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We investigate the thermal properties of SU(3) Yang-Mills theory across the deconfinement phase
transition considering the framework of shifted boundary conditions in the temporal direction.
By measuring the entropy density 𝑠(𝑇𝑐)/𝑇3

𝑐 on both sides of the phase transition at the critical
temperature𝑇𝑐, we can retrieve the latent heat ℎ. Additionally, we compute ℎ from the discontinuity
in the trace anomaly of the energy-momentum tensor. Simulations are performed at five different
values of the lattice spacing, allowing us to extrapolate the results to the continuum limit. The
two observables produce compatible results, giving the combined estimate ℎ = 1.175(10) in
the continuum limit, achieving a precision of about 1%. Moreover, we determine the critical
temperature in physical units with permille accuracy, yielding 𝑇𝑐

√
𝑡0 = 0.24915(29). These

results allow us to connect the confined and the deconfined phases with precision, and we present
an improved computation of the Equation of State across the phase transition for temperatures
between 0 and 3.4𝑇𝑐.
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1. Introduction

Insights about the thermal properties of Quantum Chromodynamics (QCD) can be derived
from a detailed investigation of its gauge sector, described by the SU(3) Yang-Mills theory. At
variance with QCD that smoothly connects low and high temperatures, SU(3) Yang-Mills theory is
characterized by a deconfinement phase transition. While the first order nature of the transition is
well established, the latent heat ℎ released during the transition is currently known with a precision
of a few percent [1–4]. The latent heat is defined as the discontinuity in the energy density or,
equivalently, in the entropy density, at the transition point between the confined and the deconfined
phases. Within the conventional approach, ℎ is retrieved from the discontinuity in the trace anomaly
of the energy-momentum tensor 𝑇𝜇𝜈 (EMT) at criticality. Notice that the trace anomaly is affected
by an ultraviolet divergence related to the mixing with the identity operator, which anyway cancels
out when computing its gap at the critical point. In this study we consider an alternative approach,
where the latent heat is obtained from the discontinuity in the entropy density at the critical
temperature. The implementation of shifted boundary conditions [5–7] represents a convenient
framework where the thermal features can be studied very efficiently by Monte Carlo simulations
[8, 9]. Finally, we present a computation of the Equation of State of the SU(3) Yang-Mills theory
across the deconfinement phase transition [10], updating and complementing the results obtained
in Ref. [9]. The determination of the Equation of State across the critical point provides a deeper
understanding of the thermal features and of the phase transitions of a strongly interacting gauge
theory, which may be relevant in the context of dark matter formation in the early Universe [11–13].

2. General setup and strategy

We formulate the SU(3) Yang-Mills theory on a (3+1)-dimensional lattice with size 𝐿3 × 𝐿0

and lattice spacing 𝑎. Gauge fields are represented by link variables𝑈𝜇 (𝑥) ∈ SU(3), which satisfy
periodic boundary conditions in the spatial direction and shifted boundary conditions along the
temporal one:

𝑈𝜇 (𝐿0, 𝒙) = 𝑈𝜇 (0, 𝒙 − 𝐿0𝝃), (1)

where 𝐿0𝝃 is a vector with integer components in lattice units. The Wilson gauge action is given
by:

𝑆[𝑈] = 𝛽
∑︁
𝑥

∑︁
𝜇<𝜈

[
1 − 1

3
Re Tr

[
𝑈𝜇𝜈 (𝑥)

] ]
, (2)

where the trace is taken over the color index, 𝛽 = 6/𝑔2
0 is the inverse of the bare coupling 𝑔2

0 and
𝑈𝜇𝜈 (𝑥) is the plaquette field

𝑈𝜇𝜈 (𝑥) = 𝑈𝜇 (𝑥)𝑈𝜈 (𝑥 + 𝑎�̂�)𝑈†
𝜇 (𝑥 + 𝑎�̂�)𝑈†

𝜈 (𝑥), (3)

with 𝑥 being the space-time coordinate, 𝜇, 𝜈 = 0, . . . , 3 and �̂� is the unit vector along the correspond-
ing direction. In the thermodynamic limit, due to the invariance under Poincaré transformations
[7], the system with shifted boundary conditions is equivalent to a system with periodic boundary
conditions but temporal extent given by 𝐿0

