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Composite Higgs models are a class of Beyond the Standard Model (BSM) models proposed to
address the hierarchy and naturalness problems associated with the Standard Model (SM) Higgs.
A new QCD-like strongly interacting sector based on 𝑆𝑈 (2) with two fundamental flavours can
be used to build a composite Higgs model which is not yet ruled out by experiment. The role
of the singlet scalar resonance will affect Higgs phenomenology at the LHC. In this project our
goal is to understand the properties of the singlet scalar state in the new strongly interacting sector
in isolation as a first step to understanding the role of this state in composite Higgs models. We
present here the first lattice results for the mass of the 𝜎 in 𝑆𝑈 (2) with two fundamental flavours
using exponential clover Wilson fermions.
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1. Introduction

Composite Higgs models are a class of Beyond the Standard Model (BSM) theories that give
a dynamical origin to the electroweak symmetry breaking in the Standard Model by introducing a
new strongly interacting sector, with a view to explaining the hierarchy and naturalness problems.
The new sector is charged under the electroweak interaction such that it gives a dynamical origin
to the observed Higgs boson. In the new sector in isolation of the SM there is expected to be a rich
spectrum analogous to QCD. Understanding how the spectrum of the new sector affects particle
physics phenomenology at the LHC is therefore of great interest. In particular, we wish to gain a
good understanding of scattering processes in the composite Higgs sector, and how these would
affect scattering processes currently being probed at the LHC.

A viable theory for the new strongly interacting sector is 𝑆𝑈 (2) with two fundamental flavours.
It features an enhanced chiral symmetry breaking pattern of 𝑆𝑈 (4) → 𝑆𝑝(4) due to the gauge
group 𝑆𝑈 (2) having a pseudoreal fundamental representation.

In this project, we study the lightest flavour isosinglet Lorentz scalar state in the strongly
interacting sector in isolation using lattice simulations. For convenience we refer to the lightest
state in this channel as the 𝜎. It is expected that the 𝜎 state will be a resonance of two pseudo-
Nambu-Goldstone bosons in the chiral limit of the new sector. We aim to use lattice calculations
to predict from first principles the scattering properties of this scalar resonance. In order to do that
we need to identify a regime where the 𝜎 is a resonance.

Defining 𝑚V as the lightest isotriplet vector state and 𝑚PS as the lightest isotriplet pseudoscalar
state, we use 𝑚V

𝑚PS
as a convenient parameter for the theory that we use to measure how close we are

to the chiral limit, and and to compare with other work. In addition, 𝑚V
𝑚PS

is a measure of the scale
separation which controls the validity of chiral perturbation theory.

𝑆𝑈 (2) with two fundamental flavours has been previously studied on the lattice with a tree
level improved Wilson clover action. The 𝜎 state was investigated using a fully-fledged Lüscher
scattering calculation, where it was shown to likely be a stable state up to 𝑚V

𝑚PS
< 2.5 [1].

In the rest of this report we outline the details of the lattice setup including the tuning of 𝑐SW
and the generation of the HMC ensemble. We then turn to the details of the calculation of the 𝜎

effective mass and some comments on the results.

2. Lattice Setup

For the gauge sector we use the Wilson plaquette action, and for the fermion sector we use
exponential clover improved Wilson fermions [2]. The action is

𝑆 =
∑︁
𝑥

[
𝛽

2

∑︁
𝜇<𝜈

Re Tr[1 − 𝑃𝜇,𝜈 (𝑥)] +
∑︁
𝑦

𝜓(𝑥)𝐷 (𝑥, 𝑦)𝜓(𝑦)
]
, (1)

where the diagonal part of the even-odd preconditioned Wilson-Dirac operator is

𝐷𝑒𝑒 (𝑥, 𝑦) + 𝐷𝑜𝑜 (𝑥, 𝑦) = (4 + 𝑚0) exp
[

𝑐SW
4 + 𝑚0

𝑖

4
𝜎𝜇𝜈𝐹𝜇𝜈 (𝑥)

]
𝛿𝑥𝑦 . (2)

Here 𝜓 = (𝑢, 𝑑)𝑇 , 𝛽 = 4/𝑔2
0, 𝑚0 is the bare fermion mass, 𝐹𝜇𝜈 is the lattice gauge field strength,

𝜎𝜇𝜈 = 𝑖
2 [𝛾𝜇, 𝛾𝜈] and 𝑐SW is the Sheikholeslami-Wohlert parameter. 𝐷 is diagonal in flavour space.
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We perform simulations on a volume with spatial extent 𝐿 and time extent 𝑇 , where all
quantities are in lattice units. We use periodic boundary conditions for the HMC simulations, and
all of the simulations are performed in the HiRep suite, first described in [3]. In order to generate
the ensemble used in this work, we used multilevel integration HMC with two levels of Hasenbusch
acceleration. A significant amount of computing resources had to be used to tune the Hasenbusch
parameters.

