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1. Introduction

Lattice gauge theories (LGTs) have proven in recent decades to be an indispensable tool for ex-
tracting quantitative predictions from the Standard Model, especially non-perturbative contributions
stemming from quantum chromodynamics (QCD). In combination with renormalized perturbative
calculations, lattice QCD (LQCD) has allowed numerous measured observables to be compared
with high-quality theoretical values.

As a computational framework, LQCD has typically relied upon the Monte Carlo sampling of
path-integral formulated in Euclidean time, to avoid the sign problem. While static, ground state,
and thermodynamic properties can be computed very well in this approach, studies of real-time
QCD dynamics and properties of QCD matter at finite baryon density suffer from a severe sign
problem. It is widely hoped [1] that quantum computation may allow for the simulation of LQCD
and other many-body quantum systems in the long-term without exponentially-scaling resources.

In this work we turn to quantum link models (QLMs) [2] as a framework that is especially suited
to quantum computation approaches. In contrast to the Wilsonian formulation, the quantum link
formulation provides an additional parameter: the representation of link operators, which controls
the Hilbert space of local gauge fields and has an exact local gauge invariance. Each such choice of
representation leads to a valid theory in its own right with that same gauge invariance. There is thus
no need for a gauge-symmetry breaking truncation of the infinite-dimensional Hilbert space needed
for each gauge link in the Wilson gauge formulation. QLMs have been studied with increasing
interest by several groups, including through classical simulations employing exact-diagonalisation
(ED) and tensor networks (TN) [3–5], and on real quantum hardware [6–8]. Most often, Abelian
𝑈 (1) QLMs have been investigated, with and without matter, but only a few results exist for the
physics of 𝑆𝑈 (2) and 𝑆𝑂 (3) gauge theories [9–11].

We choose to focus on the 𝑆𝑂 (3) QLM because of qualitative properties it is known to share
with QCD, including fermionic baryon bound states, and spontaneous chiral symmetry breaking
(in (1 + 1)𝑑). Refs. [9] and [10] were the first to demonstrate these properties with numerical
simulations in (1 + 1)𝑑, including with dynamical matter fermions. More recently, a subset of us
[11] have studied the matter-free 𝑆𝑂 (3) QLM in (2+1)𝑑 using quantum algorithms to demonstrate
the spontaneous symmetry breaking in that theory.

Here we present the first ED results obtained for the 𝑆𝑂 (3) QLM in (2 + 1)𝑑 including
dynamical matter fermions, and show that even on a single plaquette, the model demonstrates both
explicit and spontaneous chiral symmetry breaking, as well as other intriguing properties such as
distinct magnetic phases. In Section 2, we define the 𝑆𝑂 (3) QLM and show how to solve the
Gauss’s Law constraint in (2 + 1)𝑑, arriving at a fully gauge-invariant Hilbert space. In Section 3
we overview our ED techniques and the symmetry-driven speedups which enable such a study, and
in Section 4 we deliver our numerical results, before discussing implications and continuing work
in Section 5.

2. 𝑆𝑂 (3) Quantum Link Models with Fermions

QLMs succeed in exactly preserving local gauge invariance by modifying the commutation
relations between the quantum link fields, which do not affect the gauge invariance. Consequently,
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the operators are not unitary. Explicit representations of the link operators and their canonical
momenta (the electric fields) can obtained via an appropriate embedding algebra. Following the
notation of [10], we review here the gauge and fermion operators of our construction, implement
the 𝑠𝑜(6) embedding algebra, and then solve Gauss’s Law.

2.1 Operators and Gauge-Invariant States

The complete 𝑆𝑂 (3) operator algebra on each site is:

[𝐿𝑎, 𝐿𝑏] = 2𝑖𝜀𝑎𝑏𝑐𝐿𝑐, [𝑅𝑎, 𝑅𝑏] = 2𝑖𝜀𝑎𝑏𝑐𝑅𝑐,

[𝐿𝑎, 𝑂𝑏𝑑] = 2𝑖𝜀𝑎𝑏𝑐𝑂𝑐𝑑 , [𝑅𝑎, 𝑅𝑏𝑑] = −2𝑖𝜀𝑎𝑏𝑐𝑂𝑐𝑑 ,

[𝑂𝑎𝑏, 𝑂𝑐𝑑] = 2𝑖𝛿𝑎𝑐𝜀𝑒𝑏𝑑𝑅𝑒 + 2𝑖𝛿𝑏𝑑𝜀𝑒𝑎𝑐𝐿𝑒, (1)

