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We present an updated study of the # 5 = 3 QCD phase transition using Möbius domain wall
fermions. Simulations were performed on #C = 12 lattices with aspect ratios ranging from 2
to 4 for various quark masses, at a lattice spacing of 0 = 0.1361(20) fm, corresponding to a
temperature of 121(2) MeV. To clarify the nature of the phase transition, a large-volume lattice,
483 × 12× 16, was added to analyze the volume dependence of disconnected chiral susceptibility.
By examining the chiral condensate, disconnected chiral susceptibility, and Binder cumulant, and
incorporating results from 243×12×16 and 363×12×16 lattices reported in earlier studies [1, 2],
we observe that the transition is consistent with a crossover at a quark mass of approximately
<MS
5
(2 GeV) ∼ 4 MeV at this temperature. Furthermore, we discuss the effects of residual chiral

symmetry breaking on the chiral condensate and disconnected chiral susceptibility for different
sizes in the 5th-direction.

The 41st International Symposium on Lattice Field Theory (LATTICE2024)
28 July - 3 August, 2024
Liverpool, UK

∗Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0).

https://pos.sissa.it/

mailto:yzhang@physik.uni-bielefeld.de
https://pos.sissa.it/


P
o
S
(
L
A
T
T
I
C
E
2
0
2
4
)
1
9
3

Three flavor QCD phase transition with Möbius domain wall fermions Yu Zhang

1. Introduction

The nature of the QCD chiral phase transition has been a hot topic in the study of strongly
interacting matter for decades. In particular, the phase transition for three degenerate quark flavors
in the chiral limit, represented in the lower left corner of the Columbia plot, remains unresolved.
Early theoretical work by Pisarski andWilczek, based on a perturbative renormalization group study
of a three-dimensional linear sigma model, predicted a first-order phase transition [3]. According
to their analysis, this first-order transition weakens as one moves away from the chiral limit and
eventually terminates at a critical endpoint, where the phase transition becomes second-order,
belonging to the three-dimensional / (2) Ising universality class.

In contrast, recent functional renormalization group analysis with all couplings up to q6 terms
included in a three-dimensional Ginzburg-Landau theory [4, 5], numerical conformal bootstrap [6]
, conjectures in Ref. [7] and extended linear sigma model analysis [8], both suggest the possibility
of a second-order phase transition in the # 5 = 3 chiral limit if * (1)� symmetry is effectively
restored at the critical point. Recent results from the Dyson-Schwinger equations [9] also found a
second-order phase transition in the # 5 = 3 chiral limit. These low-energy effective model analyses
can capture qualitative aspects but certainly cannot solve this open problem. Whether the first-order
region is tiny or does not exist at all is still an open question. If it exists, what is the value of the
critical pion mass that separates the first-order and crossover regions? To answer this quantitative
question, we need lattice QCD simulation.

Earlier lattice studies using standard staggered [10–12],Wilson [13] and$ (0)-improvedWilson
fermions [14] support the existence of a first-order phase transition for light quark masses on coarse
lattices. However, subsequent studies have shown that the size of the first-order region depends
significantly on the formulation of the lattice action and lattice spacing [15–20]. Recent studies
have not found direct evidence of a first-order transition for pion mass above 50 MeV using highly
improved staggered fermions(HISQ) [18] or 110 MeV using $ (0)-improved Wilson fermions [20].
Another recent study by looking into the position of the tri-critical point as a function of the
number of quark flavors, # 5 , finds that the chiral phase transition is second order for three massless
quarks [21]. Later, a study using HISQ fermions also suggests a second-order phase transition in
the chiral limit [22]. This leaves little room for a first-order region to exist, but it cannot be ruled
out; it can be very small. It is important to note that the existing results predominantly originate
from staggered or Wilson fermion formulations, which partially or completely break the chiral
symmetry at finite lattice spacing. Therefore, it is important to explore this problem further using
chiral fermions. Specifically, we use the Möbius domain wall fermion, and some of the preliminary
results have been reported in previous lattice conference proceedings [1, 2, 23]. The advantage of
the Möbius domain wall fermion is that it has exact chiral symmetry at finite lattice spacing for
the size of fifth-dimension (!B) goes to infinity, and the reduced chiral symmetry breaking effect
parameterized by the residual mass when the size in the 5th-direction, !B, is finite.