To perform the exponential clover simulations with 𝑂 (𝑎) improvement, the parameter 𝑐SW
must be tuned non-perturbatively for each value of 𝛽. The tuning procedure and results are outlined
in Section 3.1.

To set the scale we use the Wilson gauge flow and the 𝑤0 parameter, defined by 𝑊 (𝑤2
0) = 1

where 𝑊 (𝑡) = 𝑡 𝑑
𝑑𝑡

{
𝑡2⟨𝐸 (𝑡)⟩sym

}
, following the definitions in [4]. As for mesonic observables, we

use isospin—a subgroup of 𝑆𝑝(4)—to classify the states. The basic flavour triplet operator we use
is

Otriplet
Γ

(𝑥) = 𝜓𝛼𝑖𝑐 (𝑥)Γ𝛼𝛽𝜏
3
𝑖 𝑗𝜓𝛽 𝑗𝑐 (𝑥) = 𝑢𝛼𝑐 (𝑥)Γ𝛼𝛽𝑢𝛽𝑐 (𝑥) − 𝑑𝛼𝑐 (𝑥)Γ𝛼𝛽𝑑𝛽𝑐 (𝑥) (3)

and the flavour singlet operator is

Osinglet
Γ

(𝑥) = 𝜓𝛼𝑖𝑐 (𝑥)Γ𝛼𝛽1𝑖 𝑗𝜓𝛽 𝑗𝑐 (𝑥) = 𝑢𝛼𝑐 (𝑥)Γ𝛼𝛽𝑢𝛽𝑐 (𝑥) + 𝑑𝛼𝑐 (𝑥)Γ𝛼𝛽𝑑𝛽𝑐 (𝑥). (4)

3. Simulation Results

3.1 Tuning of 𝑐SW

The value of 𝑐SW for each 𝛽 is tuned non-perturbatively via simulations with Schrödinger
functional boundary conditions following the procedure described in [5]. Figure 1 shows the final
tuned values of 𝑐SW against 𝛽 resulting from our extensive simulations. For comparison the one-
loop perturbation theory result is also plotted. Simulations at two volumes were performed in order
to control the finite volume effects. The results from the larger volume (𝐿 = 16) ensembles are
fitted with a Padé approximant, where first two terms of the low coupling expansion are matched
with the 1-loop perturbation theory result.

A significant amount of effort has been expended on running simulations at 𝛽 = 2.15, and 𝑐SW
is now tuned for all values of 𝛽 ≥ 2.15, which allows us to run at a coarser lattice spacing. Despite
assiduous efforts, simulations at 𝛽 = 2.1 remain inconclusive. The reader interested in more details
about the current status of the tuning of 𝑐SW is encouraged to refer to [6].

3.2 HMC Ensemble

Based on the results of previously generated heavier mass ensembles at 𝛽 = 2.3 and 𝛽 = 2.2
[7], we determined by extrapolation that a 𝛽 = 2.2 ensemble on a volume of 𝑉 = 64 × 323 with a
bare mass of 𝑚0 = −0.2864 would be the lightest we could run at this volume, since it would have
𝑚PS𝐿 ≈ 5, which is our chosen cutoff for limiting finite volume effects. The simulation was run on
different HPC machines in 6 replicas, and the combined data is shown in Table 1. The topological
charge histories for the replicas are plotted in figure 2, and we do not observe any indication of
topological freezing.

After generating the ensemble, 𝑚PS is measured to be lower than predicted from extrapolation
(𝑚PS𝐿 = 3.84), therefore a more chiral simulation would require a larger volume.

3
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Figure 1: The tuned values for 𝑐SW against 𝛽. The dashed straight line is the one-loop perturbation theory
result.

Volume 𝛽 𝑚0 𝑚PS 𝑚PS𝐿 𝑚V
𝑚V
𝑚PS

𝑁confs 𝑤0

64 × 323 2.2 −0.2864 0.120(2) 3.84 0.29(2) 2.46(8) 3255 4.50(3)

Table 1: Summary data for the ensemble.

