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1. Introduction

The phenomenology of 𝐵 mesons is a well-studied area at many collider experiments [1],
with an impressive increase in precision of the measured properties of 𝐵 mesons [2]. To fully
leverage experimental results, theoretical predictions need to reach a similar precision. Of critical
importance is to improve the precision of non-perturbative parameters. These can e.g. be calculated
in terms of hadronic matrix elements using lattice QCD. Matrix elements of four-quark dimension-
six operators are important in further constraining the behaviour of neutral meson mixing and also
predicting the lifetime of a 𝐵 meson via the heavy quark expansion (HQE).

The calculation of short-distance Δ𝑄 = 2 (for generic heavy quark 𝑄) operators governing
neutral meson mixing is well established on the lattice for both charm [3–5] and bottom [6–11]
sectors. The Δ𝑄 = 0 matrix elements relevant for lifetime predictions have received less attention
on the lattice. There exist early quenched [12, 13] and preliminary unquenched [14] results from
the turn of the millennium, however nothing else for many years until more recently [15–17]. While
some of the calculation follows similarly to the case of the Δ𝑄 = 2 operators, the Δ𝑄 = 0 operators
additionally require disconnected and ‘eye’ diagrams where the statistical noise is much larger.
Furthermore, mixing with operators of lower mass dimension arises under renormalisation.

In the following, we study the gradient flow (GF) [18–20] as a non-perturbative tool to simplify
the renormalisation procedure in lattice calculations. We match the results at finite flow time,
𝜏, to the MS scheme using the short-flow-time expansion (SFTX) [21–23] where the matching
coefficients 𝜁−1 are calculated perturbatively [24–27]. We first test our method using the Δ𝑄 = 2
matrix elements where findings can be validated against the literature, and then show first results
towards a lattice calculation of the Δ𝑄 = 0 matrix elements.

2. Lattice calculation
We use six RBC/UKQCD 2+1-flavour domain-wall fermion (DWF) and Iwasaki gauge en-

sembles with three lattice spacings 𝑎 ∼ 0.11, 0.08, 0.07 fm and 267 MeV ≤ 𝑚𝜋 ≤ 433 MeV as
determined by RBC/UKQCD [28–30]. These ensembles are listed in Table 1. Light and strange
quarks are simulated with the Shamir kernel of the DWF action [31–34] with 𝑀5 = 1.8.

𝐿 𝑇 𝑎−1/GeV 𝑎𝑚sea
𝑙

𝑎𝑚sea
𝑠 𝑎𝑚val

𝑐 𝑚𝜋/MeV srcs×𝑁conf 𝜎 𝑁𝜎

C1 24 64 1.7848 0.005 0.040 0.64 340 32 × 101 4.5 400
C2 24 64 1.7848 0.010 0.040 0.64 433 32 × 101 4.5 400

M1 32 64 2.3833 0.004 0.030 0.45 302 32 × 79 6.5 400
M2 32 64 2.3833 0.006 0.030 0.45 362 32 × 89 6.5 100
M3 32 64 2.3833 0.008 0.030 0.45 411 32 × 68 6.5 100

F1S 48 96 2.785 0.002144 0.02144 0.37 267 24 × 98

Table 1: RBC/UKQCD ensembles used in the discussed simulations [28, 29, 35, 36]. 𝑎𝑚sea
𝑙

and 𝑎𝑚sea
𝑠 are

the light and strange sea quark masses and 𝑚𝜋 is the unitary pion mass. 𝑎𝑚val
𝑠 are the valence strange quark

masses, set to the physical mass.
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Heavy quarks are simulated using stout-smeared gauge fields [37] and the Möbius kernel of
the DWF action [38] with parameters 𝑏 = 1.5 and 𝑐 = 0.5, where the mass has been tuned to the
physical charm mass on each ensemble through the 𝐷𝑠 pseudoscalar meson [39]. Using a similar
setup as Ref. [30], all propagators are generated with Z2-noise wall sources to which we apply
Gaussian smearing for the strange quarks on the C and M ensembles. The number of sources and
smearing parameters are listed in Table 1. Measurements were performed using Grid [40, 41] and
Hadrons [42].

