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1. Introduction

Exploring the phase diagram of quantum chromodynamics (QCD) at finite temperatures and
densities is one of the fundamental problems in particle physics. The expected transition is from a
hadronic phase, composed of hadronic bound states at low temperatures and densities, to a partonic
phase of deconfined quarks and gluons at high temperatures and densities. At zero chemical
potential, this transition is well established as a smooth crossover [1]. Theoretical models suggest
that at high baryon densities, the crossover could turn into a true phase transition, potentially
featuring a critical point in the phase diagram [2].

Facilities such as the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron Collider
(LHC) realize the extreme conditions necessary to study QCD matter at finite temperatures and
densities through heavy-ion collisions. These experiments probe the phase diagram, complementing
theoretical studies using lattice QCD. In particular, lattice QCD simulations provide insights into
the QCD phase structure through the analysis of quark number susceptibilities and fluctuations of
conserved charges, which reflect the changing degrees of freedom near the transition.

This study investigates the QCD phase diagram using Möbius Domain Wall Fermions (MDWF) [3–
6], which ensure good control over chiral symmetry at finite lattice spacings. We present results for
second-order fluctuations along the line of constant physics (LCP) corresponding to a continuum
pion mass 135 MeV. These results are compared with non-interacting Hadron Resonance Gas
models (PDGHRG and QMHRG2020) to explore the sensitivity of second-order observables to
the hadron spectrum below the QCD pseudo-critical temperature. Furthermore, we compare our
findings with results obtained using staggered fermions and O(𝑔2) perturbation theory. Finally, we
construct leading-order expansion coefficients for the kurtosis of electric charge and strangeness
fluctuations, which are relevant to locate the QCD critical point in the experimental data [7]. In
the following sections, all the dimensionful lattice parameters are expressed in lattice units, except
otherwise stated explicitly.

2. Calculation of quark number fluctuations up to fourth order with Möbius
Domain Wall Fermions

Thermodynamic properties of QCD matter at finite temperature and density are often charac-
terized by quark number fluctuations, which are derivatives of the pressure with respect to quark
chemical potentials. For QCD with two light flavors (𝑢, 𝑑) and one strange flavor (𝑠), the pressure
𝑃 can be expanded as a Taylor series in terms of the chemical potentials 𝜇 𝑓 ( 𝑓 = 𝑢, 𝑑, 𝑠):

𝑃

𝑇4 =
1
𝑉𝑇3 ln 𝑍 (𝑇,𝑉, ®𝜇) =

∞∑︁
𝑖, 𝑗 ,𝑘=0

𝜒𝑢𝑑𝑠
𝑖 𝑗𝑘

𝑖! 𝑗!𝑘!
𝜇̂𝑖𝑢 𝜇̂

𝑗

𝑑
𝜇̂𝑘𝑠 , (1)

where 𝑇 is the temperature, 𝑉 is the spatial volume, and 𝜇̂ 𝑓 = 𝜇 𝑓 /𝑇 are the dimensionless chemical
potentials. The coefficients 𝜒𝑢𝑑𝑠

𝑖 𝑗𝑘
, known as generalized susceptibilities at vanishing chemical

potentials, are derivatives of the logarithm of the partition function 𝑍 (𝑇,𝑉, 𝜇̂ 𝑓 ) with respect to the
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chemical potentials:

𝜒𝑢𝑑𝑠𝑖 𝑗𝑘 =
1
𝑉𝑇3

𝜕𝑖+ 𝑗+𝑘 ln 𝑍 (𝑇,𝑉, 𝜇̂ 𝑓 )
𝜕𝜇̂𝑖𝑢 𝜕𝜇̂

𝑗

𝑑
𝜕𝜇̂𝑘𝑠

�����
𝜇̂ 𝑓 =0

, for 𝑖 + 𝑗 + 𝑘 even; (2)

𝜒𝑢𝑑𝑠𝑖 𝑗𝑘 = 0, for 𝑖 + 𝑗 + 𝑘 odd. (3)

To implement the chemical potentials 𝜇̂ 𝑓 in the MDWF action, the temporal gauge links are
modified as follows [3, 8]:

(1 ± 𝛾4)𝑈±4(𝑥) → (1 ± 𝛾4)𝑒±𝜇̂ 𝑓𝑈±4(𝑥),

. The partition function can then be expressed as:

𝑍 =

∫
𝐷𝑈

∏
𝑓 =𝑢,𝑑,𝑠

detM(𝑚 𝑓 , 𝜇̂ 𝑓 ) exp[−𝑆𝑔],

detM(𝑚 𝑓 , 𝜇̂ 𝑓 ) =
det𝐷 (𝑚 𝑓 , 𝜇̂ 𝑓 )
det𝐷 (𝑚PV, 𝜇̂ 𝑓 )

, (4)

where 𝐷 (𝑚 𝑓 , 𝜇̂ 𝑓 ) is the MDMF Dirac operator for quark flavor 𝑓 with mass 𝑚 𝑓 and chemical
potential 𝜇̂ 𝑓 , and 𝑚PV is the Pauli-Villars regulator mass.

The quark number susceptibilities are expressed in terms of derivatives of ln detM(𝑚 𝑓 , 𝜇̂ 𝑓 )
with respect to 𝜇̂ 𝑓 , defined as:

𝐷
𝑓
𝑛 ≡ 𝜕𝑛

𝜕𝜇̂𝑛
𝑓

ln detM(𝑚 𝑓 , 𝜇̂ 𝑓 )
�����
®𝜇=0

. (5)

Using these definitions, the second- and fourth-order quark number susceptibilities can be written
as:

𝜒
𝑓

2 =
𝑁𝜏

𝑁3
𝜎

𝐾
𝑓

2 , 𝜒
𝑓 𝑔

11 =
𝑁𝜏

𝑁3
𝜎

𝐾
𝑓 𝑔

11 , ( 𝑓 ≠ 𝑔), (6)

𝜒
𝑓

4 =
1

𝑁𝜏𝑁
3
𝜎

[
𝐾

𝑓

4 − 3(𝐾 𝑓

2 )
2
]
, (7)

𝜒
𝑓 𝑔

31 =
1

𝑁𝜏𝑁
3
𝜎

[
𝐾

𝑓 𝑔

31 − 3𝐾 𝑓

2 𝐾
𝑓 𝑔

11

]
, ( 𝑓 ≠ 𝑔), (8)

𝜒
𝑓 𝑔

22 =
1

𝑁𝜏𝑁
3
𝜎

[
𝐾

𝑓 𝑔

22 − 𝐾 𝑓

2 𝐾
𝑔

2 − 2(𝐾 𝑓 𝑔

11 )2
]
, ( 𝑓 ≠ 𝑔), (9)

𝜒
𝑓 𝑔ℎ

211 =
1

𝑁𝜏𝑁
3
𝜎

[
𝐾

𝑓 𝑔ℎ

211 − 2𝐾 𝑓 𝑔

11 𝐾
𝑓 ℎ

11 − 𝐾𝑔ℎ

11 𝐾
𝑓

2

]
, ( 𝑓 ≠ 𝑔 ≠ ℎ). (10)

Here, 𝑁𝜏 and 𝑁𝜎 denote the temporal and spatial lattice sizes, respectively. The 𝐾-terms represent
expectation values involving derivatives 𝐷 𝑓

𝑛 , as follows:

𝐾
𝑓

2 = ⟨(𝐷 𝑓

1 )
2⟩ + ⟨𝐷 𝑓

2 ⟩, 𝐾
𝑓 𝑔

11 = ⟨𝐷 𝑓

1𝐷
𝑔

1 ⟩, (11)

𝐾
𝑓

4 = ⟨(𝐷 𝑓

1 )
4⟩ + 6⟨(𝐷 𝑓

1 )
2𝐷

𝑓

2 ⟩ + 4⟨𝐷 𝑓

1𝐷
𝑓

3 ⟩ + 3⟨(𝐷 𝑓

2 )
2⟩ + ⟨𝐷 𝑓

4 ⟩. (12)

