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We calculate the mixing matrices of four-quark operators that change flavor numbers by two units.
Our approach employs two schemes: the coordinate-space Gauge Invariant Renormalization
Scheme (GIRS) and the Modified Minimal Subtraction scheme (MS). From our perturbative
computations, we extract the conversion factors between these two renormalization schemes at the
next-to-leading order. A significant challenge in the study of four-quark operators is that they mix
among themselves upon renormalization. Additionally, computations in GIRS at a given order in
perturbation theory require Feynman diagrams with at least one additional loop. The extraction of
the conversion factors involves calculating two-point Green’s functions, which include products of
two four-quark operators, and three-point Green’s functions, which involve one four-quark operator
and two bilinear operators, with all operators located at distinct spacetime points. We investigate
both parity-conserving and parity-violating four-quark operators. This calculation is relevant
to the determination of Cabibbo—Kobayashi-Maskawa (CKM) matrix elements from numerical
simulations using the GIRS scheme. Further details, including the GIRS anomalous dimensions
obtained through the Renormalization Group (RG) equation, as well as additional results, can be

found in our paper [7].
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1. Introduction

The Standard Model (SM) is a highly successful framework describing electroweak and strong
interactions. Its renormalizability arises from including all relevant operators with mass dimension
D < 4, consistent with Lorentz invariance and gauge symmetry. Higher-dimensional operators
(D > 4) are suppressed by powers of a high-energy scale M, representing physics beyond the SM.
This is a characteristic of effective field theory, where new physics at a scale M is integrated out,
leaving higher-dimensional operators. Among these, dimension-6 four-quark operators, suppressed
by M~2, play a key role in probing corrections to SM processes and potential new physics. Such
operators offer critical insights into phenomena beyond the SM, as discussed in foundational work
(see review [1]), with recent updates [2, 3].

When considering lattice simulations of Quantum Chromodynamics (QCD), scalar and pseu-
doscalar four-quark operators inherently encapsulate weak interaction effects. Their study is es-
pecially timely given the high precision achieved in experimental measurements of CKM matrix
elements and the recent experimental results from the LHCb collaboration, which have highlighted
the discovery of new tetraquark states [4]. This motivates the need to explore the properties of
four-quark operators numerically on the lattice, as they are central to understanding phenomena
such as electroweak decays of hadrons and new physics beyond the SM. In particular, calculating
the matrix elements of four-quark operators in lattice QCD can provide profound insights into these
processes. Phenomenological quantities such as the so-called bag parameters are important lattice
observables related to four-quark operators, with one of the most extensively studied being the Bx
parameter, which describes neutral K° — I meson oscillations. This parameter, along with other
related bag parameters, has significant implications for hadronic decays and CP violation, making
their lattice calculations crucial.

In this work, we revisit the renormalization of the four-quark operators by employing a Gauge
Invariant Renormalization Scheme (GIRS) [5], which involves Green’s functions of gauge-invariant
operators in coordinate space. A similar recent study using coordinate-space renormalization
prescription has been carried out in [6]. GIRS is a promising renormalization prescription that does
not encounter issues in lattice studies related to gauge fixing. Our goal is to provide appropriate
renormalization conditions, which address the mixing of the four-quark operators and which are
applicable in nonperturbative calculations on the lattice, as well as to provide the conversion factors
between GIRS and the MS scheme. The conversion factors are regularization-independent, and
thus one can compute them in dimensional regularization (DR), where perturbative computation
can be performed more readily and in higher-loop order. To this end, we calculate the first
quantum corrections for appropriate two-point and three-point Green’s functions in coordinate
space using DR. We focus on the renormalization of four-quark operators, which are involved in
flavor-changing AF = 2 processes. These are categorized into 2 sets of parity-conserving and 2
sets of parity-violating operators. More details, GIRS anomalous dimensions extracted through the
Renormalization Group (RG) equation, along with additional results, can be found in our paper [7].
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2. Computational Setup

We focus on the renormalization of four-quark composite operators of the form:

Or(x) = (Y 1, (T £, (X)) (1, ()T, (x)), (1

where the subscripts f denote flavor indices, I' and I" denote products of Dirac matrices:

Faf € {17 75, )’,u, 7;475, O—MV9 750',uv} = {Sy P9 V7 Aa Ty T} (2)

Fermion-antifermion pairs in parentheses are color singlets. Our primary focus is on AF = 2
operators, which are scalar or pseudoscalar under rotational symmetry, i.e. I' = " or I = T'ys
(with a summation intended over repeated indices). Therefore, there are five scalar and another
five pseudoscalar operators. Furthermore, there are another 10 four-quark operators O?f, which,
in the absence of color indices, would be linear combinations of the original operators through the
Fierz—Pauli—Kofink identity (the superscript F' stands for Fierz):