2. Lattice Setup

We perform # 5 = 3 QCD simulations using the tree-level improved Symanzik gauge action
combined with the Möbius domain wall fermion action. The simulations are implemented using
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the Grid code optimized for the Fugaku CPU A64FX architecture [24]. The gauge coupling is
fixed at V = 4.0, corresponding to a lattice spacing 0 = 0.1361(20) fm. This value is obtained
from the Wilson flow parameter C0 and matches the continuum extrapolated physical point result for
# 5 = 2+ 1 QCD [25]. In our previous study [1, 2], we performed simulations on 243 × 12× 16 and
363 × 12 × 16 lattices with a range of quark masses. We observed a significant finite-volume effect
near the transition point. To study this effect further, in this work, we conducted a larger volume
simulation on 483 × 12 × 16 lattices with two mass points −0.003 and −0.004. To evaluate the
effects of residual chiral symmetry breaking, additional simulations are performed on 243 ×12×32
lattices with 5 quark masses in the range [−0.001, 0.003]. For each parameter set, we generate
about 20,000 thermalized trajectories, with measurements taken every 10 trajectories.

In addition to the finite-temperature ensembles, we also generate zero-temperature # 5 = 3
configurations at V = 4.0, 4.1 and 4.17 on lattices of size 243 × 48 × 16, 243 × 48 × 16, and
323 × 64× 16, respectively. These ensembles are utilized to determine the lattice spacing, study the
coupling dependence of the residual mass, and remove the ultraviolet divergence contribution from
the finite temperature chiral condensate.

3. Numerical results

3.1 Residual chiral violations

For domain wall fermions with finite !B, there exists a residual mixing between the two
walls, resulting in a breaking of chiral symmetry. The leading effect of this mixing is an additive
renormalization to the bare quark mass, commonly referred to as the residual mass, <res. The
residual mass is defined through the Ward-Takahashi identity of the axial current [26]:

Δ`〈A0
` (G)$ (H)〉 = 2< 5 〈�05 (G)$ (H)〉 + 2〈�05@ (G)$ (H)〉 + 8〈X

0$ (H)〉 (1)

where �05@ is the pseudoscalar density constructed from the fields at the center of the fifth dimension,
and �05 is the physical pseudoscalar density constructed from the fields at the boundary. The �05@ term
acts as an additional contribution to the continuum expression and vanishes in the limit !B → ∞
for the non-singlet flavor. Close to the continuum limit, in an effective low-energy Lagrangian, the
coefficient of the mass term is expected to be proportional to < 5 + <res. So, �05@ ≈ <res�

0
5 . This

motivates the definition of the residual mass as the ratio [27]

<res =

〈∑
®G �

0
5@ (®G, C) �

0
5 (®0, 0)

〉〈∑
®G �

0
5 (®G, C) �

0
5 (®0, 0)

〉 �����
C≥C<8=

, (2)

where, for C larger than some source-sink separations C<8=, the ratio develops a plateau and equal to
the residual mass. According to chiral perturbation theory, at leading order, pion mass squared is
proportional to < 5 +<res. This dependence ensures that the pion mass vanishes in the chiral limit.

To quantify the violation of chiral symmetry due to the finite !B, we measured <res. The
left plot of Fig. 1 shows <res as a function of bare input quark mass for zero temperature and
finite temperature lattices at V = 4.0. For finite temperature lattices, <res is obtained using the
ratio of correlation function evaluated at spatial source sink separation, given the larger spatial
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Figure 1: Left: Residual mass as a function of the bare input quark mass 0<@ for zero and finite temperature
ensembles at V = 4.0, with linear 0< 5 → 0 extrapolation to determine the mass independent <res. Right:
The pion mass squared as a function of the renormalized quark mass in physical units for three different V
values. The dashed lines represent linear fits.

extent. We observe that the <res obtained from finite-temperature and zero-temperature lattices
are consistent, and also no visible volume dependence. The dashed line represents a linear fit,
which describes the data well and indicates a linear quark mass dependence of <res. This linear
dependence is understood as a lattice artifact. A common approach to address this artifact and
define a mass independent<res is to extrapolate to the zero input quark mass limit. The extrapolated
values are 0<res(0< 5 = 0) = 0.00613(9) for !B = 16 and 0<res(0< 5 = 0) = 0.00324(3) for
!B = 32. This !B dependence is expected, as at strong gauge-field coupling,<res receives significant
contributions from near-zero eigenmodes, which gives a power-law dependence of 1/!B [28]. The
1/!B dependence arises due to the presence of gauge field dislocations. The right plot of Fig. 1
shows the pion mass squared as a function of the renormalized quark mass in the MS scheme at a
scale of 2 GeV for three different V values. The results exhibit good linearity, as indicated by the
dashed lines. This behavior is consistent with the leading order prediction of chiral perturbation
theory, where <2

c ∝ < 5 +<res. As expected, <c approaches zero in the chiral limit, demonstrating
the good chiral properties of domain wall fermions. However, <2

c does not reach exactly zero,
which could be attributed to the finite-volume effects or the omission of chiral logarithm terms.

