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We calculate the form factors for the kaon semileptonic decay process using the PACS10 con-
figurations, whose physical volume is more than (10 fm)4 very close to the physical point. The
configurations were generated with the Iwasaki gauge action and Nf = 2 + 1 stout-smeared non-
perturbatively O(a)-improved Wilson quark action at the three lattice spacings, 0.085, 0.063, and
0.041 fm. We present updated results for the form factors, and discuss their continuum extrap-
olations, momentum transfer interpolation, and short chiral extrapolation to tune the simulated
pion and kaon masses to the physical ones. From the results with various analyses, the systematic
error of the form factor at the zero momentum transfer is estimated. The value of |Vus | is deter-
mined using our result, and is compared with those using the previous calculations and also those
determined through the kaon leptonic decay process.
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1. Introduction

The Cabibbo-Kobayashi-Maskawa (CKM) matrix elements in the first row give 2.2 σ violation
from the CKM unitarity [1]. It could suggest the existence of physics beyond the standard model.
The value of the violation is essentially evaluated by |Vud | and |Vus |. The kaon leptonic (K`2) and
semileptonic (K`3) decay processes are adopted to obtain the value of |Vus |, while it is reported
that these values have a little tension [1]. To understand the violation of the CKM unitarity, it is
important to investigate the difference between the two determinations of |Vus |.

For the K`2 decay determination, |Vus | is basically given by the decay constant ratio FK/Fπ ,
which is well measured in the lattice QCD calculation. On the other hand, the K`3 form factor at
the zero momentum transfer f+(0) is necessary to obtain |Vus | for the K`3 determination. Since this
calculation is more complicated than that of the decay constants, various studies have been carried
out to obtain precise values of the K`3 form factor [2–11].

Using the Nf = 2 + 1 PACS10 configurations generated on huge volumes very close to the
physical point, we also measured the K`3 form factor [12, 13] at the two larger lattice spacings.
Although the accuracy of the result is comparable with the previous calculations, our result has
a large systematic error coming from an estimate of the lattice spacing effect. To reduce the
systematic error, we performed the calculation at the third lattice spacing [14]. In this report, we
present updated results in our calculation from the last lattice conference, although all the results
at the smallest lattice spacing are still preliminary. To obtain f+(0) from data of the K`3 form
factors in finite momentum transfers at three lattice spacings, we perform a simultaneous fit for the
momentum transfer interpolation, continuum extrapolation, and also short chiral extrapolation to
the physical point. A systematic error of f+(0) for the continuum extrapolations is estimated by
using various analyses. We also determine the value of |Vus | using our preliminary result.

2. Simulation parameters

The PACS10 configurations were generated using the Iwasaki gauge action [15] and a non-
perturbative O(a)-improved Wilson quark action with the six-stout-smeared link [16]. The simula-
tion parameters of the PACS10 configurations at the three lattice spacings are tabulated in Table 1.

The same quark action is employed in the measurements for the two- and three-point functions
for the K`3 form factors. The details of the calculationmethod in our study are described in Ref. [13].

Table 1: Simulation parameters of the PACS10 configurations at the three lattice spacings. The bare coupling
(β), lattice size (L3 · T), physical spatial extent (L), lattice spacing (a), the number of the configurations
(Nconf), pion and kaon masses (mπ , mK ), and the range of the timeslice separation (tsep) between the source
and sink operators in the three-point function are tabulated.

Label β L3 · T L[fm] a[fm] Nconf mπ[MeV] mK [MeV] tsep[fm]
PACS10/L128 2.20 2564 10.5 0.041 20 142 514 3.4-3.9
PACS10/L160 2.00 1604 10.1 0.063 20 138 505 2.3-4.1
PACS10/L256 1.82 1284 10.9 0.085 20 135 497 3.1-4.0
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Using the correlation functions, the matrix elements for the K`3 form factors are extracted, which
are written by the two form factors f+(q2) and f−(q2) as,

〈π( ®pπ)
��Vµ�� K( ®pK )〉 = (pK + pπ)µ f+(q2) + (pK − pπ)µ f−(q2), (1)

where Vµ is the weak vector current and q2 is the momentum transfer squared. Another form factor
f0(q2) is defined with the two form factors as,

f0(q2) = f+(q2) +
−q2

m2
K − m2

π

f−(q2). (2)

In this study, we calculate f+(q2) and f0(q2) with six and seven different q2, respectively, around
q2 = 0 at each lattice spacing.

For the calculation of the two- and three-point functions, we adopt the random source operator
spread in the spin, color, and spatial spaces proposed in Ref. [17]. The exponentially smeared quark
operator with the random source is also employed for the calculations of the correlation functions
at the two smaller lattice spacings. The several time separations, tsep, between the source and sink
operators in the three-point function are utilized to investigate excited state contamination of the
matrix elements. The range of tsep at each lattice spacing is shown in Table 1. The form factors are
evaluated with a combined analysis using the correlation functions with the two source operators
and the different tsep.