The operators and their bag parameters considered are

Δ𝑄 = 2 : 𝑄1 = (𝑞𝛾𝜇 (1 − 𝛾5)𝑄) (𝑞𝛾𝜇 (1 − 𝛾5)𝑄), 𝐵
Δ𝑄=2
1 =

⟨𝑃 |𝑄1 |𝑃⟩
𝜂𝑚2 𝑓 2 , (1)

Δ𝑄 = 0 : O1 = (�̄�𝛾𝜇 (1 − 𝛾5)𝑞) (𝑞𝛾𝜇 (1 − 𝛾5)𝑄), 𝐵
Δ𝑄=0
1 =

⟨𝑃 |O1 |𝑃⟩
𝜂𝑚2 𝑓 2 , (2)

𝑇1 = (�̄�𝛾𝜇 (1 − 𝛾5)𝑇𝑎𝑞) (𝑞𝛾𝜇 (1 − 𝛾5)𝑇𝑎𝑄), 𝜖1 =
⟨𝑃 |𝑇1 |𝑃⟩
𝜂𝑚2 𝑓 2 , (3)

where 𝑞 indicates a light quark flavour and 𝑄 a heavy quark flavour. 𝑃 is the pseudoscalar heavy-
light meson formed from these with mass 𝑚 and decay constant 𝑓 . 𝜂 = 8

3 for 𝑄1 and 1 for O1 and
𝑇1. For convenience in the lattice simulation, we choose a basis without the colour generator and
relate back to the original operator 𝑇1 in the parity-even projection, i.e.

𝑇+
1 = −1

2
𝜏+1 − 1

2𝑁𝑐

O+
1 , (4)

𝜏1 = (�̄�𝛾𝜇 (1 − 𝛾5)𝑄) (𝑞𝛾𝜇 (1 − 𝛾5)𝑞). (5)

The 𝜖1 bag parameter is therefore not immediately available and is extracted via

𝜖1 = −1
2
𝜖
⟨𝜏1 ⟩
1 − 1

2𝑁𝑐

𝐵
Δ𝑄=0
1 , (6)

where the first term is the bag parameter of the 𝜏1 operator in the standard definition. The bag
parameters of 𝑄1, O1, and 𝜏1 are extracted from commonly-used ratios of three- and two-point
functions; see e.g. Ref. [16]. The quark line diagrams for O1 and 𝜏1 are shown in figure 1.

γ5 γ5

q̄

Q

q̄

Q

t0 t0 +∆Tt

γ5 γ5

q̄

Q

q̄

Q

t0 t0 +∆Tt

Figure 1: Quark line diagrams for the three-point correlation functions with Δ𝑄 = 0 four-quark operators
inserted at time 𝑡 between two sources at 𝑡0 and 𝑡0 +Δ𝑇 for O1 (left) and 𝜏1 (right). The two Δ𝑄 = 2 diagrams
for 𝑄1 follow similarly with charge inversion on one side of the operator insertion.

The Δ𝑄 = 0 operators have additional ‘eye’ diagram topologies which are computationally
more challenging; see e.g. Ref. [43]. Since these are predicted to be small from sum rules [44],
we do not yet consider them in this pilot study. Further, while the renormalisation at finite flow
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Figure 2: Flow time evolution of the bag parameter 𝐵1 for Δ𝑄 = 2 in physical units 𝜏 [GeV−2].

time is multiplicative, the matching to MS for the full Δ𝑄 = 0 operators involves mixing with
lower-dimensional operators. At this stage we do not account for operator mixing and the matching
uses a simplification valid for the difference of Δ𝑄 = 0 operators with different spectator quarks.

3. Results

3.1 Gradient Flow Evolution of Bag Parameters

Correlated fits are performed to extract bag parameters for each discrete flow time simulated.
The evolution of the 𝐵1 bag parameter for Δ𝑄 = 2 along the flow time is shown in figure 2, while
the evolutions of the Δ𝑄 = 0 bag parameters 𝐵1 and 𝜖1 are shown in figure 3. We see that the shape
of evolution for 𝜖1 appears almost identical to that of 𝐵Δ𝑄=2

1 , while 𝐵Δ𝑄=0
1 offers a different form.

For all three quantities, we observe the following:

1. Data corresponding to different ensembles at the same lattice spacing but different light sea
quark masses overlap. Hence we infer that sea quark effects are negligible;

2. There is also overlap of data determined on ensembles with different lattice spacings, which
leads to the expectation that continuum limits will be very mild.

3.2 Continuum Limit

After linearly interpolating the values of the C and M ensembles from their own set of discrete
flow times to values used on the F1S ensemble, we perform the continuum limit for each operator
at each discrete flow time step using a linear ansatz in 𝑎2. Examples of the continuum limit
extrapolations at two flow times are shown for the 𝐵Δ𝑄=2

1 bag parameter in figure 4, where we
present one of the ‘flattest’ extrapolations on the left and one of the steeper extrapolations on the
right. As suggested by the flow time evolution plots above, the continuum limits for the 𝜖1 bag
parameter look very similar to these.

