorous as long as p € L? (R*). In many
cases, e.g. for subtracted dispersive relations, subtracted spectral densities ps € L? (R*) satisfy

C(t) = / ps(w)wke . (15)

For instance, for the light isovector vector current in QCD we would consider k£ > % From

1 1
/e““ttbus(t) = /ls,buf';(a))a)_h, b > —5 Asp =T (E +b+ is) (16)
t

we can compute the expansion coefficients of pg on the Mellin basis

[ pet@ito) = 5= [teamo a7

s,k Y1
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(a) Comparison of continuum (blue, dotted line) and dis-
crete coeflicients, see Eq. (10) and Eq. (23) at fixed values of
« and w. As expected, the discrepancies between the con-
tinuum and discrete coefficients are larger at shorter times.

(b) Relative errors on the computation of discrete coeffi-
cients at finite N, see the discussion below Eq. (25), with
respect to Eq. (23). Notably, the convergence becomes slow
at large N.

Figure 2: Comparison of discrete coefficients to their continuum (a) and finite-N counterparts (b).

from which we can retrieve the subtracted spectral density as [1]

uy(w)Ag quy(t)
/ls,a/lf; ta

1
Va>—=. 18
a>-3 (18)

pe(@) = limy [g0ntl0)C). ganttlo) = [

3. The discrete case

We now address the case where the correlation function C(t) is sampled on an infinite but discrete
set of points, #/a € N. In typical Lattice QCD applications we instead sample C, () = C(1)+0(a?),
but to simplify the discussion in the following we neglect the discretization errors of the correlator
and focus instead on those of the inversion procedure. In fact, rather than naively discretizing the
integral in Eq. (8), we proceed similarly to the continuum to obtain an exact analytic formula.

1. Compute the discrete Laplace transform of Eq. (2), ending up with the integral equation

o0

aZe_‘”tC(t) =//ﬂa(a),w')p(w’)

t=a

19)

in terms of the modified Carleman operator H,(w, w’) = a Y52, e~ @+t =

l—e-a(wtw’) "

2. In order to invert the relation in Eq. (19), we need to diagonalize 7_{a. To this aim, we

introduce a different operator, namely the infinite Hilbert matrix aﬁa (t,7) = ﬁ with
é, % € N, related to H, by'
/ Ho(w, w)e @' D) = ¢ Z Aq(na, ma)e”¢wm+) (20)
W’ m=0

I'Notice that the main diﬂicult_ies in the derivation of the discrete case lie in the differences of the functional form of
the two dual operators H, and A, and of the spaces on which they act, which instead coincide in the continuum case
for H and A.
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Given the eigenvectors vg(n,a) (s € RY) of ﬁa [27], one readily finds the eigenfunctions
vs(w,a) of H,. The sets of these eigenvectors and eigenfunctions are separately com-
plete and orthonormal, acting respectively on L?(R*) and ¢%(Z"), the latter being the set of
square-summable sequences. It is possible to prove [1] that, in the continuum limit, the eigen-
functions v (w, a) approach the correct linear combination of u(w) and u}(w), recovering
the orthonormality relation with O ((aw)?) effects.

3. Since these operators share the same exponentially suppressed eigenvalues |1,]?, s > 0 as
their continuum counterparts, we still need to regulate the operator H , before inverting it.
For simplicity, we opt again for the Tikhonov regularization, defining H, o = H, + a7 .

4. We can now invert Eq. (19), ending up with

Pa.a(®) = / Ba,0(@,0)p(') =a ) By o (tlw)C(2) @
w’ t=a
where we introduced the smeared Dirac delta function
= ’ =71 1"\as 17 ’ M’Sl2 ’
6a,a/(w’w ) = 7—[a,a((f‘)’(") )ﬂa(w , W ) = VS(w’a)TvS(w aa) (22)
w” s>0 [A5]* +
and the real coeflicients
vS (U.), Cl) |/1S |VS(§a Cl)
g t = . 23
Faatt = [ SR =

Notice that 5, o (w, w’) tends to §(w —w’) in the limit @ — 0, even at fixed « (for an infinite lattice),
implying that the limit p(w) = limq—0 p, ,(w) exists. In fact, it is important to emphasize that,
although g, , (f|w) — g (f|w) at fixed a can be rather large for small 7 and coarse a, see Fig. 2a, the
resulting difference in the reconstructed spectral densities remains small, as shown in Fig. 1b, and it
eventually vanishes as @ — 0. Had we used C,(¢) in place of C(z) in Eq. (21), the only remaining
source of discretization errors in the @ — 0 limit would be the correlator.

