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Single-spin asymmetries observed in polarised deep-inelastic scattering are important probes of
hadron structure. The Sivers asymmetry provides information about the transverse momentum of
the struck quark and can be related to final-state interactions. Understanding these asymmetries at
the quark level has been the subject of much interest in QCD phenomenology. In this contribution,
we present a lattice QCD calculation of the transverse spatial distribution of a colour-Lorentz force
acting on the struck quark in a proton. Our lattice calculations employ 𝑁 𝑓 = 2 + 1 flavours of
dynamical fermions at the SU(3) symmetric point across three lattice spacings. We determine a
central, spin-independent confining force, as well as spin-dependent force distributions with local
forces larger than the QCD string tension. These distributions offer a new, complimentary picture
that underlies the Sivers asymmetry in transversely polarised deep-inelastic scattering.
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1. Introduction

Deep-inelastic scattering (DIS) provides a probe of the partonic structure of hadrons. Con-
tributions to the DIS cross-section are categorised by their twist, which indicates the order in
𝑄−2 at which they enter the cross-section. Matrix elements of twist-two operators have physical
interpretations within the parton model, however in special cases, this partonic intuition can be
used to interpret matrix elements of higher-twist operators. One such case is matrix elements of
certain twist-three operators having a semi-classical interpretation as a colour-Lorentz force acting
on the struck quark [1]. These forces become of interest in the context of asymmetries observed in
polarised DIS experiments.

In the following, we present a summary of our lattice QCD calculation of the distribution of
this colour-Lorentz force in transverse impact parameter space. The full details of the calculation
can be found in Ref. [2]. This involves extending computations of the forward matrix element 𝑑2

to off-forward kinematics and computing three new form factors which encode these distributions.
We show that these force distributions offer a complementary perspective on asymmetries observed
in DIS experiments, and reveal large, non-trivial force structures that act within the proton.

2. Single-Spin Asymmetries and Colour-Lorentz Forces

DIS experiments which introduce a polarisation direction to the target hadron observe a sur-
prising asymmetry in the azimuthal distribution of final states [3–5]. In the context of transversely
polarised semi-inclusive DIS, one such single-spin asymmetry is the Sivers asymmetry [6]. This
asymmetry reveals that the transverse momentum of unpolarised quarks in a transversely polarised
nucleon is not uniform, and that this asymmetric distribution of momentum is correlated with the
nucleon spin [7, 8]. This is captured in the Sivers transverse momentum distribution (TMD), which
allows for tomographic scanning of the nucleon in transverse momentum space. Alternatively, we
compute matrix elements of twist-three operators which obtain physical interpretations as forces
through the chromodynamic lensing framework [9]. These forces then offer insights into the nature
of the Sivers asymmetry. The approach used here is complementary to the TMD approach as we
perform tomographic scanning of the nucleon in transverse impact parameter space, which is not
the Fourier conjugate of transverse quark momentum.

The hadronic contribution to the DIS cross section is contained in the hadronic tensor, which
in turn, is parameterised by structure functions. When considering the spin-dependent structure
functions 𝑔1(𝑥, 𝑄2) and 𝑔2(𝑥, 𝑄2), the 𝑔2 structure function offers unique insights into baryon
phenomenology as at leading order in 𝑄−2, it receives contributions from both twist-two and
twist-three operators [10–12]. A particular case of twist-three matrix elements gaining partonic
interpretations is the second moment of the twist-3 part of 𝑔2, commonly denoted 𝑑2 in the literature.
There are a small number of lattice QCD calculations of 𝑑2 in the literature [13–15]. 𝑔2 can be
written as the sum of the twist-2 Wandzura-Wilczek contribution [16] and a twist-3 term [17],

𝑔2(𝑥, 𝑄2) = 𝑔𝑊𝑊
2 (𝑥, 𝑄2) + �̃�2(𝑥, 𝑄2). (1)
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The second moment of the twist-three part of 𝑔2(𝑥, 𝑄2) can be written in terms of a local light-cone
matrix element through the operator product expansion,