The periodic boundary condition is imposed in the spatial directions in the calculation of the
correlation functions, while in the temporal direction the periodic and anti-periodic boundary condi-
tions are employed. The average of the two-point correlation functions with the different boundary
conditions makes the periodicity of the temporal direction effectively doubled. A similar average
of the three-point functions suppresses the wrapping-around effect [18] in the small momentum
region [12, 13].

Not only the local weak vector current but also the conserved vector one is employed to
calculate the three-point functions to investigate finite lattice spacing effects in the form factors.
The renormalization factor of the local vector current is determined from ZV =

√
ZπV ZK

V where

ZH
V =

1
Fbare
H (0)

(3)

for H = π,K with Fbare
H (0) being the bare electromagnetic form factor evaluated using the local

vector current at q2 = 0.

3. Preliminary results

In this section our preliminary results for the K`3 form factors and also the value of |Vus |

determined from our results are presented.

3.1 K`3 form factors

Figure 1 shows our preliminary results for the K`3 form factors, f+(q2) and f0(q2), at a = 0.041
fm including the previous results in Ref. [13] using the renormalized local vector current. The data
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Figure 1: Lattice spacing dependences for f+(q2) (left) and f0(q2) (right) as a function of q2 with the
renormalized local vector current. The different symbols represent data at the different lattice spacings. The
data at a = 0.041 fm are preliminary, while the other two data are presented in Ref. [13]. The dashed curves
express the result of the simultaneous fit described in the text. The magenta curves correspond to the results
in the continuum limit at the physical point.

for f+(q2) and f0(q2) are measured precisely at all the lattice spacings. Thanks to the huge volume
of the PACS10 configurations, we can obtain several data near q2 = 0 even using the periodic
boundary condition in the spatial directions. The data with the conserved vector current have a
similar quality to those for the local vector current.

To determine the value of f+(0), which is important to obtain |Vus | through the K`3 decay, the
data of the form factors are interpolated to q2 = 0 and also extrapolated to a = 0 simultaneously. A
fit form is based on the formulas at the next-to-leading order in the chiral perturbation theory [19, 20],
andwe add correction terms given by (m2

K−m2
π)

2, q2, and lattice spacing effects. In the simultaneous
fit, we use the data for f+(q2) and f0(q2) with both the local and conserved vector currents at all
three lattice spacings. Figure 1 presents that the simultaneous fit works well in our local vector
current data. The fit results at each lattice spacing are denoted by the curves in the same colors as the
symbols. Since the simulated mπ and mK are different from the physical ones, mπ− = 139.57061
MeV and mK0 = 497.611 MeV, as shown in Table 1, a short chiral extrapolation is carried out using
the same formulas as in the simultaneous fit. The continuum limit results for f+(q2) and f0(q2) at
the physical mπ and mK are denoted by the magenta curves in the figure.

3.2 Continuum extrapolation of f+(0)

The continuum extrapolation of f+(0) is discussed in this subsection, which corresponds to the
simultaneous fit result at q2 = 0 explained in the previous subsection.

Before discussing the continuum extrapolation, we present the effect of the chiral extrapolation
in f+(0). The effect of the short chiral extrapolation for f+(0) is shown in the left panel of Fig. 2. At
the three lattice spacing, the open circle and square symbols express the data at the simulated point
with the local and conserved currents, respectively. The closed ones correspond to those at the
physical point. It is noted that those data are estimated from q2 interpolations at each lattice spacing
for discussing the chiral and continuum extrapolations. The largest effect of the chiral extrapolation
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Figure 2: Left : Preliminary results of f+(0) at the physical point with the local (conserved) vector current
denoted by black circle (red square) symbol as a function of a. The open circle and square symbols
represent the results at the simulated meson masses. The dashed-dot and dashed curves express continuum
extrapolations with quadratic and linear functions of a, respectively. The blue diamond and violet up triangle
symbols express our preliminary and previous [13] results. The inner and outer errors express the statistical
and total errors. The total error is evaluated by adding the statistical and systematic errors in quadrature.
Right : The same figure as the left one, but includes the local vector current data with ZπV and ZK

V denoted by
magenta right and green left triangle symbols, respectively. The corresponding curves represent continuum
extrapolations for those data with a quadratic function of a.

appears at the smallest lattice spacing. It is mainly caused by mK , which differs from mK0 by about
3% at the lattice spacing.

A continuum extrapolation of f+(0) in the simultaneous fit is expressed by black dashed-dot
curves in the left panel of Fig. 2. In the fit form, the finite lattice spacing effect is expressed by a
quadratic function of a, and we constrain that the two data with the local and conserved currents
should coincide in the continuum limit. We also perform a fit with a linear function of a for the
continuum extrapolation presented by orange dashed curves in the figure. The result is consistent
with that from the a2 extrapolation.