𝐾
𝑓 𝑔

22 = ⟨(𝐷 𝑓

1 )
2(𝐷𝑔

1 )
2⟩ + ⟨(𝐷 𝑓

1 )
2𝐷

𝑔

2 ⟩ + ⟨𝐷 𝑓

2 (𝐷
𝑔

1 )
2⟩ + ⟨𝐷 𝑓

2𝐷
𝑔

2 ⟩, (13)

𝐾
𝑓 𝑔

31 = ⟨𝐷 𝑓

1 (𝐷
𝑔

1 )
3⟩ + 3⟨𝐷 𝑓

1𝐷
𝑓

2𝐷
𝑔

1 ⟩ + ⟨𝐷 𝑓

3𝐷
𝑔

1 ⟩, (14)

𝐾
𝑓 𝑔ℎ

211 = ⟨(𝐷 𝑓

1 )
2𝐷

𝑔

1𝐷
ℎ
1 ⟩ + ⟨𝐷 𝑓

2𝐷
𝑔

1𝐷
ℎ
1 ⟩. (15)
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To relate the quark chemical potentials (𝜇𝑢, 𝜇𝑑 , 𝜇𝑠) to conserved charges (𝜇𝐵, 𝜇𝑄, 𝜇𝑆), we
use:

𝜇𝑢 = 1
3𝜇𝐵 + 2

3𝜇𝑄, 𝜇𝑑 = 1
3𝜇𝐵 − 1

3𝜇𝑄, 𝜇𝑠 =
1
3𝜇𝐵 − 1

3𝜇𝑄 − 𝜇𝑆 . (16)

The second-order conserved charge susceptibilities are then:

𝜒𝐵2 =
1
9

(
2𝜒𝑢2 + 𝜒𝑠2 + 2𝜒𝑢𝑑11 + 4𝜒𝑢𝑠11

)
, 𝜒

𝑄

2 =
1
9

(
5𝜒𝑢2 + 𝜒𝑠2 − 4𝜒𝑢𝑑11 − 2𝜒𝑢𝑠11

)
, 𝜒𝑆2 = 𝜒𝑠2 , (17)

𝜒
𝐵𝑄

11 =
1
9

(
𝜒𝑢2 − 𝜒𝑠2 + 𝜒𝑢𝑑11 − 𝜒𝑢𝑠11

)
, 𝜒𝐵𝑆11 = −1

3
(
𝜒𝑠2 + 2𝜒𝑢𝑠11

)
, 𝜒

𝑄𝑆

11 =
1
3
(
𝜒𝑠2 − 𝜒𝑢𝑠11

)
. (18)

As shown in our earlier work [9], the term (𝐷 𝑓

1 )
2 contributes significantly to noise in these

susceptibilities. However, degeneracy in the 𝑢, 𝑑 quarks (𝐷𝑢
1𝐷

𝑑
1 = (𝐷𝑢

1 )
2) partially cancels these

contributions in 𝜒𝑄2 , making it less noisy than 𝜒𝐵2 , 𝜒𝐵𝑄11 , or 𝜒𝐵𝑆11 . Observables involving the strange
quark (𝜒𝑆2 , 𝜒

𝑄𝑆

11 ) are typically less noisy due to the heavier strange quark mass.
Finally, fourth-order fluctuations can also be transformed into conserved charge fluctuations

using Eq. (16).

3. Lattice setup and parameters

The gauge configurations for (2+1)-flavor QCD are generated employing MDWFs with 𝑏 = 3/2
and 𝑐 = 1/2 [3] for dynamical quarks. The lattice size in the fifth dimension is 𝐿𝑠 = 12, and the
domain-wall height is set to 𝑀5 = 1 taking advantage of 3-level stout-link smearing applied for the
gauge links. This parameter choice is aimed at minimizing chiral symmetry violations. [10, 11]

All simulations are conducted along a line of constant physics (LCP). Namely, the bare strange
quark mass (𝑚𝑠) is adjusted to keep the strange quark mass in physical units constant with changing
temperatures. We chose the mass ratio of light to strange quark mass: 𝑚𝑙/𝑚𝑠 = 𝑚

latt
𝑙
/𝑚latt

𝑠 = 1/27.4,
where 𝑚𝑙 and 𝑚𝑠 represent the bare light and strange quark masses, respectively, and 𝑚latt

𝑓
indicates

the multiplicatively renormalizable lattice mass for each flavor 𝑓 ∈ {𝑙, 𝑠}. This ratio corresponds to
a pion mass of 135 MeV in the continuum. In particular, we use the relation,𝑚phys

𝑠 = 𝑍𝑚𝑚
latt
𝑞 𝑎−1(𝛽),

where 𝑚phys
𝑠 = 92 MeV and 𝛽 is the gauge coupling. (The procedures for determination of 𝑎(𝛽)

and 𝑍𝑚(𝛽) are given in [5], where the MS scheme at the renormalization scale 𝜇 = 2 GeV is used
to determine 𝑍𝑚.)