where 𝐿𝑎, 𝑅𝑎 and 𝑂𝑎𝑏 are the 𝑆𝑂 (3) matrix-valued left/right electric fields and gauge fields,
respectively, with colour indices 𝑎, 𝑏 ∈ 1, 2, 3 while spacetime labels are suppressed. We include
staggered fermionic matter fields 𝜓𝑎 which transform in the adjoint representation of 𝑆𝑂 (3). This
has the important consequence that the colour of the fermion can be screened by the colour of
a gauge field in order to form a hadronic state, which can be fermionic in nature, as in QCD.
In contrast, while considering matter in the fundamental representation, one only obtains bosonic
hadronic states.

The generators of gauge transformations at each site may then be written [10]:

𝐺𝑎 = −2𝑖𝜓𝑏†𝜀𝑎𝑏𝑐𝜓𝑐 +
∑︁
𝑘

(
𝐿𝑎

𝑥,+�̂� + 𝑅𝑎

𝑥,− �̂�

)
, (2)

such that gauge-invariant states must satisfy 𝐺𝑎 |Ψ⟩ = 0; this is Gauss’s Law. It is also standard
practice to encode the above operator algebra by means of an so(6) embedding algebra composed
of spin bilinears:

𝑂𝑎𝑏

𝑥,𝑥+�̂� = 𝜎𝑎

𝑥,+�̂� ⊗ 𝜎𝑏

𝑥+�̂�,− �̂� , 𝐿𝑎

𝑥,+�̂� = 𝜎𝑎

𝑥,+�̂� ⊗ I, 𝑅𝑎

𝑥,− �̂� = I ⊗ 𝜎𝑎

𝑥,− �̂� . (3)

When we write down gauge-field states, we can then use the notation |↑⟩ , |↓⟩ for spin states, as well
as the convention 𝑆𝑎 = 1

2𝜎
𝑎 for spin operators.

Schematically, each |Ψ⟩ at a site is a product of gauge-field and fermion states, i.e. |Ψ⟩ =

|𝜒⟩𝑔 |𝜓⟩ 𝑓 , where on a (2 + 1)𝑑 square lattice |𝜒⟩𝑔 will receive contributions from four links.
A gauge-invariant singlet |Ψ⟩ may therefore be built either from both singlet gauge and fermion
components, or from “matching” triplet gauge and fermion components.

The former case is more trivial. |𝜓⟩ 𝑓 will be a gauge-invariant singlet only in the case of
fermionic zero occupation |0⟩ 𝑓 or maximum occupation |3⟩ 𝑓 . As shown in [10], there are two
pure-gauge singlets in (2 + 1)𝑑, which we denote |𝜒1⟩𝑔 and |𝜒2⟩𝑔. Taking all products of these, we
have identified four singlet-singlet gauge-invariant states:

|Ψ1⟩ = |𝜒1⟩𝑔 |0⟩ 𝑓 , |Ψ2⟩ = |𝜒2⟩𝑔 |0⟩ 𝑓 , |Ψ9⟩ = |𝜒1⟩𝑔 |3⟩ 𝑓 , |Ψ10⟩ = |𝜒2⟩𝑔 |3⟩ 𝑓 ,

|𝜒1⟩𝑔 =
1
2
( |↑↓↑↓⟩ − |↑↓↓↑⟩ − |↓↑↑↓⟩ + |↓↑↓↑⟩) ,

|𝜒2⟩𝑔 =
1

√
12

(2 |↑↑↓↓⟩ + 2 |↓↓↑↑⟩ − |↑↓↑↓⟩ − |↑↓↓↑⟩ − |↓↑↑↓⟩ − |↓↑↓↑⟩) , (4)
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where the spin (gauge-field) basis is ordered around the vertex, e.g. clockwise.
The latter case requires more construction. Pure-gauge triplet states may be obtained by

constructing products of a singlet spin-pair on two links and a triplet spin-pair on the other two
links [9], and then applying spin-raising operators. Nine independent states result, denoted as
{|𝜒3⟩𝑔 , ..., |𝜒11⟩𝑔}. These may be combined with single-occupation fermion states |1⟩ 𝑓 via the
ansatz:

|Ψ⟩ =
[
1
2
(𝑆− |𝜒𝑆𝑧=0⟩𝑔 − 𝑆+ |𝜒𝑆𝑧=0⟩𝑔)𝜓

1† + 𝑖

2
(𝑆− |𝜒𝑆𝑧=0⟩𝑔 + 𝑆+ |𝜒𝑆𝑧=0⟩𝑔)𝜓

2† + |𝜒𝑆𝑧=0⟩𝑔 𝜓
3†
]
|0⟩ 𝑓

(5)
where |𝜒𝑆𝑧=0⟩𝑔 may be any of |𝜒6⟩𝑔, |𝜒7⟩𝑔, |𝜒8⟩𝑔. This ansatz satisfies 𝐺𝑎 |Ψ⟩ = 0, as does
the obvious generalisation to double-occupation fermion states. Therefore, we have identified six
triplet-triplet gauge-invariant states, for a total dimensionality of ten gauge-invariant states per site.

2.2 Action of Gauge-Invariant Operators

The only gauge-invariant operators for the above state space are composed of either two
fermion-operators, two gauge-operators, or one of each:

𝑀 =

3∑︁
𝑎=1

𝜓𝑎†𝜓𝑎, Φ𝑖 𝑗 =

3∑︁
𝑎=1

𝑆𝑎𝑖 𝑆
𝑎
𝑗

𝐵+
𝑖 =

3∑︁
𝑎=1

2𝜓𝑎†𝑆𝑎𝑖 , 𝐵−
𝑖 =

3∑︁
𝑎=1

2𝜓𝑎𝑆𝑎𝑖 (6)

Applying these operators to the gauge-invariant basis defined above, we arrive at matrix represen-
tations convenient for ED, which are illustrated in Figure 1. 𝑀 is easily seen to count fermion
occupation number, while 𝐵±

𝑖
are generalised raising/lowering operators which mix the gauge

degrees of freedom, and the Φ𝑖 𝑗 are purely gauge-mixing.
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Figure 1: Gauge-invariant operators acting at each site, written in the |𝜒𝑖⟩ basis.
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As shown in [10], the Hamiltonian can be re-expressed in terms of these operators, effectively
pre-diagonalising it in the gauge-invariant subspace:

𝐻 = −𝑡
∑︁
𝑥,�̂�

[
𝑠𝑥,𝑥+�̂�

®𝐵+
𝑥,+�̂� · ®𝐵

−
𝑥+�̂�,− �̂� + h.c.

]
+ 𝑚

∑︁
𝑥

𝑠𝑥𝑀𝑥

− 1
4𝑔2

∑︁
𝑥

Tr [Φ12Φ41Φ34Φ23] + 𝐺
∑︁
𝑥

𝑀2
𝑥 +𝑉

∑︁
𝑥,�̂�

𝑀𝑥𝑀𝑥+�̂� , (7)

where 𝑠𝑥 = (−1)𝑥1+𝑥2 and 𝑠𝑥,�̂� = (−1)𝑥1+...+𝑥𝑘−1 are alternating signs, spacetime indices on the Φ

operators follow a counterclockwise plaquette ordering, and the correspondence between axes �̂�

and indices 𝑖 ∈ {1, 2, 3, 4} is most easily understood from the schematic in Figure 2.

Φ34

Φ23 Φ12

Φ41

𝐵+
3 ⊗ 𝐵−

1

𝐵+
3 ⊗ 𝐵−

1

𝐵+
2 ⊗ 𝐵−

4 𝐵+
2 ⊗ 𝐵−

4

𝑀

𝑀 𝑀

𝑀

Figure 2: Operator schematic for a single-plaquette
lattice.

Figure 3: Symbolic notation for 10 gauge-
invariant states per site.