3.2 Chiral condensate

The chiral condensate serves as the order parameter of chiral symmetry breaking. To ensure that
the chiral condensate remains finite in the continuum limit with a finite quark mass, both additive
and multiplicative renormalizations are necessary. The additive renormalization arises from the
< 5 0

−2 divergent contribution. For domain wall fermion with finite !B, there is an additional
power divergence term induced by the residual chiral symmetry breaking, which is proportional to
G<res0

−2 with G an unknown coefficient [29]. Therefore, the domain wall fermion chiral condensate
behaves as:

〈k̄k〉|DWF ∼ 〈k̄k〉|cont. + ��
< 5 + G<res

02 + ... , (3)

< 5 and <res do not appear in linear combination, in other words, G = O(1) instead of 1. If we
perfrom extrapolation to the chiral limit < = < 5 + <res → 0, the additive divergence remains, as
shown as lim<→0 lim!→0〈k̄k〉|DWF ∼ 〈k̄k〉|cont.+�� (G−1)<res

02 . The multiplicative renormalization
is addressed using the renormalization constant /MS

< (2 GeV). In this work, the renormalized chiral
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condensate is defined as (〈k̄k〉 −�� < 5 +G<res
02 ) (/MS

< (2 GeV))−1. To calculate it, the parameters��

and G must be determined. Next, I will explain how we can get them. The left plot in Fig. 2 shows
the multiplicatively renormalized chiral condensate on zero temperature lattices for three different V
values, plotted as a function of the renormalized quark mass. The dashed lines represent quadratic
fits, expressed as follows:

〈k̄k〉(< 5 + <res) = 〈k̄k〉(0) + ��
< 5 + G<res

02 + �' (< 5 + <res) + �(< 5 + <res)2 (4)

= 〈k̄k〉(0) + (�� + �'02)
< 5 + <res

02 + �� (G − 1)<res

02 + �(< 5 + <res)2 . (5)

The linear term in the quark mass receives contributions from both the UV divergence part and
the regular part. These fits give a good descripation of the data. Right plot of Fig. 2 shows the
coefficient of the linear mass term as a function of lattice spacings. The value of �� is estimated
by extrapolating to the continuum limit, as shown by the dashed line, resulting in �� = 1.12(6).
To eliminate the residual chiral symmetry breaking effect in the chiral condensate, it is necessary
to calculate coefficient G, which can be obtained from the finite temperature chiral condensate.
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Figure 2: Left: The multiplicatively renormalized chiral condensate as a function of the renormalized quark
mass for three different V values, with the dashed lines representing the quadratic fits. Right: The coefficient
of linear quark mass term as a function of lattice spacings.

The left panel of Fig. 3 shows the multiplicatively renormalized chiral condensate as a function
of the renormalized quark mass for finite tempearure ensembles with #C = 12, aspect ratios #B/#C
from 2 to 4, and !B = 16 and 32, respectively. We do not observe significant finite-volume effects,
but we do see at approximately the same total quark mass, the chiral condensate for !B = 32 is
always larger than the values obtained from !B = 16 lattices. This discrepancy arises from the
residual chiral symmetry breaking term ��

(G−1)<res
02 , where it is negative and <res is smaller for

!B = 32. To remove this effect, a linear extrapolation to the chiral limit was performed using the
three lowest mass points from the 243 × 12 × 16 lattices. These mass points are believed to lie
within the chiral symmetry restored phase, as the transition mass point determined from the peak
of disconnected chiral susceptibility is above the chosen mass points at this temperature which we
will show later and also the chiral phase transition temperature is estimated to be )2 = 98+3−6 MeV
for #C = 8 from [22], so 〈k̄k〉|cont is assumed to be zero. In the chiral limit, the chiral condensate
is expected to be �� (G−1)<res

02 . By using the intercept value of the dashed line, along with the
results for �� and <res, G is estimated to be −0.6(1). This allows us to eliminate the intricate UV
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divergence from the chiral condensate. The right panel of Fig. 3 shows the renormalized subtracted
chiral condensate results. We observe that the results from 243 × 12× 16 and 243 × 12× 32 lattices
are consistent, indicating that the residual chiral symmetry breaking effect has been effectively
removed from the chiral condensate. It is challenging to identify the transition point directly from
the chiral condensate itself. Instead, we use the disconnected chiral susceptibility, which measures
fluctuations in the chiral condensate and its response to changes in external parameters, such as the
quark mass in this case.
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Figure 3: The multiplicatively renormalized chiral condensate (left) and the additively and multiplicatively
renormalized chiral condensate (right) as functions of the renormalized quark mass for #C = 12 lattices with
!B = 16 and !B = 32 respectively.

