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Universe at large lepton flavour asymmetries.
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1. Introduction

One of the main ingredients for the phenomenological description of cosmological and astro-
physical systems, as well as heavy-ion collisions, is the equation of state (EoS) of strongly interacting
matter. While for most of the physical systems it is the baryon density which plays the major role,
for some physical situations the charge density can actually be dominant. One example may be the
evolution of the early Universe in the presence of large non-zero lepton flavour asymmetries [1-3].
In any case, for a full description, knowledge about the EoS of strongly interacting matter in the full
three-dimensional parameter space of light-quark chemical potentials is mandatory.

When the weak interactions can be neglected, individual quark densities are conserved and one
can freely change the light-quark chemical potential basis. The most commonly used basis is the
“physical” basis, where the individual quark chemical potentials are expressed through baryon (B),
charge (Q) and strangeness (5) chemical potentials,

1 2 1 1 1 1

Hu =ZHB+ 31O Ha = 3HB = 3HQ and  pg = FHB = 3HQ ~Hs - (D

For simulations, a more convenient basis is the “isospin” basis, defined by

My = ML+ Hr, Ha = 1L — M1 and  ug, ()

where pp is the light-quark baryon chemical potential, u; the isospin chemical potential and one
retains u as simulation parameter. In this basis it is very easy to see when we run into a complex
action problem. This is the case as soon as yy, # 0 and/or pg # 0. For a pure isospin chemical
potential, i.e. when yy; = ug = 0, the action is real and one can perform standard Monte-Carlo
simulations to obtain the EoS [4—6]. In the past decade we have performed an extensive study of
the properties of QCD at pure isospin chemical potential, including studies of the phase diagram at
physical [7-10] and smaller than physical [11] pion masses, as well as the EoS [3, 12—17], using
improved actions.

For a full description of the physical systems mentioned above, it is mandatory to leave the
pure isospin chemical potential axis. Since direct simulations are hampered by the complex action
problem, the full parameter space can only be approached using indirect methods, such as the Taylor
expansion method [18]. Up to now the Taylor expansion has been performed around the simulation
points at vanishing chemical potential at temperature 7. Here we will use simulation points at
non-zero isospin chemical as novel expansion points (for a first account see [16]). The associated
expansion is of particular importance for physical systems where the charge chemical potential plays
the dominant role. A particularly interesting aspect of such systems is that for chemical potentials
M1 > mg/2 (equivalently, up > my) one enters a phase with a Bose-Einstein condensate (BEC) of
charged pions [4]. Due to the phase transition at the boundary of the BEC phase, standard Taylor
expansions around u s = 0 cannot be used to learn about the EoS within the condensed phase.
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2. Taylor expansion from simulation points on the isospin axis

The Taylor expansion from non-zero isospin chemical potential is an expansion in the light-
quark baryon and strange quark chemical potentials and can be written as

(o)

p(T’:uI’:uL’:uS) =p(T’:uI9O’O)+ Z

n,m=1

1 anam[p(T,,UI,ﬂL’/Js)]
n!'m! ouy oug'

()" ()™ - 3)

HUL,>ts=0

In this proceedings article we are interested in the leading order of this Taylor expansion, i.e., the
expansion to O (u?) in chemical potentials. The dominant Taylor coefficients at this order are the
diagonal ones,

82 [p(Tv MI’ #La MS)]
)T

82 [p(T’ ﬂl’ /'lLa MS)]
6;12L

X%(T’,UI) = and )(;(T,,ul) =
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which we need to extract together with the similarly defined mixed coefficient XlLls from our

AL, ps=0

simulations at u; # 0.

In our studies we are using Ny = 2 + 1 flavours of improved rooted staggered quarks with
two levels of stout smearing and physical quark masses (see Ref. [7] for more details). The
spontaneous symmetry breaking in the BEC phase necessitates the use of an explicit breaking term
as a regulator, the pionic source term with parameter A [5, 6]. Simulations are done at 4 # 0 and
physical results can be obtained after extrapolating to 4 = 0. This extrapolation is actually the
main task for the analysis and has been facilitated in our previous studies through an improvement
program, described in detail in Ref. [7]. To be able to perform reliable A-exrapolations for the Taylor
expansion coefficients the first task is to adapt the improvement program to this more complicated
observable. The improvement program consists of two parts, a valence quark improvement for the
light quark observables and a leading order reweighting. We note that the reweighting does not
depend on the observable, so that we can focus on the valence quark improvement in the following.

2.1 Computation of Taylor expansion coefficients

To adapt the valence quark improvement for the light-quark Taylor expansion coefficients, we
first have to write the coefficients in terms of traces over inverses of the two-flavour fermion matrix
for an isospin doublet, M and its derivatives, as given in Ref. [7], Eq. (6). Second derivatives of
the pressure can then be written as

T
xir =y l{exr) +(exer) = (ex)(ev)], ©)
where X and Y can be L or I and we have introduced the abbreviations

1 M 1 M 1 M IM
=-T [M_l—] d =-Ti [M‘l—] - -T [M_l—M_l— , (6
a=a and e =g MM o ) T2 T M Gl ©
and the factors 1/4 originate from rooting, i.e., are staggered specific. The first term on the right-
hand side of Eq. (5) cxy is typically denoted as the connected part of the Taylor expansion coeflicient

and the other terms constitute the disconnected part. In the following we will mostly focus on XZL
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for simplicity. The improvement of )(ﬁs and Xﬁ follow in complete analogy. x3 does not include
light quark contributions in the operator, so that no valence quark improvement is necessary.