√︁
1 + 𝝃2, which specifies the inverse temperature 𝑇−1. In

the framework of shifted boundary conditions, the off-diagonal elements of the energy-momentum
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tensor are no longer all vanishing and we can define the entropy density 𝑠(𝑇) at the temperature 𝑇
through the expectation value of the space-time components of the EMT ⟨𝑇0𝑘⟩𝝃 [7]

𝑠(𝑇)
𝑇3 = − (1 + 𝝃2)

𝜉𝑘

𝑍𝑇 ⟨𝑇0𝑘⟩𝝃
𝑇4 , (4)

where the energy-momentum tensor on the lattice is defined as follows [14]

𝑇𝜇𝜈 =
𝛽

6

{
𝐹𝑎
𝜇𝛼𝐹

𝑎
𝜈𝛼 − 1

4
𝐹𝑎
𝛼𝛽𝐹

𝑎
𝛼𝛽

}
. (5)

The field strength tensor 𝐹𝜇𝜈 (𝑥) = 𝐹𝑎
𝜇𝜈 (𝑥)𝑇𝑎 on the lattice is given by

𝐹𝑎
𝜇𝜈 (𝑥) = − 𝑖

4𝑎2 Tr
{[
𝑄𝜇𝜈 (𝑥) −𝑄𝜈𝜇 (𝑥)

]
𝑇𝑎

}
, (6)

with 𝑇𝑎 ∈ su(3) being the generators of the group SU(3), normalized as 2 Tr
[
𝑇𝑎𝑇𝑏

]
= 𝛿𝑎𝑏. The

clover field𝑄𝜇𝜈 (𝑥) is defined as the sum of the four coplanar plaquettes resting on the lattice site 𝑥:

𝑄𝜇𝜈 (𝑥) = 𝑈𝜇𝜈 (𝑥) +𝑈𝜈−𝜇 (𝑥) +𝑈−𝜇−𝜈 (𝑥) +𝑈−𝜈𝜇 (𝑥), (7)

with the minus sign standing for the negative direction.
The lattice regularization breaks explicitly the invariance of the theory under translations and

rotations, hence the energy-momentum tensor on the lattice is not a conserved quantity. In order
to have a lattice definition of the EMT that approaches the continuum one when 𝑎/𝐿 → 0, 𝑇𝜇𝜈
must be multiplicatively renormalized [14] and 𝑍𝑇 (𝑔2

0) is the renormalization constant of the sextet
component of the tensor. The renormalization constant in the pure SU(3) gauge theory has been
computed non-perturbatively in [9, 15].

The latent heat is defined as the difference in the energy density - or, equivalently, in the
entropy density - between the coexisting phases at criticality, hence the first step of this study
consists in the determination of the critical temperature 𝑇𝑐. Then we perform two separate Monte
Carlo simulations at 𝑇𝑐, where we compute the entropy density in the confined and deconfined
phase, 𝑠(𝑇−

𝑐 ) and 𝑠(𝑇+
𝑐 ) respectively, and extrapolate their value to the continuum limit. The latent

heat ℎ is then given by

ℎ =
Δ𝑠(𝑇𝑐)
𝑇3
𝑐

=
𝑠(𝑇+

𝑐 ) − 𝑠(𝑇−
𝑐 )

𝑇3
𝑐

. (8)

Alternatively, we can compute ℎ from the discontinuity in the trace anomaly 𝐴(𝑇) of the EMT at
the two sides of the phase transition. Using the definition related to the action density [16], we have

ℎ =
Δ𝐴(𝑇𝑐)
𝑇4
𝑐

=
𝑑𝛽

𝑑 log(𝑎)
𝑎4

𝛽𝐿0𝐿3
⟨𝑆(𝑇+

𝑐 )⟩ − ⟨𝑆(𝑇−
𝑐 )⟩

𝑇4
𝑐

, (9)

where the dependence of the lattice spacing on the bare gauge coupling can be found in [17].