3
∫ 1

−1
𝑑𝑥 𝑥2�̃�2(𝑥) = 𝑑2 =

1
2𝑚𝑃+𝑃+𝑆𝑥

⟨𝑃, 𝑆 |𝑞(0)𝛾+𝑔𝐺+𝑦𝑞(0) |𝑃, 𝑆⟩ . (2)

An alternative interpretation of this twist-three matrix element is that it represents an average
colour-Lorentz force acting on the struck quark. By considering the local light-cone operator, we
can observe the quark current, 𝑞(0)𝛾+𝑞(0), as well as the light-cone component of the gluon field
strength tensor, 𝐺+𝑦 . By converting this component of the gluon field strength tensor back to
Cartesian coordinates and expressing these components in terms of chromo-electric and chromo-
magnetic fields, this reveals the presence of a force analagous to the Lorentz force in electrodynamics,

𝐺+𝑦 =
1
√

2

(
𝐺0𝑦 + 𝐺0𝑧

)
= − 1
√

2

[
®𝐸𝑐 + ®𝑣 × ®𝐵𝑐

] 𝑦
= − 1
√

2
𝐹𝑦 , (3)

where ®𝐸𝑐 and ®𝐵𝑐 are the chromo-electric and chromo-magnetic fields respectively. Therefore,
calculations of 𝑑2 can provide information on the magnitude of the average colour-Lorentz force
acting on the struck quark at the instant the virtual photon is absorbed [1].

This idea of colour-Lorentz forces has been extended in Ref. [18] to allow for the imaging of
their distribution in transverse impact parameter space. Here, the local, forward matrix element in
Equation (2) is generalised to off-forward kinematics and parameterised in terms of form factors,

⟨𝑝′, 𝑠′ |𝑞(0)𝛾+𝑖𝑔𝐺+𝑖 (0)𝑞(0) |𝑝, 𝑠⟩ = 𝑢(𝑝′, 𝑠′)
[
𝑃+Δ𝑖𝛾+Φ1(𝑡) + 𝑀𝑃+𝑖𝜎+𝑖Φ2(𝑡)

+ 1
𝑀

𝑃+Δ𝑖𝑖𝜎+ΔΦ3(𝑡)
]
𝑢(𝑝, 𝑠), (4)

where 𝑃𝜇 = (𝑝′+𝑝)𝜇/2, Δ𝜇 = (𝑝′−𝑝)𝜇, 𝑡 = −Δ2 and𝜎𝜇Δ = 𝜎𝜇𝜈Δ𝜈 . Furthermore, we consider the
zero-skewness limit which implies that Δ+ = 0 such that density distributions in impact parameter
space obtain a probabilistic interpretation [19]. Computing the 2D Fourier transforms of the form
factors then reveals the distribution of this colour-Lorentz force in transverse impact parameter
space.

3. Calculation Details

Our calculations make use of three gauge ensembles generated by the QCDSF collaboration
[20], which employ fermions described by a stout-smeared non-perturbatively O(𝑎)-improved
Wilson action [21] and a tree-level Symanzik improved gluon action. We refer the reader to Ref.
[2] for the full lattice details. Two randomly-generated source locations are used per configuration.
We compute the required hadronic matrix elements through ratios of 3- and 2-pt functions,

R =
𝐶3𝑝𝑡 (q, 𝜏; p′, 𝑡;O)

𝐶2𝑝𝑡 (p′, 𝑡)

√︄
𝐶2𝑝𝑡 (p′, 𝑡)𝐶2𝑝𝑡 (p′, 𝜏)𝐶2𝑝𝑡 (p, 𝑡 − 𝜏)
𝐶2𝑝𝑡 (p, 𝑡)𝐶2𝑝𝑡 (p, 𝜏)𝐶2𝑝𝑡 (p′, 𝑡 − 𝜏)

, (5)

where 𝑡 is the source-sink temporal separation, 𝜏 is the operator insertion time slice, q = p′ − p is
the transfer momentum. In the large Euclidean time limit, this ratio is proportional to the matrix
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element of the inserted operator O. However, to account for excited state contamination, we fit a
two-state model for the 3- and 2-pt functions and extract the ground state contribution.