Examples of continuum limits for 𝐵Δ𝑄=0
1 are shown in figure 5. While the evolution in the flow

time has a different functional form to the other parameters, we again find relatively mild continuum
limits, where the plots shown represent some of the ‘steepest’ slopes found in the data.
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Figure 3: Flow time evolution of the Δ𝑄 = 0 bag parameters 𝐵1 (left) and 𝜖1 (right) in physical units
𝜏 [GeV−2].
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Figure 4: Examples of continuum limit extrapolations for the 𝐵1 bag parameter for Δ𝑄 = 2 at flow times
𝜏 = 0.09 GeV−2 (left) and 𝜏 = 0.54 GeV−2 (right). For visibility, the M1 ensemble (red) is plotted with a
slight offset to left, and the C2 (cyan) and M3 (pink) ensembles to the right.

3.3 Matching to MS

Having performed the continuum limit for each flow time, the final step is to match these
GF-renormalised results to the MS scheme. This is done by combining flowed operators with a
perturbative matching matrix 𝜁−1 which leads to the MS result in the limit of 𝜏 → 0. The matching
coefficients can be constructed from Refs. [24–27] through NNLO (in QCD). For Δ𝑄 = 0, the O1
and 𝑇1 operators mix such that both flowed operators contribute to the matched results. The 𝜏 → 0
limit will be taken assuming a linear extrapolation within an appropriate window in flow time. The
flow time must be chosen sufficiently large that the data are not affected by large cut-off effects
but also not too large such that the SFTX is still valid and higher-power effects remain negligible.
Within the flow time window, currently an uncorrelated linear fit is performed and then extrapolated
to 𝜏 = 0. We take the difference between the fit of the central values and the fit to central values
±1𝜎 uncertainties to obtain the error on the extrapolated values. The renormalisation scale is fixed
to be 𝜇 = 3 GeV.

First we consider the 𝐵Δ𝑄=2
1 bag parameter combined with its perturbative matching in figure 6.

We take the perturbative matching coefficient 𝜁−1
𝐵1

at both NLO and NNLO to study the systematic

5
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Figure 5: Examples of continuum limit extrapolations for the 𝐵1 bag parameter for Δ𝑄 = 0 at flow times
𝜏 = 0.14 GeV−2 (left) and 𝜏 = 0.75 GeV−2 (right). For visibility, the M1 ensemble (red) is plotted with a
slight offset to left, and the C2 (cyan) and M3 (pink) ensembles to the right.
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Figure 6: Flow-time dependence of the combination 𝜁−1
𝐵1

(𝜇, 𝜏)𝐵1 (𝜏) with different perturbative orders:
NLO (purple), NNLO (orange), +𝛼3

𝑠 logs (blue), +𝛼4
𝑠 logs (red), +𝛼5

𝑠 logs (green). Error bars represent
statistical uncertainties only. The gray bands leading from each coloured data set represent the 𝜏 → 0
extrapolations taken from uncorrelated linear fits; the results at 𝜏 = 0 are then shown in the left panel. The
coloured bands at the edges of the plots indicate the fit range of 𝜏 used for the short-flow-time expansion at
each perturbative treatment.

effects of the truncation of perturbation theory. Beyond NNLO, we also include higher-order
logarithmic terms of the form 𝛼𝑛

𝑠 ln𝑛−𝑘 (𝑡), 𝑘 = 0, 1, 2, which can be derived from renormalisation
group considerations. These could be resummed to all orders in 𝑛, which we defer to future work.
At NLO we choose the flow time window 0.28 GeV−2 ≤ 𝜏 ≤ 0.49 GeV−2 and at NNLO (as well as
with higher logarithms) we choose 0.18 GeV−2 ≤ 𝜏 ≤ 0.49 GeV−2. As can be seen in the figure,
the main impact of including higher-order effects in perturbation theory appears to be to extend the
region of applicability for the flow time window towards smaller 𝜏.