A different point of view to further clarify this point is offered by noting that the minimization
of the least-square problem

_ 2 o, — > _
[ 1p@ -pou@] +a ) goatia?. Foolo)=a) e 4
w n=1 n=1
with respect to g7, ,(na), leads to a spectral density

Pa.o(w) = iiin)o a’ Z e_“’m“ﬁ;,la(ma, na)C(na) (25)

n,m=1

——1 — —
which coincides with Eq. (21) as g, ,(flw) = a X7_, e “" A, ,(t',1), where Ay o = Ay +al.
In other words, the choice of the coefficients g, , (f|w) in Eq. (23) minimizes the distance from the
exact solution p(w), similary to Eq. (12) in the continuum.
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We observe that the solution of Ref. [12] relies on minimizing a functional similar to Eq. (24),
using a fixed, finite number N of terms of the exponential basis in the expansion of the spectral
density. Notably, the value of N = t,,x/a at which the coefficients are determined is inherently
tied to the temporal extent of the lattice, fnax. A further distinction from Eq. (24) lies in the
choice of regulators, but when considering the Tikhonov regulator, the corresponding coefficients
grﬁxw(ﬂw) = azy:“a e“‘”'ﬁ;,]a(t’,t) correctly recover g, ,(flw) as N — oo. This is indeed
confirmed by our numerical results, illustrated in Fig. 2b at fixed values of @, a and w, and for
several different values of ¢.

3.1 Smeared spectral densities and integrated correlators

The computation of smeared spectral densities, p, = fw p(w)k(w), in the discrete case proceeds
similarly to the continuum, yielding p, = limg—0 Py 4. o> Where

Praa =4 Y BuallOCH. and T, 0(1h0) = [ Zoallolk(@). 6)

For the case of smearing kernels x(w) = /t e “'K(t), i.e. admitting an ILT K(¢), the smeared
spectral density may be rewritten as p, = /t C(#)K(t). With a discretely sampled C(), one may
approximate p, by replacing the integral with a sum, namely a 3, C(na)K (na). However, with
Eq. (26) we already identified the optimal approach to extract smeared spectral densities from
discrete samples of correlation functions, through the introduction of an appropriate adaptation of
the continuum coefficients K(r) as

Kava(na) = 5, o (nali) = / K(t)3a.0(t,na) @7)

t

—-1
where 6,4,q(t,na) = a ¥ m_| A(t,ma)A,_,(ma,na) acts on L*(R*) and ¢*(Z*). In particular, we
can extract p, by taking the @ — 0 limit of the discrete linear combination’

Braa=0a) Kaa(na)C(na). (29)
n=1

In this solution, K, , is designed to depend on the lattice spacing such that discretization er-
rors from the inversion procedure are absent in p, ,,. In contrast, using K(¢) in the naive
discretization of /t C(t)K(t) would introduce additional discretization effects. We also note that,
when k(w) = a ) | Kq(na)e™ ", ie. if it admits a discrete ILT K, (na), the spectral den-
sity can be additionally expressed as p. = a ), | Ko(na)C(na). In this scenario, the limits
lima—0 84 o (t€) = limg—o Ka,o(t) = Ka(t) # K(t) hold, allowing the @ — 0 limit to be in-

2This would be equivalent to defining the optimal interpolator of the correlator

Ca,a(t)=a )" 6a,a(t,na)C(na) (28)

n=1

and directly extracting the smeared spectral density from the integral lim,_ ft K(t)Cq,a(t).



Spectral densities from Euclidean-time lattice correlation functions Matteo Saccardi

terchanged with the sum in Eq. (29) without compromising the existence and properties of the
solution.

These considerations can now be extended to the computation of integrated correlators of the
form I = fz C(t)K(t), where K(¢) is analytically known, and C(¢) is sampled on a discrete lattice.
Applications of this framework include the extraction of any integrated spectral density, including
the calculation of the hadronic vacuum polarization of the muon g — 2 in the time-momentum
representation [9]. Interpreting I as a spectral density smeared with x(w) = ft e~ “'K(t) allows to
redefine the optimal discrete sampling of K(z) and the corresponding discrete solution according
to Eq. (29). Based on the theoretical considerations detailed above, substituting C with [
as required in practical applications, implies that the only discretization errors remaining in the
a — 0 limit would originate from those on C,. In contrast, a direct discretization of the integral
would introduce additional discretization errors, which could be mitigated by adopting higher-order
discrete estimators, such as the O (a)-improved trapezoidal rule.

While the above statements are valid in the « — 0 limit and for an infinite lattice, they
necessarily break down for @ > 0 and when the sums in Egs. (21) and (29) are truncated to values
of t < tmax. Although truncation errors are expected to be exponentially suppressed in ¢« [1], they
may induce residual subleading O (a?) discretization errors that vanish only in the fpa — oo limit.
A comprehensive study of the interplay between these effects is essential to fully understand their
size and scaling [2, 28].