Due to the limited symmetries of the hypercubic lattice, operators which transform under the
same irreducible representation of the hypercubic group 𝐻 (4) can mix with lower dimensional
operators [22]. Our operator of interest,

O [5][𝑖{ 𝑗 ]4} = −
1
4
𝑞(0)𝛾[𝑖𝛾5

←→
𝐷 { 𝑗 ]

←→
𝐷 4}𝑞(0), (6)

has non-vanishing mixing with the operator,

O𝜎
[𝑖{ 𝑗 ]4} =

𝑖

12
𝑞(0)

(
𝜎𝑗𝑘

←→
𝐷 𝑗 − 𝜎4𝑘

←→
𝐷 4

)
𝑞(0), (7)

where 𝑖, 𝑗 , 𝑘 ∈ {1, 2, 3}, 𝑖 ≠ 𝑗 ≠ 𝑘 ,
←→
𝐷 = 1

2 (
−→
𝐷 −←−𝐷) is the symmetrised covariant derivative, and

{...} ([...]) denotes (anti-)symmetrisation of indices. The operator O [5][𝑖{ 𝑗 ]4} can be related to the

operator in Equation (4) by using the identities
←→
𝐷 𝜇 = 1

2
{
𝛾𝜇, /𝐷

}
, [𝐷𝜇, 𝐷𝜈] = 𝑔𝐺𝜇𝜈 and the QCD

equations of motion /𝐷𝑞 = 𝑞 /𝐷 = 0 [23]. We compute matrix elements of both operators, and
determine the degree of mixing between the two through the RI′-MOM scheme, using the methods
outlined in Refs [24, 25]. The renormalised operator O [5]

𝑅
, omitting indices, at some scale 𝜇 is then

O [5]
𝑅
(𝜇) = 𝑍 [5] (𝑎𝜇)

(
O [5] (𝑎) + 1

𝑎

𝑍𝜎 (𝑎𝜇)
𝑍 [5] (𝑎𝜇)

O𝜎 (𝑎)
)
. (8)

The overall renormalisation constant 𝑍 [5] (𝑎𝜇) is calculated using the method detailed in Ref. [15].

4. Results and Discussion

In Figure 1a, we show the lattice results for the Φ1 form factor for both the up and down quarks
at our finest lattice spacing, 𝑎 = 0.052 fm. Results across our full set of lattices can be found in
Ref. [2]. Strong signals with small statistical uncertainties for both quark flavours is shown. The
Φ1 form factor is negative for both quark flavours, which when taking the 2D Fourier transform, is
indicative of a universally attractive force. Furthermore, we note that the magnitude of the up quark
Φ1 form factor is roughly double in size relative to the down quark, which is consistent with quark
counting expectations. Φ1 is fit using a dipole ansatz,

Φ𝑖 (𝑡) =
Φ𝑖 (0)(

1 − 𝑡

Λ2
𝑖

)2 , (9)

where Λ𝑖 is the dipole mass. Both quark flavours are well modelled by the dipole fit.
Figure 1b shows the lattice results for the Φ3 form factor for both quark flavours. Whilst the up

quark shows a strong, non-zero signal, it proved difficult to isolate a non-zero signal for the down
quark. A possible explanation for this is through a simple quark-diquark interpretation, where the
down quark is bound within a scalar diquark and hence its contributions to any spin-dependent
observables is suppressed. This hypothesis can be tested through models which emphasise the
diquark scenario, such as those used in Refs. [26, 27]. The up quark results are well described by

4
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(a) Renormalised Φ1 form factor results.
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(b) Renormalised Φ3 form factor results.

