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1. Introduction

In the standard model of modern particle physics, protons and neutrons, known as nucleons,
are composite particles of quarks and gluons, and the interaction among them is formulated as
Quantum Chromodynamics (QCD). This indicates that the nucleon has a non-trivial structure due
to the complex dynamics of QCD. Especially, the axial structure of the nucleon plays a relevant role
in the description of the experiments involving the weak interaction. Indeed, the axial and induced
pseudoscalar form factor which describe the nucleon-neutrino scattering are especially desired to
be studied, because they provide important information for current neutrino oscillation experiments
such as T2K by Super- and Hyper-K [1-3], or NOvA by DUNE [4, 5].

The nucleon axial-vector coupling g 4, which is associated with the neutron lifetime puzzle [6],
can be determined from the axial form factor at zero-momentum transfer or by the 3-decay mea-
surements with cold and ultracold neutrons. Indeed, this coupling is the most precisely known
quantity evaluated as g4 = 1.2756(13) [7] for the axial structure of nucleon. In contrast, the
induced pseudoscalar coupling g, and pion-nucleon coupling g,y defined through the induced
pseudoscalar form factor at some finite momentum transfer ¢ are much less well known than g 4.
The couplings of the induced pseudoscalar and pion-nucleoncoupling obtained by the experiments
of the muon capture experiments [8] and the pion-nucleon scattering [9, 10] with some help of the
theoretical analysis using the low-energy chiral lagrangian or models. From the theoretical side,
much effort has been devoted to the high-precision determination of the three couplings using lattice
QCD calculations [11].

In this work, we use lattice QCD which is formulated in discretized Euclidean space-time,
in order to rigorously solve the low-energy physics of QCD numerically with High Performance
Computing (HPC). Lattice QCD is the only ab initio method that can numerically calculate quark-
gluon dynamics, and thus lattice QCD is essential for studying the internal structure of the nucleon
in terms of quark and gluon degrees of freedom. In general, the observables determined from
lattice QCD simulations are subject to both statistical and systematic uncertainties. As for the
systematic uncertainties on the couplings that can be determined from the corresponding form
factors, it is known that there are four major sources: 1) chiral extrapolation, 2) finite size effect,
3) finite lattice spacing effect and 4) excited-state contamination. As for the nucleon axial-vector
coupling g 4, indeed, lattice QCD successfully reproduces the experimental values of the axial-vector
coupling with high-accuracy (see the recent studies in Ref. [11-15]) by handling those systematic
uncertainties, though it is only an important benchmark study for the structure of the nucleon based
on lattice QCD. On the other hand, although great efforts have been made to improve our knowledge
of the nucleon, it is not accurate enough to solve problems (e.g. the proton radius puzzle [16]) or to
provide a high-precision input for current neutrino oscillation experiments [17]. Especially for the
axial structure, the leading excited-contamination of 7N state has been a long-standing obstacle to
precisely determine the form factors from lattice QCD [18].

In this work, we present the result of our preliminary results for the three nucleon isovector
couplings related to the nucleon axial structure with PACS10 superfine lattice. In addition, our
previous works with the PACS10 coarse [19] and fine [20] lattices are also presented to investigate
the lattice spacing effect, which has not yet been examined in our study.
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2. Method

In this work, we calculate the axial-vector coupling g4, the induced pseudoscalar coupling g
and the pion-nucleon coupling g,y by using lattice QCD. These quantities are defined through
the corresponding form factors of the axial (¥4) and the induced pseudoscalar (Fp) as

2 2
mﬂ+q

ga=Fa(g=0), gp=muFp(q°=088m,), and g.yy = lim Fp(q®) (1)

@?—-m%  2Fg
with muon mass m,, and pion mass m .