For the purpose of the valence quark improvement as well as computational efficiency, one can
reformulate the traces in terms of inverses of the matrix

M =D (u)D(u) + 27, )

where D is the massive one-flavour Dirac operator for the mass-degenerate isospin doublet. When
reformulating the traces, additional factors appear in the fermion-matrix derivatives, so that we can
write the individual traces eventually as

Cx = éxTr[M_lél] s with 01 = DT(/JI)ZD,(,MI) and

I A o . ,
exy = 5ReTr[M—‘Oz] - EReTr[M—‘olM—‘o1 , with Oy = D (u)B" (ur),  ®)

and where we have introduced the operators C; = (i/2)Im and C; = (1/2)Re, acting on the
complex traces, the first and second derivatives of the derivative term of the Dirac operator, Ip” and
" and neglected terms of O(A2), which will vanish in the A — 0 limit.

2.2 Valence quark improvement for the Taylor coefficients

The representation of the traces in Eq. (8) can be used to perform the valence quark improvement
in terms of the singular values of the Dirac operator defined by

D™ (un)D (1) gn = E2¢n - 9)

For the density type operators such as cx (note, that the isospin density n; ~ cy), the valence quark
improvement proceeds by introducing an improvement term,

N-1
N L1
li =1 -6y ith o7 = i ( S ar :
lim (cx) = lim (ex = de, ) with 6, nZ:OCX[‘”"OW"] g g 0

where 6?2 is an approximation for the difference of the observable at vanishing and non-zero A
using the lowest N singular values to approximate the trace in Eq. (8),

A N-1 4 A
-1A4. | _ enO1¢n - ©nO1¢n
TI[M 0]]—22—/12~ 2—12 (11)
n §n+ n=0 §n+

The efficiency of this valence quark improvement depends on the rate of convergence of the
approximation with the number of singular values involved, N. Typical examples for the convergence
of the improvement term for density type operators have been reported in Ref. [7].

For the disconnected terms of Eq. (5), the improvement term for the density type operators can
be applied directly, leading to an improved extrapolation of the form!

tim [ (exer) = ex)er)| = tim [((ex = 6% (e = 63)) = (ex =68 v =63)| . (12)

INote that there is also an alternative option of improving the first of the two disconnected terms by introducing a
correction term directly for the squared trace. We have tested both versions and found that Eq. (12) leads to a much
stronger improvement for the 4 — 0 limit.
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Figure 1: Left: Improvement term of the connected contribution ¢'?) as obtained on a 243 x 6 lattice versus

LL
the number of included singular values normalized by c(Lzz at the given 4. Right: A dependence of the Taylor
coeflicient XzL with and without improvement on a 24 x 8 lattice.

(2)
XY’

ment term for the fully connected summed two-point function. The trace of the fully connected

To apply the method to the second of the connected terms cy,;,, we have to obtain an improve-
two-point function contains two inverses of the matrix M, so that, for a full A improvement, we
should insert two full sets of singular values. Truncating the two sums at N singular values leads to
the approximation

N-1 A A
nO19m emO1¢n
WS 2 +2 £+

Tr[M‘lélM_lél] ~ (13)

With this approximation we can define the analogue of the improvement term from Eq. (10) as

1 = A s 1 1
65@ 2 ;ioRem OrgnenOren] ((é% F2) (& + ) & 53,,) ' 4
The improvement for the term ¢ gl), proceeds as for the density type operators cx, where the operator
O is replaced by its second derivative analogue O».

Outside of the BEC phase of condensed pions, the A extrapolations are well controlled and the
improvement term has a comparably small effect. Within the BEC phase the contribution of the
low singular values becomes more important, as can be seen from the improvement term of the
222 which is plotted versus the number of singular values included in the left
panel of Fig. 1. The plot shows that the effect of the improvement is large even if only one singular

connected contribution ¢

value is included and then converges to a slightly smaller value in magnitude when more singular
values contribute. This behaviour is different compared to density type operators (see Fig. 5 of
Ref. [7], for instance), where the full contribution develops from a sum over all singular values and
the effect of the lowest singular value is not dominating the whole improvement term. Comparing
Egs. (10) and (14) it is clear that this low mode dominance results from the squared inverses of the
singular values in contrast to the linear dependence on the inverses for the density type operators.
Unfortunately, the lowest singular value dominance also increases gauge fluctuations, drastically
enhancing errors compared to density type operators. This can be seen for Taylor coefficients in
the right panel of Fig. 1, where we show the A-dependence of the improved (standard impr.) and
unimproved observables obtained on a 243 x 8 lattice. The plot shows the increase in uncertainty, as
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Figure 2: Results for the Taylor expansion coefficient XQL for two different temperatures obtained on 243 x 8
lattices from the usual A extrapolation (standard) using the standard version of the improved observables
from Sec. 2.2 and the improvement version (improved) from Sec. 2.3. The results are slightly shifted to allow
the comparison of the two sets of points.

well as the effect of the improvement, highlighting that it is beneficial for obtaining correct results
in the 4 — O limit.