Ofr = WaTur)WpTup). 3)

In order to identify which operators mix among themselves, we considered the symmetries
of the QCD action: Parity £, Charge conjugation C, Flavor exchange symmetry S=(f3 < f3),
Flavor Switching symmetries S’=(f; < f3, 2 © f1) and 8”"=(f1 < f1, f3 © f2)), with mass-
degenerate quarks [8]. Chiral symmetry can be violated in some regularizations and thus, it is not
considered in the present study for identifying the mixing pattern. In particular, the operator-mixing
setup which follows is also applicable in lattice regularizations that break chiral symmetry (such as
Wilson fermions). Operators with the same transformation properties under these symmetries can
and will mix. The parity # and charge conjugation C transformations on quarks and antiquarks are
defined below:

Parity : {P%f 0 = ):4 vr(xp) 4)
Pip(x) =v¢r(xp) va,
— T
Charge conjugation : {C(/jf(x) =—Cup) ()
Cir(x) =y C,

where xp = (—x,1), T means transpose and the matrix C satisfies: (Cy,)? = Cy,, CT = —C and
c'c =1.

It is convenient to use a new basis where we involve sums and differences of the operators Op¢
and 011,71:. In this way, the operators can be further decomposed into smaller, independent bases
according to the discrete symmetries P, S, CPS’, and CPS”, as shown below:

051 = L [Oyy £ OF | + 1 [Oas £ OF ] (@1 =L [ova=0f,] +1[0av = 0L, ).
037! = 3 [Ovy £ O3y | - 3 [Oaa = OF ] {sztl =3 [Ova=07,] -1 [0av £ 0]
037! = 1 [Oss = OL] - 1 [Opp + O] Q™! = 3 [Ops £ 05| = 3 [Osp £ 05, ],

i = % [Oss = Ogs] % [Opp + Opp] Q' = 5 [Ops + or, ] % [Osp + ng]
03! = 4 [0rr = 0fy]. Qg = 4[0r = 0|.

(6)
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The operators of Eq. (6) are grouped according to their mixing pattern. Therefore, the mixing
matrices Z5=*! (Z5=*!), which renormalize the Parity Conserving (Violating) operators, Q7=*!
(szil), take the following form:

Ziy Zin Ziz Zu Zis S Zn 0 0 0 0\
Zyy ZI;m; Lz Zos  Zos 0 Zn Z»n O 0
57 = Zy Zn Zy Zu Zss , Z5H =l 0 Zn Zn 0 0
Zy Zyn Zyz Zas  Zus 0 0 0 Zu Zss
Zsy Zsy Zsz  Zss  Zss 0 0 0 Zsa IZss
(7N
The renormalized Parity Conserving (Violating) operators, Q5=*! (Q5="), are defined via the
equations:
Q}g:il — ZlSn:il 'Q;gn:il’ éf:il — lSr:il .Qi:il, (8)
where [,m = 1,...,5 (a sum over m is implied).

Our approach entails calculating two-point and three-point Green’s functions in dimensional
regularization (DR) with D = 4 — 2¢, where € is the regulator. The two-point Green’s functions
involve products of two four-quark operators placed at nonzero distances in coordinate space. To
determine all mixing coefficients, several three-point functions are required in the renormalization
conditions. These three-point functions involve one four-quark operator and two bilinear operators,
each placed at a different spacetime point to avoid contact singularities.

3. One-loop Conversion Matrices between GIRS and MS Schemes

We calculate the Green’s functions perturbatively; the multiloop diagrams for two-point and
three-point Green’s functions contributing up to order O(g?) are shown in Figs. 1 and 2, respectively.

@ 1 @ | @ | @ |
Figure 1: Feynman diagrams contributing to Gg’:ﬁ Onps (Z,24) = (Orp(0) Ol:l;,(z)), up to order O(g?).

Wavy (solid) lines represent gluons (quarks).

We apply a variant of GIRS, summing over time slices of operator-insertion points for better
statistical results:

~2pt — d3—> 2pt >
GOI‘l:QOr/r'/ (z4) = / < GOFI‘;Or'rV (2, 24), )
~3pt ’ _ 3= 372, ~3pt - >
Or+:Orp:Orr (Z4’ Z4) - / a / 7 GOF/;OFI"‘QOFN ((Z’ Z4)’ (Z/’ Z4))' (10)

In this work, we present specific choices that involve all two-point Green’s functions and select
three-point Green’s functions which lead to the smallest mixing contributions (off-diagonal matrix
elements of ZlSr:il and Z5=h).
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Figure 2: Feynman diagrams contributing to GO 01150 ((Z,z4), (7', z;)) = (Or (z) Or(0)Or~ (2)), up
to order O(g?), (Or(z2) = ¥y, (T g, (2))-