The two form factors appear in the description of the standard -decay. Let us consider, for
example, the nucleon matrix elements of the axial-vector current which is included in the weak
current that describes the process. The nucleon matrix element of a renormalized quark bilinear
operator | A, = ily,ysd is decomposed into the following relativistically covariant forms in terms
of the F4 and Fp:

P(DIAOIN(P)) = Tp(p) (ya¥sFala)) +iqasFe(a)) ) un(p)e ™™, @

where |p(p)) and |n(p)) are the proton (p) and neutron (n) ground states with the three-dimensional
momentum p. In the above equation, the four-dimensional momentum transfer g between the proton
and neutron is given by ¢ = P’ — P with P = (E,(p), p) and P’ = (E,(p’), p’). It is important to
note that this matrix element is flavor changing process, where there is no disconnected contribution.
For the lattice QCD computation ? , the nucleon two-point function with nucleon interpolating
operator located at smeared (S) or local (L) source (Zs.), and local sink (zgnx) is constructed as

1 — .
Cxs (tsink — tsies P) = ZTr {7)+<NX(tsink; P)Ns (tsec; —P)>} with X = {S, L}, 3)

where P, = (1 + y4)/2 is the projection operator for the positive parity nucleon. The nucleon
operator with a three-dimensional momentum p is given for the proton state by

Np(t,p) = Z e_ip'xgabc [ug(t>x)c')’5db(tvx)] uc(t,x) 4)

X

with the charge conjugation matrix, C = y4y,. The superscript T denotes a transposition, while
the indices a, b, ¢ and u, d label the color and the flavor, respectively. In addition, we evaluate the
nucleon three-point functions, which are constructed with the spatially smeared source and sink
operators of the nucleon as

’ 1 ’ INAT
CYE (;p',p) = T {Ps2(Ns(tsinks PV Aa(t:q = p = p')Ns(tsre: —p))} 5)

with Ps5, = P,ys5y, which is the projection operator to extract the form factors.

UIn this paper, we use the notation of Ref. [20] for the description of the bare and renormalized quantities.

2In this study, the exponentially smeared quark operator gg(f,x) = 2y Ae~Blx-y |q(t, y) with the Coulomb gauge
fixing is used for the construction of the nucleon interpolating operator as well as a local quark operator ¢(¢,x). For
detail, see Ref. [20] and references therein.
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To extract the form factors, we take an appropriate combination of two-point function of Eq. (3)
and three-point function of Eq. (5),

RYE (1:p'.p) = :
Aa Css (fsink = tsie; P’) '\ Crs (Zsink — 15 p’) Css (t = toe; P) Crs (Esink — fsres P)

(6)

52 (4. !
CAZa (t’p ’ p) \/CLS (tsink -1 P) Css (t = Isres P') Crs (tsink — Ifsres P')

which yields the following asymptotic values in the asymptotic region (tsep/a > (t — tsc)/a > 1):

qi4q3
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We evaluate the values of the target form factor in the standard plateau method for F4, while our
new method using time-derivative correlator is employed for Fp [21], in order to reduce leading
7N contributions.

Finally in this study, we evaluate g4 from Fj4 at zero-momentum transfer, while we use the
z-expansion which in known as an model-independent g2-parameterization for (g +m2)Fp(g?) to
evaluate of the values of g}, and g, nn. In order to employ the z-expansion, the factor (g*>+m?%) is
involved in our analysis to factor out the pole singularities associated with the pion in the timelike
region. For a detail of the z-expansion method, see Ref. [20, 22] and all relevant references therein.

3. Simulation details

We use the PACS10 configurations generated by the PACS Collaboration with the six stout-
smeared O (a) improved Wilson-clover quark action and Iwasaki gauge action at 8 = 1.82, 2.00 and
2.20 corresponding to the lattice spacings of 0.09 fm (coarse), 0.06 fm (fine) and 0.04 fm (superfine),
respectively [14, 19, 20]. When we compute nucleon two-point and three-point functions, the all-
mode-averaging (AMA) technique [23-25] is employed in order to reduce the statistical errors
significantly without increasing computational costs. The nucleon interpolating operators defined
in Eq. (4) are exponentially smeared with (4, B) = (1.2,0.16) for 128* lattice ensemble, (A, B) =
(1.2,0.11) for 160* lattice ensemble and (A, B) = (1.2,0.07) for 256* lattice ensemble. As for
the three-point functions, the sequential source method is employed and calculated with #sp/a =
{10, 12, 14, 16} for 1284 lattice ensemble, tsep/a = {13,16,19} for 160* lattice ensemble and
tsep/a = {20, 29} for 256 lattice ensemble. In addition, the renormalization factor Zy and Z,4 are
determined by the Schrédinger functional method (see Appendix E in Ref. [20]).