4. Conclusions and outlook

In this talk, we presented our recent results [1, 2] on the analytic solutions for extracting spectral
densities from the Euclidean time dependence of correlation functions in the continuum, including
the physically relevant case of subtracted spectral densities. These results can be straightforwardly
generalized to the case of smeared spectral densities, where a slight modification of the kernel
ensures that the problem remains well-posed. Our continuum solution paves the way to systematic
studies of discretization effects in the continuum framework of the Symanzik improvement program,
as well as finite-volume effects using the Liischer formalism.

In the discrete case, our result provides a solution that minimizes discretization errors with
evenly-distributed data. For the extraction of smeared spectral densities, this is achieved by an
optimal modification of the continuum kernel. This approach offers a promising framework for
extending these ideas, starting with the computation of integrals of correlators with analytically
known functions. Further investigation is required to fully understand the interplay between the
regularization, the effects of truncation, which are expected to be exponentially suppressed, and
discretization errors [1, 2, 28].

Acknowledgments

At the beginning of the project, MB was supported by the national program for young researchers
“Rita Levi Montalcini”. This work is (partially) supported by ICSC - Centro Nazionale di Ricerca
in High Performance Computing, Big Data and Quantum Computing, funded by European Union
— NextGenerationEU.



Spectral densities from Euclidean-time lattice correlation functions Matteo Saccardi

References

[1] M. Bruno, L. Giusti and M. Saccardi, Spectral densities from Euclidean lattice correlators
via the Mellin transform, 2407 .04141.

[2] M. Bruno, L. Giusti and M. Saccardi Publication in preparation.

[3] M.T. Hansen, H.B. Meyer and D. Robaina, From deep inelastic scattering to heavy-flavor
semileptonic decays: Total rates into multihadron final states from lattice QCD, Phys. Rev. D
96 (2017) 094513 [1704.08993].

[4] J. Bulava and M.T. Hansen, Scattering amplitudes from finite-volume spectral functions,
Phys. Rev. D 100 (2019) 034521 [1903.11735].

[5] J.C.A. Barata and K. Fredenhagen, Particle scattering in Euclidean lattice field theories,
Commun. Math. Phys. 138 (1991) 507.

[6] A. Patella and N. Tantalo, Scattering Amplitudes from Euclidean Correlators: Haag-Ruelle
theory and approximation formulae, 2407 .02069.

[7] G. Bailas, S. Hashimoto and T. Ishikawa, Reconstruction of smeared spectral function from
Euclidean correlation functions, PTEP 2020 (2020) 043B07 [2001.11779].

[8] T. Blum, Lattice calculation of the lowest order hadronic contribution to the muon
anomalous magnetic moment, Phys. Rev. Lett. 91 (2003) 052001 [hep-1at/0212018].

[9] D. Bernecker and H.B. Meyer, Vector Correlators in Lattice QCD: Methods and
applications, Eur. Phys. J. A 47 (2011) 148 [1107.43838].

[10] P. Gambino and S. Hashimoto, Inclusive Semileptonic Decays from Lattice QCD, Phys. Rev.
Lert. 125 (2020) 032001 [2005.13730].

[11] S.Jeon and L.G. Yaffe, From quantum field theory to hydrodynamics: Transport coefficients
and effective kinetic theory, Phys. Rev. D 53 (1996) 5799 [hep-ph/9512263].

[12] M. Hansen, A. Lupo and N. Tantalo, Extraction of spectral densities from lattice correlators,
Phys. Rev. D 99 (2019) 094508 [1903.06476].

[13] G. Backus and F. Gilbert, The Resolving Power of Gross Earth Data, Geophysical Journal
International 16 (1968) 169.

[14] A.P. Valentine and M. Sambridge, Gaussian process models—I. A framework for
probabilistic continuous inverse theory, Geophysical Journal International 220 (2019) 1632.

[15] A.P. Valentine and M. Sambridge, Gaussian process models—II. Lessons for discrete
inversion, Geophysical Journal International 220 (2019) 1648.