Various different analyses are performed to estimate systematic errors of f+(0). An example of
the analyses is using a different renormalization factor in the local vector current data. As explained
in the last section, the renormalization factor ZV is determined from a combination of ZπV and ZK

V

in eq. (3). On the other hand, the renormalization factor can be determined from each ZH
V . In a

different analysis, the data with the local vector current are replaced by the same data but using a
different renormalization factor, ZπV or ZK

V . Those data are presented in the right panel of Fig. 2
with the magenta right and green left triangle symbols. The results in the continuum limit are well
consistent with the black cross symbol which is the same one as in the left panel. Using results
obtained from such different analyses, the systematic error of f+(0) is estimated from the maximum
difference of the central value of the black cross result from those in the different analyses. The
result with the total error including the systematic one is denoted by the blue diamond symbol in
both the panels. The result reasonably agrees with our previous result in Ref. [13] denoted by the
violet up triangle symbol in the panels.

For a more precise evaluation of f+(0), it is important to include the dynamical charm quark
effect. We have started to generate Nf = 2 + 1 + 1 PACS10 configurations, named PACS10c

5
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Figure 3: The same figure as Fig. 2, but contains the preliminary result from the PACS10c configuration
represented by magenta symbols.
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Nf=2+1

Nf=2

Preliminary

Figure 4: Comparison of our preliminary result of f+(0) with the previous results [2–13]. The inner and
outer errors express the statistical and total errors. The total error is evaluated by adding the statistical and
systematic errors in quadrature. The closed (open) symbols represent results in the continuum limit (at a
finite lattice spacing).

configurations, which satisfy the same condition as the PACS10 configurations but contain the
dynamical charm quark effect. So far only a preliminary result at the largest lattice spacing has
been obtained. Figure 3 presents a reasonable agreement of the PACS10c results with those from
the Nf = 2 + 1 PACS10 configuration at a similar lattice spacing. While we will not discuss the
result further in this report, we continue the calculation with PACS10c configurations at smaller
lattice spacings.

In Fig. 4, our preliminary result of f+(0) is compared with previous lattice calculations [2–11]
including our previous results [12, 13]. The preliminary result in this work is consistent with those
in our previous calculations, and also agrees with other lattice results within 2 σ.

3.3 |Vus | in the continuum limit

The value of |Vus | is determined using the result of f+(0) discussed in the previous subsection
with the experimental value |Vus | f+(0) = 0.21635(39) [21]. The obtained |Vus | using our prelimi-
nary result is plotted in Fig. 5 together with the values using the previous lattice results [6, 8–13].
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Figure 5: Comparison of |Vus | using our preliminary result of f+(0) with the previous results [6, 8–13].
|Vus | determined from the K`2 decay are also plotted using FK/Fπ of our preliminary result and PDG22 [1]
together with the one obtained from the phase space integral with our results for f+(q2) and f0(q2). The
closed (open) symbols represent results in the continuum limit (at a finite lattice spacing). The inner and
outer errors express the lattice QCD and total errors. The total error is evaluated by adding the errors in the
lattice QCD and experiment in quadrature. The value of |Vus | determined from the unitarity of the CKM
matrix using |Vud | in Ref. [24] is presented by the grey band.

Similar to the results of f+(0) in Fig. 4, our result is reasonably consistent with the other results
through the K`3 determination.

Our result of |Vus | from f+(0) also reasonably agrees with |Vus | through the K`2 decay. In this
determination, |Vus | is obtained from the ratio of the decay constants FK/Fπ and the experimental
value |Vus |FK/|Vud |Fπ = 0.27683(35) [22]. In Fig. 5, we plot |Vus | with our preliminary value
of FK/Fπ obtained from the Nf = 2 + 1 PACS10 configurations, and the one with FK/Fπ in
PDG22 [1]. Furthermore, |Vus | can be determined from the phase space integral [23] using our
preliminary result of f+(q2) and f0(q2) in the continuum limit at the physical point. The values of
|Vus | obtained from the K`2 determination and phase space integral are consistent with that from
f+(0) as presented in Fig. 5. On the other hand, |Vus | estimated from the unitarity of the CKM
matrix using the value of |Vud | in Ref. [24] is about 2 σ away from our K`3 determination, which
is shown by the grey band in the figure.

4. Summary

We have updated our calculation of the K`3 form factors using the three ensembles of the
PACS10 configurations, which have more than (10 fm)4 volumes very close to the physical point.
The finite lattice spacing effect of f+(0) is examined using the data obtained from the local and
conserved vector currents, and also using the different renormalization factors for the local vector
current. The systematic error of our preliminary result of f+(0) is estimated from results with
various different analyses. We have observed a reasonable agreement of our preliminary result of
f+(0) with other lattice calculations. The value of |Vus | determined with our f+(0) is reasonably
consistent with those using other lattice results of f+(0), the K`2 decay determination, and from the
phase space integral with our q2 dependent form factors. In contrast to them, |Vus | estimated from
the CKM unitarity is different by about 2 σ from our preliminary result.
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For a more precise determination of |Vus |, an important future work is the inclusion of the
dynamical charm quark effect. Toward this task, we have started to generate the Nf = 2 + 1 + 1
PACS10c configurations. We have obtained a consistent result from the PACS10c configuration
with the PACS10 result at the largest lattice spacing. We will calculate the K`3 form factors at
smaller lattice spacings with PACS10c configurations.
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