Figure 1: Form factors computed at our finest lattice spacing with corresponding dipole fits.

the dipole model from Equation (9), however the down quark fit needs to be reconstructed from fits
to the isovector (𝑢 − 𝑑) and isoscalar (𝑢 + 𝑑) combinations.

By taking a 2D Fourier transform of the form factors, we obtain a visualisation of the colour-
Lorentz force distributions in the transverse plane,

F 𝑗

𝑠′𝑠 =

∫
𝑑2Δ⊥
(2𝜋)2

𝑒−𝑖b·𝚫⊥𝐹 𝑗

𝑠′𝑠 (𝚫⊥), (10)

where,

𝐹
𝑗

𝑠′𝑠 (𝚫⊥) =
𝑖
√

2𝑃+

〈
𝑝+,

Δ⊥
2
, 𝑠′

����𝑞(0)𝛾+𝑖𝑔𝐺+ 𝑗 (0)𝑞(0)����𝑝+,−Δ⊥2 , 𝑠

〉
,

= 𝑢(𝑝′, 𝑠′)
[
𝑃+Δ𝑖𝛾+Φ1(𝑡) + 𝑀𝑃+𝑖𝜎+𝑖Φ2(𝑡) +

1
𝑀

𝑃+Δ𝑖𝑖𝜎+ΔΦ3(𝑡)
]
𝑢(𝑝, 𝑠).

(11)

Here, 𝑗 = 𝑥, 𝑦 represents the transverse index, 𝑠′, 𝑠 denote the nucleon polarisation and 𝚫⊥ is the
transverse momentum transferred to the nucleon. In the following, we denote the contribution to
the total force from the Φ𝑖 form factor as F𝑖 .

The first term in the form factor decomposition, corresponding to the Dirac bilinear
𝑢(𝑝′, 𝑠′)𝛾+𝑢(𝑝, 𝑠), is diagonal in the nucleon spins and therefore is not sensitive to the nucleon
polarisation. As such, the Fourier transform of this term describes the colour-Lorentz force acting
on unpolarised quarks in an unpolarised proton. This Fourier transform is shown in Figure 2, where
we have taken the Fourier transform of the dipole fit to Φ1. The force is shown to be attractive
for all regions of impact parameter space, consistent with our understanding of confinement. The
vectors shown in the figure are weighted by the corresponding quark density, and so to estimate the
magnitude of these colour-Lorentz forces, we divide out the quark density dependence. The quark
density is computed through 2D Fourier transforms of the electromagnetic form factors 𝐹1(𝑡) and
𝐹2(𝑡) using the procedure outlined in Refs. [28, 29]. The quark density distributions are plotted
alongside the force distributions to aid in visualisation.
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Figure 2: Distribution of the colour-Lorentz force acting on an unpolarised up quark in an unpolarised
proton, indicated by the vector field. Vectors have unit length and their magnitude is indicated by the colour
bar. The vector field is superimposed on the density distribution for the up quark in an unpolarised proton.

The second two terms in Equation (11) are proportional to the Dirac bilinear
𝑢(𝑝′, 𝑠′)𝑖𝜎+𝜇𝑢(𝑝, 𝑠), and require a nucleon spin-flip, hence they are sensitive to the nucleon trans-
verse polarisation. Therefore a 2D Fourier transform of these terms describes the colour-Lorentz
forces acting on unpolarised quarks in a polarised nucleon. Figure 3 shows the summed contri-
butions of the Fourier transforms of the Φ2 and Φ3 terms, when using the dipole fit for the form
factors and considering a proton polarised in the 𝑥-direction. The up quark density in an 𝑥-polarised
proton is similarly shown alongside to assist in visualisation. The resulting force distribution has a
resemblance to a magnetic dipole from classical electromagnetism. Of note is the large magnitude
of forces acting in the −�̂� direction in the region of largest up quark density. These suggest that
the struck up quark experiences a large force pulling it back towards the shattered remnants of the
proton core as it leaves the bound state. This picture is consistent with the Sivers asymmetry, which
shows an asymmetric distribution of final states opposite to that of the quark density asymmetry.
Curiously, at large peripheral distances in the +�̂� direction, the force is repulsive. However, given
the low quark density in this region, it remains a challenge on how to reveal this effect (if at all
possible) in an experimental cross-section or asymmetry.