3. Determination of the critical coupling

We have performed Monte Carlo simulations at five different values of the lattice spacing,
corresponding to systems with temporal extension 𝐿0/𝑎 = 5, 6, 7, 8 and 9. In all cases we adopted
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shifted boundary conditions with shift vector 𝝃 = (1, 0, 0), since for this value small lattice artifacts
have been previously observed for ⟨𝑇0𝑘⟩𝝃 [7, 8, 15]. Gauge configurations have been generated with
the standard overrelaxed Cabibbo-Marinari algorithm [18, 19]. Close to criticality, Monte Carlo
simulations show long autocorrelation times, thus we need large statistics - O(106) configurations
- to obtain accurate numerical estimates. Various observables can be considered to define the
critical coupling 𝛽𝑐, but they are all equivalent in the thermodynamic limit: in this study we use
the quantity proposed in [20, 21], which shows a rapid convergence to the infinite volume value
of 𝛽𝑐. In correspondence of first order phase transitions, an accurate determination of the critical
coupling by numerical simulations at finite volume relies on a proper sampling of the coexisting
phases, which can be obtained when many tunneling events occur in the Monte Carlo history. The
probability of a tunneling event decays exponentially as the spatial size of the system increases,
thus a fast convergence to the thermodynamic limit enables us to work with lattices with moderate
spatial volumes.

At the deconfinement phase transition the Z3 center symmetry of the SU(3) Yang-Mills theory
gets spontaneously broken: in the confined (cold) phase we have a single vacuum, while in the
deconfined (hot) phase there are 3 degenerate vacua. The expectation value of the Polyakov loop
⟨Φ⟩ is an order parameter of this transition, and it can be used to characterize the different phases.
When shifted boundary conditions are taken into account, the Z3 center symmetry of the theory
is unaffected. However, the usual definition of the Polyakov loop needs to be modified in order to
guarantee gauge invariance, but it remains charged under that symmetry. We define the modified
Polyakov loop for 𝜉 = (1, 0, 0) as follows

Φ(𝒙) =
𝐿0/𝑎−1∏
𝑛=0

𝑈0(𝑛𝑎, 𝒙)
𝐿0/𝑎−1∏
𝑛=0

𝑈1(0, 𝒙𝒏), (10)

where 𝒙𝒏 = 𝒙 − (𝐿0 − 𝑛𝑎)𝝃. It is useful to consider also the Z3 projection

𝜙 = Re

{
1

(𝐿/𝑎)3

(∑︁
𝑥

1
3

Tr[Φ(𝒙)]
)
𝑧

}
, (11)

with 𝑧 being the SU(3) center element closest to the spatial average of Tr[Φ(𝒙)]/3. Close to the
critical point, the probability distribution of 𝜙 exhibits two peaks corresponding to the confined
and deconfined phases, separated by a minimum located at 𝜙0. In a finite volume, however, the
phase categorization of a field configuration is somehow conventional: if we label with 𝜔c and 𝜔d,
respectively, the probability of finding the system in the confined or in the deconfined phase, the
phase transition takes place when [20, 21]

𝜔d = 3𝜔c, (12)

where the 3 factor on the r.h.s. is due to the 3-fold degeneracy of the vacuum in the deconfined phase.
The numerical estimation of these statistical weights provides a reliable result only if both phases
have been correctly sampled, namely if many tunneling events occurred during the simulation.
Following [20], we can then define the two probabilities as:

𝜔𝑐 (𝛽, 𝐿/𝑎) = ⟨𝜃 (𝜙0 − 𝜙)⟩, 𝜔𝑑 (𝛽, 𝐿/𝑎) = ⟨𝜃 (𝜙 − 𝜙0)⟩, (13)
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Figure 1: Dependence of 𝑑 (𝛽, 𝐿/𝑎) on 𝛽 for 𝐿0/𝑎 =