2.3 Density improvement for the computation of Xf

The large uncertainties of the improved observables also lead to large uncertainties for the
A = 0 extrapolated values in the BEC phase, as can be seen from the data labelled with “standard
impr.” in the plots for the Taylor expansion coefficient XéL of Fig. 2. We see that one cannot obtain
a significant result within the BEC phase. Further improvement of the A extrapolations are needed.

We base our further improvement on the equality of the connected contributions of the second
order Taylor expansion coefficients in uy and y; directions,

cLL =cir, (15)

which follows directly from Eq. (8). Using this relation, one can compute the coefficient )(ZL via

x5 (Tour) = x3 (To pr) + ;[((&)2) - <CL>2 —{{(er)* - (6'1)2)}] ; (16)

where we have subtracted and added in the disconnected contributions of Xﬁ and )(QL, respectively.

The advantage is that )(5 can be computed directly at 4 = 0 using the improved results for ny,
= O

~ our
With this computation of )(é‘, what we denote as “density improved”, only the disconnected

together with a spline interpolation of its y;-dependence [17] to determine numerically )(é

contributions need to be extrapolated in A, which reduces the uncertainties. The associated results
are shown in Fig. 2 with the label “density impr.”. The plot indicates that uncertainties are indeed
strongly reduced, so that significant results in the BEC phase can be obtained.

3. The EoS at non-zero charge chemical potential

As a first application for the Taylor expansion, we compute the EoS at pure charge chemical
potential outside and within the BEC phase for the first time. This axis is of direct interest, since
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Figure 3: Spline interpolation for the Taylor expansion coefficients )(g“ (left) and x5 (right). The top panel
shows the full two-dimensional interpolation in the range of temperatures and chemical potentials where the
EoS is also available from Ref. [ 17] and the bottom panel shows the data together with the spline interpolation
for three different temperatures.

the early Universe in the presence of large lepton flavour asymmetries evolves in its vicinity [1-3].
In our basis, a pure charge chemical potential y¢ is obtained by setting

_He
2 b

7 7
pp="2 and py=--2. (17)

M 3 3

To compute the pressure on the up axis we first perform a two-dimensional spline interpolation
of the Taylor expansion coefficients Xf , X, and )(lLls. X5 is a simpler observable, since it is not a
light-quark operator. The improvement of XILIS proceeds via the improvement of the isospin density
and is also straightforward. As a boundary condition for the spline fits at 7 = 0 we can make
use of the fact that the Taylor coefficients vanish due to the Silver-Blaze property for any value of
ur. This is due to the fact that the first hadrons which can be excited, the neutron and the kaon,
have non-vanishing masses in the full parameter space [4, 19]. The results of the spline fits for the
coeflicients )(f and y; are shown in Fig. 3. XlLIS only gives a marginal contribution and remains of
similar magnitude for all ;.

Using the data for the Taylor expansion coeflicients together with the data for the EoS at y; # 0
from Ref. [17] we are now in the position to compute the EoS on the pure charge chemical potential
axis. The results for the pressure are shown in Fig. 4. In the right panel we compare the pressure
to the one evaluated along the u; axis (gray curves). We see that the difference is most significant
deep in the BEC phase and uncertainties only increase marginally in this interval.
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Figure 4: Results for the pressure on the ugp axis obtained from leading order Taylor expansion starting
from the y; axis. In the left panel we show the three-dimensional behaviour and in the right panel we show
the results including uncertainties for three different temperatures. The light gray curves are the data for the
pressure on the 2y /m, axis from Ref. [17] for comparison.

4. Conclusions

In this proceedings article we have presented the details of the computations of the leading
order Taylor expansion using simulation points on the pure isospin axis as novel expansion points.
The key step in the analysis is the extrapolation of the Taylor expansion coefficients to vanishing
regulator A, facilitated by an improvement procedure. Part of the improvement is due to a light-
quark operator (valence quark) improvement, which needs to be adapted to the case of )(g“. We have
discussed the improvement for the Taylor coefficients in detail and shown that the improvement,
albeit necessary, introduces large uncertainties due to the fluctuations of the smallest singular values
in the BEC phase. To obtain significant results in this regime we introduce and implement a method
to reduce uncertainties by computing the connected part of the Taylor coefficient XzL from Xé
directly at 4 = 0, see Sec. 2.3.

The final results for the Taylor coefficients are used to compute the EoS on the pure charge
chemical potential axis for the first time in Sec. 3. This equation of state is in the relevant region
for the trajectories of the early Universe in the presence of large lepton flavour asymmetries [1-3].
We note that the EoS on the u¢ axis is obtained in Taylor expansion at leading order and is valid as
long the expansion to this order is sufficient. In particular, it will break down once trying to expand
through a phase boundary.
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