In the case of the Parity Violating operators (Q;), the 5 X 5 mixing matrix is block diagonal
for both S = +1 and S = —1. This means that we only need to calculate 9 elements in total for
each S, as the mixing occurs within smaller subsets of operators. Specifically, there are three
subsets of operators that mix: {Q;} alone, {@Q,, Q3}, and {Q4, Qs}. The first subset, {@; }, contains
only one operator, which is thus multiplicatively renormalizable. Therefore, only one condition is
required, and this can be obtained from two-point Green’s functions. The second and third subsets
each contain two operators, so four conditions are required for each subset to determine the mixing
coefficients. Out of these four conditions, only three can be extracted from two-point Green’s
functions, while the remaining condition will be derived from three-point Green’s functions. These
conditions are defined as follows [7 = z4,1" = 7, cf. Egs. (9) - (10)]:

~2pt GIRS _ 1\GIRS 12 2pt _ [ 20t t
[GQiS:il;QiS:il (t)] = [('Zl - ) ] QS +1;Qf:+l (t) [GQS +1;QiS:¢l (t)] I'ee’ (11)
3
G GRS _ S+1YGIRS ( S+1)GIRS 52t ot tee (19
[ Q.S:*I'QS:*I(I)] = Z ('Zl ) (Z ) QS tl.QlS tl(t) [ Qs il.QS::l(t)] , (12)
P k=2 < o
5
[G2pt (1 )]GIRS — ( S+1)GIRS(ZS+1)GIRS Gzpt (t) =[G 2Pt (t)]tree (13)
QS +1. QS +1 - QS +1;Q[S:+l QS +1;Q?‘:i] .
k,l=4 y

The two conditions involving three-point Green’s functions are defined as:

~3pt /\1GIRS  _ GIRS GIRS S+1\GIRS ~3pt ’
[GOr;Qiszi';OryS @] = Zor 0”’5 Z (Zii™) G Q=+ 0r,y, (t’t )
- ~3pt tree .
= [Gor;afzt‘;o (t,1)] (i=2or3), (14)
= 3pt nyOIRS GIRS GIRS Z S+1\GIRS ~3pt p
[GOF;Qig:ﬂ;Om (z,1)] = Zo. Zon, (Zx)7™G 0151101, (t,1)
— ~3pt tree =4 1
[ OF;Q}S:tl;OFys (t’t )] (l or 5) ( 5)

In three-point Green’s functions, ¢ and ¢’ denote the GIRS renormalization scales, and it is often
convenient to set#’ = ¢ to reduce the complexity of the conditions. The option that gives the smallest
off-diagonal coefficients includes the following renormalized three-point functions:

3pt ~3pt
S QS +1. P(t t) GS;Q:SS:il;P(t’ t)’
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For the Parity Conserving operators (Qf:il), the 5 X 5 mixing matrix is not block diagonal, and
thus, we need to calculate all 25 elements for both S = +1 and S = —1. This requires 25 conditions
for each case, which can be extracted from two-point and three-point Green’s functions. From the
two-point Green’s functions alone, we can extract 15 conditions. The remaining 10 conditions are
obtained from three-point Green’s functions. Therefore, the full set of renormalization conditions
is constructed by combining both two-point and three-point Green’s function calculations. The
two-point Green’s function conditions are given by:

~2pt GIRS _ S+1\GIRS ( »S+1\GIRS ~2pt 2pt
(G gsmsr ggma (DI = klzl(z EDTREZEDTR G s g (0 = 16 e e (D17, (16)

where 7, j range from 1 to 5. These conditions amount to 15 equations for the 25 unknown diagonal
and off-diagonal elements of the mixing matrix.

To complete the remaining conditions, we must calculate 10 three-point Green’s functions,
which we select from the following family:

5
~3 3
[G(;);.Qs:ﬂ.or(f,f/)]GIRs = (ZGIRS 2 Z (ZS+1)GIRS G(;n o5+i0r (t,1)
o k=1
=3
= (G s o (-], (17)

where the renormalization factors ZgiRS are known from previous work [5]. The chosen three-point
Green’s functions are:

Spt ~3pt ~3pt ~3pt ~3pt

SQS +1 S(t t) GP;Q]S:il;P(t’t)’ GVi;Q‘]g:il;V,-(t’t)’ GS;ngil;S(t9t)7 GP;ngil;P(t’t)’
3pt ~3pt ~3pt ~3pt ~3pt

s, 057! S0 GS;Q§=il;s(t’t)’ GP;Q§=11;P(I’ ) GW;Q§=il;w (@2, GA,-;Q§=11;Ai(t’t)‘

The conversion matrix (CS"I)MS GIRS _ (75=+1)GIRS [(ZS +1)MS] , takes the form:

2 +1

(CSEMSGIRS 5, 4 161“52 [g;"j;k + (ln(ﬂ 2) +2yE) h:. k] NE+O( ), (18)
1

where g;—'j; . and hf}.; « are the numerical coefficients corresponding to the conversion matrix, and 7
is the renormalization scale in GIRS. Table 1 lists these coefficients.