6 and 𝐿/𝑎 = 48.The critical coupling 𝛽𝑐 (𝐿0/𝑎, 𝐿/𝑎)
- red horizontal point - is given by the zero-crossing
of the linear fit function. The blue band represents a
fit of the data.
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Figure 2: Dependence of 𝛽𝑐 (𝐿0/𝑎, 𝐿/𝑎) on 𝐿/𝐿0
for 𝐿0/𝑎 = 7. The band represents the estimate of
𝛽𝑐 (𝐿0/𝑎) coming from the weighted average of the
data in the thermodynamic limit plateau, i.e. ob-
tained at the two largest values of 𝐿/𝐿0.

where 𝜃 is the Heaviside step function, and the local minimum 𝜙0 is found by means of a quartic fit
in the region between the two peaks. Notice that with this approach the estimation of the statistical
weights should be affected by finite-size effects which decay exponentially with the spatial extent
of the lattice [20]. Hence on a finite lattice one can consider the quantity

𝑑 (𝛽, 𝐿/𝑎) = 3𝜔𝑐 (𝛽, 𝐿/𝑎) − 𝜔𝑑 (𝛽, 𝐿/𝑎)
3𝜔𝑐 (𝛽, 𝐿/𝑎) + 𝜔𝑑 (𝛽, 𝐿/𝑎)

, (14)

which, by definition, vanishes when the criticality condition (12) is met. The critical coupling
𝛽𝑐 is then retrieved through a finite-size scaling study: for a fixed lattice geometry, we compute
the parameter 𝑑 (𝛽, 𝐿/𝑎) and define 𝛽𝑐 (𝐿0/𝑎, 𝐿/𝑎) from the zero-crossing of 𝑑 (𝛽, 𝐿/𝑎) through a
linear interpolation of the collected data, see Figure 1 for an example with 𝐿0/𝑎 = 6 and 𝐿/𝑎 = 48.
Finally, the critical coupling is obtained by extrapolating 𝛽c(𝐿0/𝑎, 𝐿/𝑎) to the infinite volume limit,
i.e. 𝛽𝑐 (𝐿0/𝑎) = lim𝐿/𝑎→∞ 𝛽𝑐 (𝐿0/𝑎, 𝐿/𝑎). In Figure 2 we report an example for 𝐿0/𝑎 = 7. Data
show a rapid convergence to the infinite spatial volume limit, and the final result is estimated through
a weighted average of the data points in the thermodynamic limit plateau. The estimated values
of the critical coupling for 𝐿0/𝑎 = 5, 6, 7, 8 and 9 are reported in Table 1. We can now express
the critical temperature 𝑎𝑇𝑐 = (𝑎/𝐿0)/

√
2 in physical units with high precision. We consider the

gradient-flow time 𝑡0 [22] to set the scale and we refer to the results in [17] to relate 𝑡0/𝑎2 to the
gauge coupling 𝛽. Lattice artifacts on 𝑇c

√
𝑡0 are very small, and a linear extrapolation in (𝑎/𝐿0)2

to the continuum gives

𝑇c
√
𝑡0 = 0.24915(29), (15)

with a 1‰ final precision, mainly due to the uncertainty on the relation between 𝑡0 and 𝛽. This
estimate is in agreement with the analogous result in [4] in units of the scale 𝑤0, once that the
relation between the two different scales is taken into account [23].
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4. Latent heat

We compute the latent heat of the SU(3) Yang-Mills theory from the discontinuity between
the confined and deconfined phases at 𝑇𝑐 of both the entropy density and the trace anomaly. We
unambiguously perform Monte Carlo simulations in either phase by considering lattices with very
large spatial extent, so that the probability of a tunneling event to the other phase is negligible. The
deconfined system is prepared by choosing an ordered field configuration as our initial condition,
while the confined system is prepared by using a field configuration thermalized at 𝑇 < 𝑇𝑐 as the
starting point. Results are extrapolated to the continuum limit by considering values of Δ𝑠(𝑇𝑐)/𝑇3