Table 1: Parameters for three sets of the PACS10 ensembles. See Refs. [14, 19, 20] for further details.

B L’xT  a ' [GeV] Kud K csw My [GeV]
Superfine | 2.20 256% x 256 4.8 0.1254872 0.1249349 1.00  0.142
Fine 2.00 1603 x 160 3.1 0.125814  0.124925 1.02  0.138
Coarse 1.82 1283 x 128 2.3 0.126177  0.124902 1.11  0.135
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4. Numerical results

In this study, we would like to present the preliminary results of the nucleon dispersion
relation, axial-vector coupling g4, the induced pseudoscalar coupling g}, and the pion-nucleon
coupling g,y n obtained by three sets of the PACS10 gauge configurations. Although the results
obtained from the superfine lattice are still very preliminary, we will discuss the finite lattice spacing
effect on these quantities, by comparing the results obtained from all three ensembles.

4.1 Nucleon dispersion relation

First, let us discuss the nucleon dispersion relation, in order to determine how much the finite
lattice spacing effect is potentially present in our nonperturbatively O (a)-improved Wilson-clover
quark action. Figure 1 shows the nucleon dispersion relation obtained with our three lattices. The

2
horizontal axis shows the momentum squared given by lattice momentum as plzzlt = (2—2) x |n|?
with [n|?> = 1,2,--- , 6,8, while the vertical axis represents the momentum squared obtained from

pZon = E3,(p) — M?% with the nucleon energies Ey (p) and nucleon mass My in physical units *.
This result implies that the finite lattice spacing effect on the dispersion relation is not significant in
every lattice ensemble. In detail, the deviation is at most 1.1% for the coarse lattice and 0.53% for the
fine lattice from a slope of the continuum one, which is expected from our usage of nonperturbatively
O (a)-improved Wilson fermions. The preliminary results from the superfine lattice still have large
statistical errors, but they are consistent with the data points obtained from the coarse and fine
lattices.

4.2 Nucleon axial-vector, induced pseudoscalar and pion-nucleon couplings

Figure 2 shows summary plots for our current status of three couplings, together with the
experimental values and the other lattice QCD results. The inner and outer error bars represent the
statistical uncertainties and the total uncertainties that are given by adding the statistical errors and
systematic errors in quadrature, while only the statistical error is shown for our preliminary results
obtained from the superfine lattice denoted as the open triangle symbols. The systematic errors take
into account uncertainties stemming from the excited-state contamination and so on (see details in
Ref. [20]).

Let us first discuss the results for the axial-vector coupling g4 which is precisely measured
by the experiments. In the left panel of Fig. 2, we show the results of g4. Our results of g4
are evaluated with the axial form factor F4 at the zero-momentum transfer renormalized with Z4,
which is described in Eq. (1). Our results obtained at three different lattice spacings including the
superfine lattice can reproduce the experimental value within statistical precision. The systematic
uncertainty of the excited-state contamination is examined for the results with the coarse and fine
lattices by the combined analysis with the range of 1.0 < #,p[fm] < 1.2, while for the preliminary
results of the superfine lattice, individual data obtained with #,, = {0.8, 1.2} fm are plotted without
the combined analysis. Hence we do not have any firm conclusion based on the continuum-limit
extrapolation, while no significant dependence on the lattice spacing is observed within the current

3For a more accurate check of the dispersion relation, we evaluate the momentum squared as p%on =
AEN (p)(AEN (p) + 2M ) with the energy splittings AEn (p) = En (p) — M. For detail, see Ref. [20].
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Figure 1: Check of the dispersion relation for the nucleon with an improved method described in Ref. [20].
A dashed line represents the relativistic continuum dispersion relation, while red and blue dotted lines are
given by the linear fit of the coarse and fine data set, respectively.

statistical uncertainties. The continuum-limit extrapolation requires a further calculation for the
superfine lattice, and all of the systematic uncertainties including the excited-state contamination
should be examined in future.