3. Exact Diagonalisation Methodology

We perform ED by explicitly constructing the Hamiltonian as a sparse matrix whose entries are
simple rational functions of the physical parameters {𝑡, 𝑚, 𝑔, 𝐺,𝑉}, then substituting chosen values
when runs are performed. Each run consists of a Lanczos (Arnoldi) iteration procedure to prepare
the ground state of the Hamiltonian [12]. Both sparse matrix storage/retrieval and Lanczos iteration
are accelerated by pre-diagonalising the Hamiltonian with respect to its global baryon-number
symmetry:

𝐵 =
∑︁
𝑥

(
𝑀𝑥 −

3
2
I10

)
, [𝐵, 𝐻] = 0. (8)

Labelling global fermion states of the lattice by a row-major ordering of occupation numbers at
each site, e.g. |Ψ9⟩ ⊗ |Ψ3⟩ ⊗ |Ψ8⟩ ⊗ |Ψ1⟩ ≡ |3120⟩, we observe that the eigenvalue of 𝐵 on a basis
state is simply the sum of these occupation numbers less 3𝑁/2, where 𝑁 is the total number of
sites. Therefore, the 𝐵 = 0 sector corresponds to all 𝑁-part partitions (allowing 0) of 3𝑁/2, which
can be easily computed for small 𝑁 . For the single-plaquette 𝑁 = 4, there are 44 such states, which
expand to 1878 states once gauge degrees of freedom are accounted for, out of 104 total physical
states.

Although the baryon number of the ground state is not 0 for all choices of parameters
{𝑡, 𝑚, 𝑔, 𝐺,𝑉}, and we have analytically understood its variation with the Fermi couplings 𝐺,𝑉 in
particular, we restrict ourselves to the 𝐵 = 0 sector for the analysis presented here. In the continuum
limit, the ground state of 𝑆𝑂 (3) gauge theory is expected to be 𝐵 = 0 across all accessible physical
parameters, where the baryon number symmetry is not broken spontaneously.
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Figure 4: Ground-state plaquette observable ⟨Φ⟩, varying fermion mass 𝑚 and inverse plaquette coupling 𝑔.

4. Chiral and Magnetic Observables for a Single Plaquette

A standard gauge-invariant observable in LQCD is the average spatial plaquette ⟨Φ⟩, the
expectation value of Tr[ΦΦΦΦ]. This quantity can also be interpreted as an average magnetic field
energy, and is known to be a good order parameter; for example, in the (3 + 1)𝑑 𝑍2 lattice gauge
theory, ⟨Φ⟩ exhibits a large discontinuity at the first-order phase transition [13, 14].

Even for a single plaquette, we can expect that ⟨Φ⟩ may behave quite differently at strong- and
weak-coupling, and in response to four-Fermi couplings. Notably, this observable is sensitive to
both gauge and fermionic degrees of freedom, and is absent from the (1 + 1)𝑑 physics of [10].

Let us first put the four-Fermi couplings to the side, and observe via ED on a single-plaquette
how ⟨Φ⟩ varies just with inverse plaquette coupling 𝑔 and fermion mass 𝑚. The contour plot in
Figure 4 (left) reveals three distinct phases: ⟨Φ⟩ ∼ 0 (zero-field), ⟨Φ⟩ ∼ 50 (low), and ⟨Φ⟩ ∼ 80
(high). The high-field region occurs only at stronger plaquette couplings (smaller 𝑔), with the
critical coupling 𝑔𝐶 between zero-field and high-field regions especially sharp in the massless
limit. As illustrated in 4 (right), the high-field region becomes narrower for nonzero fermion mass
𝑚. Meanwhile, at weaker plaquette couplings 𝑔, the introduction of mass gradually transitions
zero-field behavior to low-field behavior. We also remark that increased ⟨Φ⟩ is associated with
a confining of fermions, as denoted by state schematics in the Figure – the high-field behavior
is associated with a cluster of fermion occupation towards one corner of the plaquette, while the
low-field behavior is associated with checkerboarded zero-occupation and full-occupation sites.

We are also interested in the spontaneous breakdown of chiral symmetry. For the 𝑆𝑂 (3) QLM,
a phase with spontaneously-broken chiral symmetry is signified by a staggered fermion occupation
pattern, as well as a diminishing gap between the ground state and first excited state. We can expect
a nonzero mass term to explicitly break chiral symmetry. To assess these properties, we examine
the chiral condensate observable ⟨Ψ̄Ψ⟩, or in our notation, the expectation value of

∑
𝑥 𝑠𝑥𝑀𝑥 .

Via our ED on a single-plaquette, we observe how ⟨Ψ̄Ψ⟩ varies with inverse plaquette coupling
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Figure 5: Ground-state chiral condensate ⟨Ψ̄Ψ⟩, varying fermion mass 𝑚 and inverse plaquette coupling 𝑔.