[16] L. Del Debbio, T. Giani and M. Wilson, Bayesian approach to inverse problems: an
application to NNPDF closure testing, Eur. Phys. J. C 82 (2022) 330 [2111.05787].


https://arxiv.org/abs/2407.04141
https://doi.org/10.1103/PhysRevD.96.094513
https://doi.org/10.1103/PhysRevD.96.094513
https://arxiv.org/abs/1704.08993
https://doi.org/10.1103/PhysRevD.100.034521
https://arxiv.org/abs/1903.11735
https://doi.org/10.1007/BF02102039
https://arxiv.org/abs/2407.02069
https://doi.org/10.1093/ptep/ptaa044
https://arxiv.org/abs/2001.11779
https://doi.org/10.1103/PhysRevLett.91.052001
https://arxiv.org/abs/hep-lat/0212018
https://doi.org/10.1140/epja/i2011-11148-6
https://arxiv.org/abs/1107.4388
https://doi.org/10.1103/PhysRevLett.125.032001
https://doi.org/10.1103/PhysRevLett.125.032001
https://arxiv.org/abs/2005.13730
https://doi.org/10.1103/PhysRevD.53.5799
https://arxiv.org/abs/hep-ph/9512263
https://doi.org/10.1103/physrevd.99.094508
https://arxiv.org/abs/1903.06476
https://doi.org/10.1111/j.1365-246X.1968.tb00216.x
https://doi.org/10.1111/j.1365-246X.1968.tb00216.x
https://doi.org/10.1093/gji/ggz520
https://doi.org/10.1093/gji/ggz521
https://doi.org/10.1140/epjc/s10052-022-10297-x
https://arxiv.org/abs/2111.05787

Spectral densities from Euclidean-time lattice correlation functions Matteo Saccardi

[17]

[18]

[19]

(20]

[21]

(22]

[23]

[24]

[25]

[26]

[27]

(28]

J. Horak, J.M. Pawlowski, J. Rodriguez-Quintero, J. Turnwald, J.M. Urban, N. Wink et al.,
Reconstructing QCD spectral functions with Gaussian processes, Phys. Rev. D 105 (2022)
036014 [2107.13464].

L. Del Debbio, A. Lupo, M. Panero and N. Tantalo, Bayesian solution to the inverse problem
and its relation to Backus-Gilbert methods, 2409.04413.

M. Buzzicotti, A. De Santis and N. Tantalo, Teaching to extract spectral densities from
lattice correlators to a broad audience of learning-machines, Eur. Phys. J. C 84 (2024) 32
[2307.00808].

T. Bergamaschi, W.I. Jay and P.R. Oare, Hadronic structure, conformal maps, and analytic
continuation, Phys. Rev. D 108 (2023) 074516 [2305.16190].

T. Carleman, Sur les équations intégrales singuliéres a noyau réel et symétrique, in Uppsala
universitets drsskrift, Matematik och naturvetenskap, 1923.

J.G. McWhirter and E.R. Pike, On the numerical inversion of the Laplace transform and
similar Fredholm integral equations of the first kind, J. Phys. A: Math. Gen. 11 (1978) 1729.

R. Pike, J. Mcwhirter, M. Bertero and C. Mol, Generalized information theory for inverse
problems in signal processing, Communications, Radar and Signal Processing, IEE
Proceedings F 131 (1984) 660.

C.L. Epstein and J. Schotland, The Bad Truth about Laplace’s Transform, SIAM Review 50
(2008) 504.

A. Tikhonov, Solution of incorrectly formulated problems and the regularization method,
Soviet Math. Dokl. 4 (1963) 1035.

A.N. Tikhonov and V.Y. Arsenin, Solutions of ill-posed problems, Scripta Series in
Mathematics, V. H. Winston & Sons (1977).

C.K. Hill, On the Singly-Infinite Hilbert Matrix, Journal London Math. Soc. s1-35 (1960) 17.

M. Bruno, L. Giusti and M. Saccardi, On the prediction of spectral densities from Lattice
QCD, Nuovo Cim. C 47 (2024) 197 [2310.16243].

10


https://doi.org/10.1103/PhysRevD.105.036014
https://doi.org/10.1103/PhysRevD.105.036014
https://arxiv.org/abs/2107.13464
https://arxiv.org/abs/2409.04413
https://doi.org/10.1140/epjc/s10052-024-12399-0
https://arxiv.org/abs/2307.00808
https://doi.org/10.1103/PhysRevD.108.074516
https://arxiv.org/abs/2305.16190
https://doi.org/10.1088/0305-4470/11/9/007
https://doi.org/10.1049/ip-f-1.1984.0100
https://doi.org/10.1049/ip-f-1.1984.0100
https://doi.org/10.1137/060657273
https://doi.org/10.1137/060657273
https://doi.org/10.1112/jlms/s1-35.1.17
https://doi.org/10.1393/ncc/i2024-24197-5
https://arxiv.org/abs/2310.16243

	Introduction and motivations
	The continuum case
	The discrete case
	Smeared spectral densities and integrated correlators

	Conclusions and outlook