𝑐

and Δ𝐴(𝑇𝑐)/𝑇4
𝑐 computed at five different lattice spacings 𝐿0/𝑎 = 5, 6, 7, 8 and 9, at the critical

couplings reported in Table 1. In order to avoid additional finite-size effects due to shifted boundary
conditions, the aspect ratio of each lattice must be an even integer number for 𝝃 = (1, 0, 0) - as it
was pointed out in [7] - so we choose 𝐿/𝑎 = 288 for 𝐿0/𝑎 = 6, 8, 9, while for 𝐿0/𝑎 = 5, 7 we use
𝐿/𝑎 = 280. Moreover, finite volume effects are negligible with respect to the statistical uncertainty,
given the large spatial volumes we employed [9]. In Figure 3 we display the dependence on (𝑎/𝐿0)2

of the entropy density in the confined phase (lower panel) and in the deconfined phase (upper panel),
alongside with their continuum limit extrapolations. Lattice artifacts are small in the cold phase
and moderate in the hot one, and data are well described by a linear fit in both cases, which give

𝑠(𝑇−
𝑐 )

𝑇3
𝑐

= 0.2928(38), 𝑠(𝑇+
𝑐 )

𝑇3
𝑐

= 1.471(16). (16)

Consequently, as Figure 4 shows (red crosses), the lattice artifacts for ℎ are moderate and data
follow a linear behaviour in (𝑎/𝐿0)2. In Figure 4 we also show the continuum extrapolation of the
latent heat measured from the discontinuity in the trace anomaly (blue dots), and overall we obtain

ℎ =
Δ𝑠(𝑇𝑐)
𝑇3
𝑐

= 1.177(14), ℎ =
Δ𝐴(𝑇𝑐)
𝑇4
𝑐

= 1.173(11), (17)

which result in the combined estimate ℎ = 1.175(10).

5. Equation of State

𝐿0/𝑎 𝛽𝑐 (𝐿0/𝑎)

5 5.99115(4)
6 6.10285(8)
7 6.20420(8)
8 6.29626(12)
9 6.38017(16)

Table 1: Infinite volume limit of
the critical coupling 𝛽𝑐 for dif-
ferent lattice sizes.

Using the data for the critical couplings 𝛽𝑐 (𝐿0/𝑎) listed in
Table 1 and the determination of 𝑇𝑐 in units of

√
𝑡0 in Eq. (15), we

have evaluated the entropy density and the pressure of the system
for temperatures between 0 and 3.433 𝑇𝑐. Monte Carlo simulations
have been carried out on lattices with spatial size 𝐿/𝑎 = 280 for
𝐿0/𝑎 = 5 and 7 and with 𝐿/𝑎 = 288 for 𝐿0/𝑎 = 6 and 8, and all the
results for the entropy density are reported in Table 3 of [10].

For temperatures 𝑇/𝑇𝑐 ∈ [1, 3.433] we consider a Padé fit

𝑠(𝑇)
𝑇3 =

𝑠1 + 𝑠2𝑤 + 𝑠3𝑤
2

1 + 𝑠4𝑤 + 𝑠5𝑤2 , (18)

where 𝑤 = log(𝑇/𝑇𝑐). At the lowest investigated temperature,
𝑇/𝑇𝑐 = 0.80, data agrees with the expectation coming from a model based on a gas of non-
interacting relativistic glueballs (see the red-dashed curve in Fig. 6), where the pressure given by a

6
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Figure 3: Extrapolation to the continuum limit of
the entropy density: in the upper panel we show the
deconfined phase, 𝑠(𝑇+

𝑐 )/𝑇3
𝑐 , while in the lower panel

we show the confined phase, 𝑠(𝑇−
𝑐 )/𝑇3

𝑐 . The colored
bands represent linear fits of the data.
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Figure 4: Extrapolation to the continuum limit of the
latent heat ℎ. Crosses (red) and dots (blue) represent,
respectively, the data retrieved from Δ𝑠 and Δ𝐴. The
bands represent linear fits of the data. Data have been
slightly displaced to improve readability.

particle of mass 𝑚 at temperature 𝑇 is:

𝑝(𝑚,𝑇) = (2𝐽 + 1) (𝑚𝑇)
2

2𝜋2

∞∑︁
𝑛=1

1
𝑛2𝐾2

(
𝑛
𝑚

𝑇

)
, (19)

where 𝐾2 is a modified Bessel function, and 𝐽 is the spin of each particle. We have considered
the four lightest glueball states 0++, 0−+, 2++, 2−+ with mass lower than 2𝑚0++ . Their masses, in
units of

√
𝜎, are respectively 3.405(21), 5.276(45), 4.894(22), 6.32(9) [24]. These values can be

expressed in units of 𝑇𝑐 through the relation 𝑇𝑐/
√
𝜎 = 0.6462(30) [25] with the string tension 𝜎.

At higher temperatures heavier states contribute to the entropy density and the Hagedorn spectrum
[26] describes how this can happen. Overall, a phenomenological fit (𝑎0 + 𝑎1𝑡

1/3 + 𝑎2𝑡
2/3 + 𝑎3𝑡),

with 𝑡 = (1 − 𝑇/𝑇𝑐), gives a good interpolation of our numerical results for 𝑠(𝑇)/𝑇3 in the range
𝑇/𝑇𝑐 ∈ [0.8, 1]. Once that a convenient parametrization of the entropy density has been found, we
can determine the pressure 𝑝(𝑇) by integrating 𝑠(𝑇) in the temperature. For temperatures in the
range 𝑇/𝑇𝑐 ∈ [0.8, 1] we can represent the pressure with a cubic fit function

𝑝(𝑇)
𝑇4 = 𝑝0 + 𝑝1𝑡 + 𝑝2𝑡

2 + 𝑝3𝑡
3, (20)

while above 𝑇𝑐 we parametrize the pressure with a Padé interpolant

𝑝(𝑇)
𝑇4 =

𝑝1 + 𝑝2𝑤 + 𝑝3𝑤
2

1 + 𝑝4𝑤 + 𝑝5𝑤2 . (21)

Once that the entropy density and the pressure are known, we can retrieve the energy density from the
thermodynamic relation 𝑇𝑠 = 𝜀 + 𝑝. In Figure 5 we show the dependence of these thermodynamic
potentials on the temperature in the range 𝑇/𝑇𝑐 ∈ [0.8, 3.433]. In Figure 6 we show more closely
the behaviour of the entropy density and of the pressure near the phase transition, alongside the
non-interacting glueball gas prediction. All the reported results have been extrapolated to the
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Figure 5: Dependence of the potentials 𝑠(𝑇)/𝑇3

(blue, top), 𝜀(𝑇)/𝑇4 (green, middle) and 𝑝(𝑇)/𝑇4

(red, bottom) on 𝑇/𝑇𝑐 in the range 𝑇/𝑇𝑐 ∈
[0.8, 3.433]. Bands represent the interpolating func-
tions described in Section 5.
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Figure 6: Detail of the dependence of 𝑠(𝑇)/𝑇3 and
𝑝(𝑇)/𝑇4 in the range 𝑇/𝑇𝑐 ∈ [0.8, 1.1], alongside
the non-interacting glueball gas expectation (red-
dashed curve).

continuum, and the details of each parametrization can be found in [10]. With this computation of
the Equation of State of the SU(3) Yang-Mills theory across the deconfinement phase transition we
complement the results obtained in Ref. [9].

6. Conclusions

We explored the thermal properties of the SU(3) Yang-Mills theory across the deconfinement
phase transition in the framework of shifted boundary conditions. We determined the critical
temperature 𝑇𝑐 in physical units with a permille precision, yielding 𝑇𝑐

√
𝑡0 = 0.24915(29), then

we computed the latent heat from the discontinuity of both the entropy density and the trace
anomaly at criticality. A combined estimate in the infinite spatial volume and continuum limit gives
ℎ = 1.175(10), with a precision of about 1%. This result is in tension with the current best estimate
[4] of ℎ, while it is consistent with the result quoted in [3] for a fixed aspect ratio. Finally, we
performed a precise determination of the Equation of State of the SU(3) Yang-Mills theory across
the deconfinement phase transition, complementing the results of Ref. [9].
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