In the case of the parity-violating operators, the 5 X 5 mixing matrix is decomposed into smaller
1 x 1 and 2 x 2 blocks. The conversion matrix (wajil)m’GIRS takes the form:

2 +1

(CS1)MS.GIRS 5,,+16MS2 [giij;k+(ln(ﬁ2t2)+2y5) R ]N§+0(g;‘TS), (19)
k=-1

where gfj  and 71:—'1 . are the numerical coefficients corresponding to the conversion matrix. Table 2
lists these coeflicients.



Four-quark operators with AF = 2 in the GIRS scheme

M. Costa

Ll giij;—l g;ﬁj;O ;_rj;+1 hiij;—l h:'_rj;O h;;j;+l
1)1 —-869/140 +379/140 7/2 3 T3 0
1]2 2 F(723/280 - 61n(2)) -2 0 0 0
1 ]3| =723/140+ 121n(2) 0 0 0 0 0
1|4 -4 +4 0 0 0 0
1|5 -2 +2 0 0 0 0
211 397/280 + 61n(2) +(163/280 — 61n(2)) -2 0 0 0
22 -9/2 +2 7/2 -3 0 0
213 4 F2 0 0 F6 0
214 4 +8 0 0 0 0
205 -2 0 0 0 0 0
311 -1 +1 0 0 0 0
312 1 +99/280 0 0 0 0
313 -38/35 +2 251/140 -3 0 3
314 4 +239/280 —-321/140 0 0 0
0

315 0 F239/560 0 0 0 0
411 -1 +1 0 0 0 0
412 1 F239/280 0 0 0 0
413 4 +2 -799/140 0 0 0
0

414 ] =307/112+31n(2) +169/140 251/140 -3 3 3
415 ] -269/480+1/2In(2) | £(869/1680 —In(2)) 0 1 F1/2 0
511 -6 +6 0 0 0 0
512 -6 0 0 0 0 0
513 0 F12 0 0 0 0
514 -269/40 + 61n(2) ¥(29/140 - 121n(2)) 0 12 +6 0
55| —1229/240 - 31n(2) +309/140 1709/420 1 3 -1

4. Summary — Future plans

Table 1: Numerical values of the coefficients g

+
ijik’

ij;k

appearing in (C [.Sjil)MS’GIRS.

In this work, we studied the one-loop renormalization of four-quark operators in AF = 2

processes using the Gauge Invariant Renormalization Scheme (GIRS). We calculated two-point

Green’s functions for pairs of four-quark operators and three-point Green’s functions with one four-

quark and two bilinear operators, using dimensional regularization. Operator mixing was addressed

through renormalization conditions on these Green’s functions.

Various valid renormalization

prescriptions within GIRS were identified, applicable to both perturbative and nonperturbative

data. We derived one-loop conversion matrices connecting nonperturbative GIRS results to MS

and present a choice that minimizes mixing contributions.

A natural extension of this work will involve the investigation of four-quark operators with AF =

1 and AF = 0. This investigation also entails the mixing with lower-dimensional operators, including
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L giij;—l g;ﬁj;O g?j;+l hi';—l h?};O h?j;+1
111 —-869/140 +379/140 7/2 3 T3 0
1]2 0 0 0 0 0 0
13 0 0 0 0 0 0
1|4 0 0 0 0 0 0
1|5 0 0 0 0 0 0
211 0 0 0 0 0 0
212 -9/2 0 7/2 -3 0 0
213 0 F2 0 0 76 0
214 0 0 0 0 0 0
215 0 0 0 0 0 0
311 0 0 0 0 0 0
312 0 +99/280 0 0 0 0
313 -38/35 0 251/140 -3 0 3
314 0 0 0 0 0 0
315 0 0 0 0 0 0
411 0 0 0 0 0 0
412 0 0 0 0 0 0
413 0 0 0 0 0 0
414 -307/112+31n(2) +169/140 251/140 =3 73 3
4 15| -269/480+1/21n(2) | £(869/1680 —1In(2)) 0 1 F1/2 0
511 0 0 0 0 0 0
512 0 0 0 0 0 0
513 0 0 0 0 0 0
5|4 -269/40 +61In(2) F(29/140 — 121n(2)) 0 12 +6 0
515 —-1229/240 - 31In(2) +309/140 1709/420 1 73 -1

Table 2: Numerical values of the coefficients g, Efj , appearing in (Cisji')MS’GIRS.

extended quark bilinear operators, the chromomagnetic operator, and the energy-momentum tensor.
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