𝑔 and fermion mass 𝑚. The contour plot in Figure 5 (left) reveals three distinct phases: ⟨Ψ̄Ψ⟩ ∼ 0
(chiral symmetry preserved), | ⟨Ψ̄Ψ⟩ | ∼ 6 (maximal chiral symmetry-breaking), and | ⟨Ψ̄Ψ⟩ | ∼
2 (weak chiral symmetry-breaking). For nonzero fermion masses, chiral symmetry-breaking is
unavoidable, but above 𝑚 ≳ 1 the maximal and weak regions are separated by a sharp transition,
which notably but imprecisely aligns with the low-field to high-field transition seen in Figure 4.

At 𝑚 = 0, while chiral symmetry is largely preserved, there is a critical inverse plaquette
coupling 𝑔𝜒 below which chiral symmetry is again weakly broken. 𝑔𝜒 ≠ 𝑔𝐶 , as more cleanly
illustrated by comparing chiral condensates for several fixed fermion masses, seen in Figure 5
(right). Even a very small mass (𝑚 ∼ 10−7) dilutes this effect, returning to an explicitly symmetry-
breaking regime. For couplings stronger than 𝑔𝜒 in the massless limit, the mass-gap also vanishes.

We are now in a position to ask how each of these phases is perturbed by the four-Fermi
interactions, and choose to focus on the massless case. The dependence of the critical couplings
𝑔𝐶 and 𝑔𝜒 on 𝐺 and 𝑉 are demonstrated in Figures 6 and 7, respectively.

The zero-field to high-field transition in the plaquette observable is stable for positive anisotropies
𝐺, which energetically penalises sites with extremal fermion occupation (0 or 3). This also aligns
with the preliminary observation that positive 𝐺 shrinks the low-field region. For 𝐺 < 0, however,
the zero-field to high-field transition becomes smooth, unless a sufficiently strong nearest-neighbor
coupling 𝑉 is also introduced (numerically, the boundary is 𝑉 ∼ −2𝐺). Interestingly, the critical
inverse plaquette coupling 𝑔𝐶 only notably changes as the nearest-neighbor coupling𝑉 is increased.

We should expect that negative nearest-neighbour coupling 𝑉 would preclude any chiral
symmetry-breaking by favouring “ferromagnetic” states with ⟨Ψ̄Ψ⟩ = 0. This expectation is
confirmed by ED, alongside a similar role of the 𝑉 ∼ −2𝐺 diagonal line as for the magnetic ob-
servable. The spontaneous chiral symmetry-breaking phenomenon is somewhat stable for 𝑉 > 0
and 𝐺 to the right of this diagonal. Another notable feature is that the sign of 𝐺 distinguishes two
regions of slightly distinct spontaneous chiral symmetry-breaking critical coupling 𝑔𝜒.
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Figure 6: Magnetic critical coupling 𝑔𝐶 for
massless fermions 𝑚 = 0, as a function of four-
fermi couplings 𝐺 and 𝑉 . In the lighter regions,
a smooth crossing is replaced by a discontinuity
at a fairly consistent coupling.

Figure 7: Spontaneous chiral symmetry-
breaking critical coupling 𝑔𝜒 for massless
fermions 𝑚 = 0, as a function of four-fermi cou-
plings 𝐺 and 𝑉 . A notably strong critical cou-
pling 𝑔𝜒 is found on the positive 𝐺-axis.

5. Discussion

While the 𝑆𝑂 (3) QLM in (2+1)𝑑 is an interesting quantum system in its own right, ultimately
our goal is to quantum simulate QCD and thereby better understand its non-perturbative features. We
should therefore take our preliminary one-plaquette results, first and foremost, as an indicator that
non-Abelian QLMs with dynamical fermions are robust discretisations of gauge theories capable
of exhibiting the core physics properties of QCD, including across the full phase diagram for
temperature and baryo-chemical potential.

Adapting and developing quantum algorithms well-suited to simulating QLMs is an essential
continuing effort, and to that end we are in the process of constructing quantum circuits to reproduce
out ED results on small lattices. Because of the limited availability and reliability of quantum
hardware, we are also employing large-scale classical simulations (including ED and matrix produce
states), to check the stability of the single-plaquette phase diagram as the continuum is approached.
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