Due to the finite 𝐿𝑠, the input bare quark masses(𝑚 𝑓 ) receive additive corrections, 𝑚latt
𝑓

=

𝑚 𝑓 + 𝑚res, where 𝑚res is the residual mass. We use the value of 𝑚res obtained in another series of
simulations at the mass ratio, 𝑚latt

𝑙
/𝑚latt

𝑠 = 1/10, as 𝑚res is nearly independent of the light quark
mass.

We have approximately 20, 000 trajectories for each temperature, and we perform measurements
on every 100 trajectories.

4. Results and Discussion

4.1 Second-order quark number susceptibilities

In Figure 1, we present second-order quark number susceptibilities as a function of temperature,
computed in (2+1)-flavor QCD for a light quark mass 𝑚𝑙 = 𝑚𝑠/27.4. The diagonal quark number

4
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Figure 1: Diagonal (left) and off-diagonal (right) quark number susceptibilities for the coarse lattice (𝑁𝜏 =

12) with a physical light quark mass (𝑚𝑙 = 𝑚𝑠/27.4) along the line of constant physics. The black line
represents the free quark gas. The gray band is from O(𝑔2) perturbation theory.

susceptibilities increase smoothly as a function of temperature within the explored temperature
range. In contrast, the off-diagonal susceptibilities stays relatively smaller compared to the diagonal
susceptibilities. This increase may signals the deconfinement transition, where the degrees of
freedom changes from hadrons to quark and gluons. The non-zero off diagonal quark number
susceptibilities (flavor correlations) observed above 𝑇pc suggest interactions among quarks in the
QGP phase.

We compare our results with the ideal gas limit at high temperatures, where QCD matter behaves
as a weakly interacting gas of hadrons and gluons. The deviations from the ideal gas limit in diagonal
quark number susceptibilities are well captured by O(𝑔2) high-temperature perturbation theory [12–
16]. The off-diagonal quark number susceptibilities do not receive perturbative corrections at O(𝑔2)
so they approach the free gas limit faster. In Figure 1, we show both the ideal gas limit (black line)
and O(𝑔2) corrections (gray band), using a two-loop running coupling 𝑔2(𝑇) with a renormalization
scale 𝑘𝑇𝜋𝑇 for 4 ≤ 𝑘𝑇 ≤ 8 [17]. These results are consistent with previous staggered discretization
calculations for physical quark masses [18, 19].

At temperatures below 𝑇pc, the degrees of freedom of QCD matter are ordinary hadrons, thus
we discuss the results in terms of second-order conserved charge fluctuations. We compare with
two hadron resonance gas (HRG) models: PDGHRG, which includes only 3- and 4-star resonances
from the PDG booklet, and QMHRG2020 [20], which adds unobserved hadrons from quark models,
along with 1- and 2-star PDG resonances.

In Figure 2, we compare second-order cumulants from MDWF calculations with those from
staggered fermion calculations at finite lattice spacing, as well as with PDGHRG and QMHRG2020
predictions. In the strangeness sector, the inclusion of additional strange particles in QMHRG2020
improves agreement with lattice QCD. However, in the non-strange sector, the inclusion of extra
particles does not result in a significant difference compared to PDGHRG. For the electric charge
susceptibility 𝜒

𝑄

2 , a discrepancy is observed between MDWF and staggered fermion results at
temperatures below 160 MeV. Notably, MDWF results agree more closely with HRG models in this
temperature range. In future, we will study these results with an additional lattice spacings.