Since we are simulating a ‘charm-strange’ meson, the Δ𝑄 = 2 bag parameters do not have
proper physical meaning. These can however be considered as a proxy to the short-distance effects of
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Figure 7: Flow-time dependence of the linear combinations 𝜁−1
𝑛𝑚 (𝜇, 𝜏){𝐵1, 𝜖1}(𝜏) for 𝐵Δ𝑄=0,MS

1 (left) and
𝜖MS

1 (right) using different perturbative orders: NLO (purple), NNLO (orange), +𝛼3
𝑠 logs (blue), +𝛼4

𝑠 logs
(red), +𝛼5

𝑠 logs (green). Error bars represent statistical uncertainties only. The gray bands leading from each
coloured data set represent the 𝜏 → 0 extrapolations taken from uncorrelated linear fits; the results at 𝜏 = 0
are then shown in the left panel. The coloured bands at the edges of the plots indicate the fit range of 𝜏 used
for the short-flow-time expansion at each perturbative treatment.

𝐷0 meson mixing, where we assume spectator effects to be small. In the literature, the short-distance
matrix elements for 𝐷0 mixing have been calculated on the lattice by FNAL/MILC at 𝑁 𝑓 = 2 + 1
and ETMC at 𝑁 𝑓 = 2 + 1 + 1, with 𝜇 = 3 GeV. ETMC finds a value of 𝐵MS

1 = 0.757(27) [4].
FNAL/MILC quotes a value for ⟨O1⟩MS which, using PDG [39], translates to 𝐵MS

1 = 0.795(57) [5].
There is also a prediction from HQET sum rules, yielding 𝐵MS

1 = 0.654+0.060
−0.052 [45]. The preliminary

results shown here in figure 6 lie between the two lattice values and slightly above that from HQET
sum rules. To incorporate both the statistical uncertainty of the data and the systematic error of
truncation in perturbation theory, we take the full spread of the different perturbative treatments at
NNLO including higher logs as the range of our final value and choose to symmetrise the errors,
yielding

𝐵
Δ𝑄=2,MS
1 (3 GeV) = 0.785(3). (7)

While further systematic uncertainties are still to be included, this agreement with existing values
is promising.

Next we consider the 𝐵Δ𝑄=0
1 and 𝜖1 bag parameters. Although the continuum limit at fixed

flow time avoids mixing with lower-dimensional operators, power divergences may still emerge in
the SFTX; see e.g. Ref. [46]. We plan to address this issue in the future. In the meantime, we use
the perturbative matching calculated for the difference of Δ𝑄 = 0 operators with different spectator
quarks, where the troublesome terms cancel. The combinations of the matching matrices and the
continuum-limit lattice data are shown in figure 7 for 𝐵Δ𝑄=0,MS

1 and 𝜖MS
1 . For both bag parameters,

the flow time windows 0.39 GeV−2 ≤ 𝜏 ≤ 0.48 GeV−2 at NLO and 0.31 GeV−2 ≤ 𝜏 ≤ 0.48 GeV−2

at NNLO are chosen. To date no lattice QCD determination with a full error budget exists,
only sum rules computations in HQET [45]. We thus decided to compare with the HQET sum
rules results for lifetime differences matched to full QCD, which give 𝐵Δ𝑄=0

1 = 0.902+0.077
−0.051 and

𝜖1 = −0.132+0.041
−0.046 [45]. At the preliminary stages of our calculation, again incorporating the full
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spread of the different perturbative treatments at NNLO into the final values, we find

𝐵
Δ𝑄=0,MS
1 (3 GeV) = 1.105(13), and 𝜖MS

1 (3 GeV) = −0.239(8), (8)

and we observe that both 𝐵Δ𝑄=0
1 and 𝜖1 lie relatively close to the predictions for lifetime differences

based on sum rules.

4. Summary

For quantities deduced using the heavy quark expansion, Δ𝐵 = 0 four-quark matrix elements
play an important role in improving precision and accuracy. However, these are not yet determined
using lattice QCD. One of the difficulties impeding their calculation is mixing with lower-dimension
operators. We have here demonstrated the use of the gradient flow to non-perturbatively calculated
renormalised matrix elements of four-quark operators. We convert the results at finite flow time to
the MS scheme by performing a perturbative matching using the SFTX. Preliminary results have
been obtained for 𝐷𝑠 mesons. While we consider both Δ𝑄 = 2 and Δ𝑄 = 0 operators, only Δ𝑄 = 0
have a direct physical meaning. A full systematic error analysis is yet to be undertaken.

Calculating Δ𝑄 = 2 bag parameters is well-established and provides a test case for our method
where findings can be compared to results for short-distance 𝐷0 mixing, assuming spectator effects
to be negligible. We find good agreement between our results and literature values. Furthermore,
we have made first steps towards predictions for the Δ𝑄 = 0 bag parameters. While additional
operators and diagrams are still required in both the lattice calculation and perturbative matching,
we observe that our preliminary results have the expected order of magnitudes.
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and 𝜖1 have been updated.
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