3.3 Disconnected chiral susceptibility

We use the disconnected chiral susceptibility, jdisc, to pinpoint the transition point where it
develops a peak. jdisc does not suffer from the UV divergence, but multiplicative renormalization
is required. The left panel of Fig. 4 shows the result of the renormalized disconnected chiral
susceptibility as a function of the renormalized quark mass in physical units for !B = 32 and
!B = 16 lattices with three different volumes, along with their cubic smoothing spline fits, except
for the largest volume. The vertical bands represent the transition region, determined from the peak
of jdisc. We observe a significant finite-volume effect for #3

B × 12× 16 lattices with #B = 24, 32, 48
near the transition range, but the change in peak height is not as large as anticipated from a first-order
or / (2) second-order phase transition. This observation is consistent with a crossover rather than
a true phase transition. Another observation is that at approximately the same total quark mass,
jdisc obtained from !B = 32 lattices is consistent with those obtained from !B = 16 lattices with
#B = 24 and #C = 12, despite the relative size of the residual mass and the input quark mass being
quite different. This is expected, as the chiral susceptibility is defined as the derivative of chiral
condensate with respect to the input quark mass, making it a function of the total quark mass.

3.4 Binder cumulant and Histogram of chiral condensate

To identify the order of the QCD phase transition, we use the Binder cumulant of the chiral con-
densate [30], which is defined as �4(k̄k) = 〈

(Xk̄k)4〉
〈(Xk̄k)2〉2 , Xk̄k = k̄k−〈k̄k〉. In the thermodynamic

limit, it takes different values depending on the type of phase transition. �4(k̄k) = 1 corresponds
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Figure 4: Left: The renormalized disconnected chiral susceptibility as a function of the renormalized quark
mass for #C = 12 lattices with !B = 16 and !B = 32, along with their cubic spline fits, except for the largest
volume. The vertical bands represent the transition region. Right: Binder cumulant as a function of the
renormalized quark mass for #C = 12 lattices with !B = 16 and !B = 32.

to a first-order phase transition, �4(k̄k) = 3 to an analytic crossover, and �4(k̄k) = 1.604 to
the second order phase transition with 3-dimensional Z(2) universality class [31]. However, at
finite volume, �4(k̄k) exhibits volume dependence for first-order transitions and crossover. It
approaches the corresponding universal value in the thermodynamic limit. At the critical point of
a second-order phase transition, the value remains unchanged with volume, it is scale invariant.

The right panel of Fig. 4 shows �4(k̄k) as a function of quark mass for #C = 12 lattices.
Results from all the ensembles are close to around the transition mass point, which is (< 5 +
<res)MS(2 GeV) ∼ 3.6 MeV as determined from the peak of disconnected chiral susceptibility,
indicating a crossover transition. The order of the QCD phase transition can also be studied using
the histogram the chiral condensate at the transition point. Fig. 5 displays the distribution of chiral
condensate near the transition point 3.6 MeV for #C = 12 lattices with three different volume. We
observe that it behaves like a Gaussian distribution, with no evidence of a double-peak structure,
which is expected for a first-order phase transition, would becomemore pronounced with increasing
volume. This provides further evidence for a crossover transition.
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Figure 5: The histogram of chiral condensate in the vicinity of the transition mass point (< 5 +
<res)MS (2 GeV) ∼ 3.6 MeV for #C = 12 lattices with three different volumes.
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4. Summary

We studied the # 5 = 3 QCD phase transition using Möbius domain wall fermions at a fixed
lattice spacing of 0 = 0.1361(20) on 483 × 12 × 16 lattices with a range of quark masses. Through
the analysis of the chiral condensate, disconnected chiral susceptibility, and Binder cumulant, and
by comparing these results with those obtained on 243 × 12 × 16 and 363 × 12 × 16 lattices in our
previous works [1, 2], we observe that the transtion is consistent with a smooth crossover. The
inflection point is located at approximately <MS

5
(2 GeV) ∼ 4 MeV, at a temperature of 121(2) MeV.

This result is consistent with findings obtained using Wilson and staggered-type fermions.
To investigate residual chiral symmetry breaking effects, we performed additional simulations

on 243 × 12 × 32 lattices at V = 4.0. We observed that the 1/!B dependence dominates the
contribution to the residual mass at this strong coupling. By examining the residual chiral symmetry
breaking effects on chiral observables for !B = 16 and 32 lattices, we found that the disconnected
chiral susceptibility results are consistent for approximately the same total quark mass across both
!B = 16 and 32. In contrast, the chiral condensate results are larger for !B = 32 than for 16,
indicating reduced residual chiral symmetry breaking for larger !B. This behavior is expected,
as the disconnected chiral susceptibility does not suffer from UV divergence, while the chiral
condensate does. By obtaining the coefficients (�� , G) of the UV divergence term in the chiral
condensate, expressed as �� < 5 +G<res

02 , we explicitly subtracted this unwanted UV divergence term
from the domain wall fermion chiral condensate for the first time. This is demonstrated by the
consistent renormalized chiral condensate results at the same total quark mass between the !B = 16
and !B = 32 lattices.
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