By assuming that the density-weighted force factorises in impact parameter space as

F 𝑖
𝑠′ ,𝑠 (b⊥) = 𝜌𝑠′ ,𝑠 (b⊥)𝐹𝑖

𝑠′ ,𝑠 (b⊥), (12)

where 𝜌𝑠′ ,𝑠 (b⊥) is the quark density and 𝐹𝑖
𝑠′ ,𝑠 (b⊥) is the unweighted colour-Lorentz force, we

make an estimate of the force magnitudes by dividing out the quark density dependence for both the
polarised and unpolarised cases. We also vary the functional form used to model the form factors
as several different orders of multipoles,

Φ𝑖 (𝑡) =
Φ𝑖 (0)(

1 − 𝑡

Λ2
𝑖

)𝑛 , (13)

6
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Figure 3: Distribution of the colour-Lorentz force acting on an unpolarised up quark in a proton polarised
in the 𝑥-direction, superimposed on the density distribution for the up quark in the polarised proton. Image
conventions are identical to Figure 2.

where 𝑛 = 2, 3, 4, to assess the model dependence of the results. We make use of a dipole fit
for the quark density distribution in all cases. The resulting force profiles are shown in Figure 4.
In Figure 4a, we show the force magnitude acting on an unpolarised up quark in an unpolarised
proton. We find that the colour-Lorentz force vanishes at the origin, before rising to a maximum
of 3 GeV/fm at approximately 0.15 fm, and remains approximately constant for larger separations.
We see consistent results between the three different multipole models used. These results are
consistent with the expectations from the static quark potential, which predicts a constant restoring
force at large distances. However, this local colour-Lorentz force is nearly three times as large as
the phenomenological value for the QCD string tension, which defines the average force scale in
QCD.

In Figure 4b, we show the force magnitude acting on an unpolarised up quark in a proton
polarised in the 𝑥-direction. Due to the non-trivial structure of the force field, we examine the force
magnitude along the 𝑥 axis. We note the diverging behaviour of the force models close to the origin,
which indicates that further results for the Φ3 form factor at larger momentum are required to better
constrain the model dependence. The force magnitude is essentially model independent at ∼ 0.25
fm, where the force magnitude has decreased to ∼ 3 GeV/fm.

5. Summary and Conclusion

In this work, we have computed three new form factors of off-forward twist-three matrix
elements using lattice QCD and determined the resulting distribution of colour-Lorentz forces in
2D impact parameter space. Strong signals were found for the up quark across the form factors,
however the down quark was found to be suppressed in the polarised form factors. Expanding the
momentum range on which the form factors are calculated will allow for a more rigorous model
dependence study and less uncertainty in the force magnitude close to the origin. Computing the

7
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(a) Colour-Lorentz force magnitude in the radial direction
for an unpolarised up quark in an unpolarised proton.
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unpolarised up quark in a polarised proton.

Figure 4: Density-removed force profiles.

2D Fourier transform of these form factors revealed distributions of large, local forces acting on the
struck quark. To connect with phenomenology, these forces were interpreted in the context of the
Sivers asymmetry, which provided a complementary perspective on the origin of the asymmetry.
This study lays the ground work for further studies of the transverse distribution of these forces and
the development of simple and intuitive visual representations of the origin of these asymmetries.
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