The middle and right panels of Fig. 2 represent the results for the induced pseudoscalar coupling
gp and the pion-nucleon coupling g,y N, respectively. In order to evaluate these coupling, we
calculate the values of Fp(g?) at 7 points of the momentum transfer in the range of 0.014 <
¢*[GeV?] < 0.11, and parametrize the g2-dependence with the z-expansion method. As for the
pion-nucleon coupling, the experimental value shown in the right panel of Fig. 2 are evaluated as an
isospin-averaged value * evaluated with the experimental data for charged and neutral pions [9, 10],
in order to compare with the lattice QCD results, where both QED and isospin breaking effects are
not taken into account. The errors on our results of g}, and g, are evaluated in the same way as
g4. Our obtained values are in good agreement with the other lattice QCD results and the pion-pole
dominance model, both of which reproduce the experimental values.

We emphasize here that the excited-state contamination has been a long-standing obstacle
to the accurate calculation of the two couplings associated with the induced pseudoscalar form
factor Fp. However, in our calculations where careful tuning of the smearing parameters for the
nucleon ground state was performed, we have succeeded in completely removing the leading 7N
contribution from the analysis of the Fp data by our newly proposed method [21]. As for the lattice
discretization uncertainties, no significant dependence on the lattice spacing is observed as well as
the nucleon axial-vector coupling. However, it is still not precise enough to take the continuum
limit in order to draw firm conclusions.

2 2

4The isospin average for the pion-pion nucleon coupling is given by 8xNN = %(gno vyt ZgEr

iNN) N
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Figure 2: Summary for our current status, the experimental values and other lattice QCD results for the
axial-vector coupling (left), induced pseudoscalar coupling (middle) and pion-nucleon coupling (right). The
inner error bars represent the statistical errors, while the outer error bars are evaluated by both the statistical
and systematic errors added in quadrature. Uncertainties stemming from the excited-state contamination
that is encoded as the 7,-dependence are taken into account in the systematic errors. Two open triangle
symbols represent the preliminary results obtained from the superfine lattice with #,p = 0.8 fm (the upper
value with the smaller error bar) and #,, = 1.2 fm (the lower value with the larger error) fm, respectively.
The experimental values denoted as a brown band in each panel. The values of g4 and g}, are taken from
Ref. [7] and [8], while the value for g, xxn shown here is given by the isospin average as described in the text.

5. Summary

We calculate the nucleon dispersion relation, axial-vector coupling g4, the induced pseu-
doscalar coupling g3, and the pion-nucleon coupling g,y using three sets of the PACS10 ensem-
bles generated at the physical point on a (10 fm)* volume. The PACS10 gauge configurations are
generated by the PACS Collaboration with the stout-smeared O (a) improved Wilson quark action
and Iwasaki gauge action.

Since the results obtained from the superfine lattice is still very preliminary, the continuum-
limit extrapolation has not been performed yet. However, according to the nucleon dispersion
relation, we observed that the finite lattice spacing effect is not so large, with the deviation being
at most 1.1% even for the coarse lattice, as expected from our improved action. In addition, it was
found that there is no strong dependence on the lattice spacing in our results for the three couplings,
and all three quantities are consistent with the corresponding results obtained from the other lattice
QCD simulations and in good agreement with the corresponding experimental values within their
errors. In addition, it is important to emphasize that our new method that can remove the leading
7N contribution from the Fp form factor works well and helps to accurately determine the induced
pseudoscalar coupling g and pion-nucleon coupling g N N

Needless to say that a comprehensive study of the discretization uncertainties and also the
continuum limit extrapolation of the target quantities require additional lattice simulations with the
superfine lattice to reduce both statistical and systematic uncertainties. Further calculations using
the superfine PACS10 ensemble is now underway.
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