3.3 Spectroscopy

3.3.1 Definitions

As a first step to understanding the properties of the 𝜎 resonance on the generated ensemble
described in Section 3.2, we investigate the behaviour of the two-point function defined as

𝑓𝜎 [𝑡] = ⟨𝑂𝜎 (𝑡)𝑂𝜎 (0)⟩ (5)

where

𝑂𝜎 (𝑡) =
∑︁
®𝑥
𝑂

singlet
1 (𝑥) (6)

4
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Figure 2: Plot of the topological charge history measured at the Wilson flow time 𝑡 = 𝑤2
0 = 20.25.

as defined in Equation 4. Since 𝑂𝜎 (𝑡) has the quantum numbers of the vacuum, it has a vacuum
expectation value which provides a constant offset to the two-point function. The large 𝑡 behaviour
is

𝑓𝜎 [𝑡] −→
𝑡 large

𝐴 + 𝐵 cosh
((
𝑇

2
− 𝑡

)
𝑚𝜎

)
. (7)

where 𝐴 is the vacuum expectation value, and 𝑚𝜎 is the energy of the lightest state in this channel.
If the 𝜎 is a resonance then we expect the fitted effective mass at large 𝑡 to be 𝑚𝜎 = 2𝑚PS, and
extracting the pole mass of the resonance itself would require a full scattering calculation. To
calculate the effective mass of the 𝜎, we subtract the vacuum expectation value by evaluating it
explicitly.

𝑓 𝜎 (𝑡) = 𝑓𝜎 (𝑡) − ⟨𝑂𝜎 (𝑡)⟩⟨𝑂𝜎 (0)⟩ . (8)

The effective mass 𝑚eff [𝑡] is defined by implicitly solving

𝑓𝜎 [𝑡 − 1]
𝑓𝜎 [𝑡]

=
𝑒−(𝑇−(𝑡−1) )𝑚𝜎

eff [𝑡 ] + 𝑒−(𝑡−1)𝑚𝜎
eff [𝑡 ]

𝑒−(𝑇−𝑡 )𝑚𝜎
eff [𝑡 ] + 𝑒−𝑡𝑚

𝜎
eff [𝑡 ]

. (9)

The effective mass 𝑚𝜎
eff [𝑡] is defined such that it plateaus to 𝑚𝜎 in the large 𝑡 limit, and we extract

𝑚𝜎 by performing a constant fit for large 𝑡.
Performing the Wick contractions for the two-point function we obtain

⟨𝑂𝜎 (𝑡)𝑂𝜎 (0)⟩𝐹 =
1
√

2

∑︁
®𝑥, ®𝑦

[
4Tr 𝑆{(𝑡, ®𝑥), (𝑡, ®𝑥)}Tr 𝑆{(0, ®𝑦), (0, ®𝑦)}

− 2Tr [𝑆{(0, ®𝑦), (𝑡, ®𝑥)}𝑆{(𝑡, ®𝑥), (0, ®𝑦)}]
]
.

(10)
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𝑆 is the gauge dependent fermion propagator 𝑆 = 𝐷−1. The first term is a disconnected term, and the
second term is a connected term. We evaluate each term separately with different types of stochastic
source. In order to evaluate the connected term, we use ‘spin-explicit wall’ (SEMWall) sources.
For more details see e.g. [8]. The disconnected term is vastly more expensive to evaluate than the
connected term, because it is much more noisy and the next section is dedicated to explaining its
evaluation. For both types of stochastic source we use 𝑍 (2) ⊗ 𝑍 (2) noise.

3.3.2 Evaluation of the disconnected term

Introduce the ‘volume’ stochastic sources 𝜉𝑘𝛼𝑐 (𝑥), where 𝑘 = 1 . . . 𝑁 and 𝑁 is the number of
stochastic sources, such that for any 𝑥, 𝑦, 𝛼, 𝛽, 𝑐, 𝑑

lim
𝑁→∞

1
𝑁

∑︁
𝑘

𝜉∗𝑘𝛼𝑐 (𝑥)𝜉𝑘𝛽𝑑 (𝑦) = 𝛿𝛼𝛽𝛿𝑐𝑑𝛿𝑥𝑦 . (11)