5
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Figure 2: Second order conserved charge cumulants compared with staggered discretization scheme at finite
lattice. We also compare the results with PDGHRG and QMHRG2020 model calculations. The HISQ data
are taken from [20] and the stout data are taken from [21].
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Figure 3: Diagonal (left) and off-diagonal (right) fourth order quark number susceptibilities for the coarse
lattice (𝑁𝜏 = 12) with a physical light quark mass (𝑚𝑙 = 𝑚𝑠/27.4) along the line of constant physics. The
black line represents the free quark gas and. The gray band is from O(𝑔2) perturbation theory.

4.2 Fourth quark number susceptibilities and conserved charge fluctuations

In Figure 3, we present the results of fourth-order quark number fluctuations. These are
important quantities for constructing the fourth-order fluctuations which serves as NNLO Taylor
expansion coefficient of the pressure. We acknowledge that calculating higher-order susceptibilities
introduces substantial statistical noise, particularly in the hadronic phase, where fluctuations are
suppressed. Despite using a large number of Gaussian random sources and employing dilution
techniques, some observables, especially those involving light quark derivatives, exhibit larger
uncertainties. We observe that the higher the derivative with respect to the light quark chemical
potential (𝜇), the noisier the data are. However, at high temperatures, the susceptibilities are well
under control, and they approach the free quark gas limit and/or O(𝑔2) in perturbation theory.

6
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Figure 4: Leading order 𝑅𝑋
42, where 𝑋 = 𝑄 (left) and 𝑆 (right) calculated using MDWF.

4.3 Ratio of fourth order to second order

The ratio of fourth-order to second-order cumulants of electric charge and strangeness, 𝜒𝑋4 /𝜒
𝑋
2 ,

could serve as an observable for determining the freeze-out parameters and/or searching for the
QCD critical point. Here, we present the leading-order (LO) Taylor expansion, where the kurtosis
of the electric charge ratio and strangeness ratio is expressed as:

𝑅𝑋
42( 𝜇̂𝐵, 𝑇) = 𝜒

𝑋
4 /𝜒

𝑋
2 +𝑂 ( 𝜇̂2

𝐵), 𝑋 = 𝑄, 𝑆. (19)

We compare the leading-order kurtosis with predictions from the hadron resonance gas (HRG)
models in Figure 4, specifically the PDGHRG and QMHRG2020. Our analysis shows that, within
the current errors, 𝑅𝑆

42 is consistent with both HRG models. However, the HRG model calculations
of 𝑅𝑄

42 overshoot the lattice data.
Our preliminary results for 𝑅𝑋

42 at 𝜇𝐵 = 0, in the vicinity of the pseudo-critical temperature for
(2+1)-flavor QCD, are:

𝑅
𝑄

42 =

{
1.05 ± 0.46 for 𝑇 = 149.7 MeV

1.00 ± 0.53 for 𝑇 = 154.6 MeV.
; 𝑅𝑆

42 =

{
1.38 ± 0.09 for 𝑇 = 149.7 MeV

1.56 ± 0.12 for 𝑇 = 154.6 MeV.
(20)

Typically, experimental data from the STAR [22] and PHENIX [23] collaborations for 𝑅𝑄

42 have
large errors. Similarly, our lattice data also exhibits substantial errors, making it difficult to perform
statistically significant comparisons at present. However, future experimental results with smaller
errors could provide interesting comparisons.

5. Summary and Outlook

We presented our preliminary results of quark number susceptibilities and conserved charge
fluctuations for (2+1)-flavor QCD using Möbius Domain Wall Fermions, comparing lattice results
with HRG models and staggered fermion discretizations. At low temperatures, our results aligned
with HRG predictions, consistent with hadronic degrees of freedom, while at high temperatures,
they approached O(𝑔2) high-temperature perturbation theory, indicating a transition to partonic
matter. Fourth-order susceptibilities, although statistically noisier, were well controlled above 𝑇pc
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and matched the free theory limit. In particular, the 𝜒𝑄2 results from Möbius Domain Wall Fermions
were larger than those from staggered fermions at low temperatures but closer to the predictions of
the HRG model. In the future, we will improve statistical precision for higher-order susceptibilities
and include calculations at smaller lattice spacings for continuum extrapolations.
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