If we define
𝜑𝑘
𝛼𝑐 (𝑥) =

∑︁
𝑦,𝛽,𝑑

𝑆𝛼𝛽𝑐𝑑 (𝑥, 𝑦)𝜉𝑘𝛽𝑑 (𝑦) (12)

where 𝑆 is the gauge-dependent fermion propagator, it can be shown

Tr 𝑆{(𝑡, ®𝑥), (𝑡, ®𝑥)} =
∑︁
𝑘

𝜉∗𝑘𝛼𝑐 (𝑡, ®𝑥)𝜑𝑘
𝛼𝑐 (𝑡, ®𝑥). (13)

The disconnected term in Equation 10 can then be calculated using two independent sets of
stochastic sources 𝜉 and 𝜉 as

Tr [𝑆{(𝑡, ®𝑥), (𝑡, ®𝑥)}] Tr [𝑆{(0, ®𝑦), (0, ®𝑦)}] =
∑︁
𝑘,𝑙

(
𝜉∗𝑘𝛼𝑐 (𝑡, ®𝑥)𝜑𝑘

𝛼𝑐 (𝑡, ®𝑥)
) (

𝜉∗𝑙𝛽𝑑 (0, ®𝑦)�̃�
𝑙
𝛽𝑑 (0, ®𝑦)

)
. (14)

We refer to the total number of stochastic inversions as "hits", which are split evenly between each
term in Equation 14.

In practice, to improve the signal to noise ratio for the disconnected term, we average over all
time separations, defining an improved estimator for the disconnected contribution which we denote

Γ𝜎 (Δ𝑡)disc =
1
𝑇

∑︁
𝑡1−𝑡2=Δ𝑡

(𝑂𝜎 (𝑡1)𝑂𝜎 (𝑡2))disc . (15)

At this point we add the connected contribution and use the same stochastic sources to construct the
gauge-averaged VEV which is then subtracted to provide the full 𝜎 correlation function. Explicitly,

Γ𝜎 (Δ𝑡)disc = Γ𝜎 (Δ𝑡)disc −
〈

1
2𝑁𝑇

2𝑁∑︁
𝑘=1

𝑇−1∑︁
𝑡=0

∑︁
®𝑥,𝛼,𝑐

𝜉∗𝑘𝛼𝑐 (𝑡, ®𝑥)𝜑𝑘
𝛼𝑐 (𝑡, ®𝑥)

〉2

. (16)

3.3.3 Results

The disconnected and connected parts are combined into one correlator, and the effective mass
is plotted in Figure 3. The 𝜎 mass appears compatible with 2𝑚PS in this ensemble.

In order to make optimum use of the gauge configurations, the number of stochastic sources
used should be chosen so that the error on the effective mass is limited by the gauge noise and not the

6
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stochastic noise. To investigate which source of error is limiting the total error on the effective mass,
in Figure 4 we plot the error on the effective mass at a single timeslice (𝑡 = 8) against the number
of stochastic sources used, and fit a simple model. The fit suggests that we are still dominated by
stochastic noise, and therefore making best use of the gauge configurations.

Figure 3: The effective mass of the 𝜎 against lattice time for a binning width of 50. After timeslice 𝑡 = 11
the effective mass becomes dominated by noise. Also shown is 2𝑚PS in orange.

Figure 4: The error on the 𝜎 effective mass at a certain timeslice (𝑡 = 8) against the number of hits (stochastic
inversions). The data are fitted with the simple model Δ𝑚eff (𝑡) = 𝐴 + 𝐵√

hits
. In the fit, 𝐴 = 0, so the error in

the effective mass does not appear to have plateaued with respect to the number of hits, meaning the signal
is not limited by the gauge noise.

7
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4. Conclusion

We have described our setup for generating a chiral ensemble at 𝛽 = 2.2, including the
non-perturbative tuning of the action. The spectroscopy for a few key observables was reported,
including the scale-setting. We then turned to the scalar singlet state, the mass of which we calculate
for the first time in an ensemble generated using the exponential clover action. The effective mass
is shown to agree with the mass of twice the lightest pseudoscalar state for large 𝑡. This is to be
expected, as the value of 𝑚V

𝑚PS
is around the same as in the previous setup (2.5) [1], where the 𝜎 was

shown to be stable. We are now in a good position to explore lighter mass ensembles due to the
new improved action and with the new version of the HiRep suite ported to GPUs [9, 10]. Since the
ensemble in this work was the lightest that we could run on𝑉 = 64×323, larger volume simulations
will be required. We are currently generating new, larger volume ensembles at 𝛽 = 2.15 and 𝛽 = 2.2
where we expect to be significantly more chiral than the ensemble described here.
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