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We report on our ongoing lattice QCD computation of antistatic-antistatic potentials in the presence
of two light quarks using the CLS 𝑁 𝑓 = 2 gauge configurations and the OpenQ*D codebase.
We utilize a set of 16 creation operators, corresponding to 8 sectors characterized by angular
momentum and parity quantum numbers for light quarks 𝑞𝑞 = (𝑢𝑑 − 𝑑𝑢)/

√
2 (isospin 0), 𝑞𝑞 ∈

{𝑢𝑢, (𝑢𝑑 + 𝑑𝑢)/
√

2, 𝑑𝑑} (isospin 1) and 𝑞𝑞 ∈ {𝑢𝑠, 𝑑𝑠} (isospin 1/2 and strangeness −1). We
improve on previous work by considering a large number of off-axis separations of the static

for one-pion exchange at 𝑄̄𝑄̄ separations 𝑟 >∼ 0.5 fm.
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Antistatic-antistatic 𝑄̄𝑄̄𝑞𝑞 potentials for 𝑢, 𝑑 and 𝑠 light quarks from lattice QCD

1. Motivation

Using the 𝑄̄𝑄̄𝑞𝑞 lattice QCD potential data from Ref. [1] and inspired by 𝑇𝑐𝑐 and 𝑇𝑏𝑏

tetraquarks proposed since 1981 (see e.g. Ref. [2]), we applied a Coulomb-like screened po-
tential fit in Ref. [3] to predict binding energies of possibly existing heavy-light tetraquarks from a
Schrödinger equation. For 𝑇𝑏𝑏 with 𝐼 (𝐽𝑃) = 0(1+) we found 𝐸𝐵 ≈ −50 MeV. Extending the lattice
QCD data and carrying out a chiral extrapolation in Ref. [4, 5] led to 𝐸𝐵 ≈ −90 MeV. However,
heavy quark spin effects, which were included in Ref. [6], decrease the binding energy again to
𝐸𝐵 ≈ −60 MeV.

One of the aims of this long term project is to generate high precision lattice QCD potentials,
which can be used in Born-Oppenheimer approaches to reliably predict masses of antiheavy-
antiheavy-light-light tetrquarks (for a recent proposal of a very advanced and complete Born-
Oppenheimer effective theory see Ref. [7]). This could resolve a long standing tension with lattice
studies of the 𝑇𝑏𝑏 tetraquark based on NRQCD (see e.g. the recent works [8–11]), which find
somewhat stronger binding, 𝐸𝐵

<∼ − 100 MeV.
Moreover, at large 𝑄̄𝑄̄ separations the 𝑄̄𝑄̄𝑞𝑞 system is composed of two static-light mesons,

each with isospin 1/2 and light quark spin 1/2. These are the same quantum numbers as those of a
nucleon 𝑁 ∈ {𝑝, 𝑛}. Because of this, our potentials are expected to be qualitatively similar to the
nucleon-nucleon (𝑁-𝑁) interaction, for instance discussed in Ref. [12] and fundamental to nuclear
physics. Thus, meson exchange may produce small bumps at intermediate and large separations,
with opposite sign compared to the main short distance parts. At large separations we even expect a
dominating one-pion exchange (OPE) potential with its characteristic tensor structure (see e.g. Ref.
[13]).

2. Lattice setup and results

We performed computations on three CLS ensembles featuring 𝑁 𝑓 = 2 𝑂 (𝑎) improved
Wilson fermions. The ensembles are denoted as A5, G8 and N6 (see Refs. [14, 15]), which
differ in the lattice spacing (𝑎 = 0.0755 fm, 0.0658 fm, 0.0486 fm) and the pion mass (𝑚𝜋 =

331 MeV, 185 MeV, 340 MeV), and keep the lattice volume in the range 2.3 − 4.2fm. We utilized
the openQ*D codebase [16]. In addition to using techniques some of us already applied in an
independent previous lattice QCD computation of 𝑄̄𝑄̄𝑞𝑞 potentials [5] (e.g. stochastic timeslice
propagators, various smearing techniques), we now also computed off axis separations and replaced
the lattice separation by a tree-level improved separation, rlat → rimpr = 4𝜋𝑎/𝐺 (r/𝑎), where 𝐺 is
the scalar lattice propagator associated with our gauge action.

Our tetraquark interpolating operators are

O𝑞 (1)𝑞 (2) ,Γ
𝐵𝐵

(r1, r2) = (CΓ)𝐴𝐵 (CΓ̃)𝐶𝐷

(
𝑄̄𝑎

𝐶 (r1)𝑞 (1) ,𝑎
𝐴

(r1)
) (
𝑄̄𝑏

𝐷 (r2)𝑞 (2) ,𝑏
𝐵

(r2)
)
, (1)

where 𝑞 (1)𝑞 (2) = (𝑢𝑑 − 𝑑𝑢)/
√

2 for isospin 𝐼 = 0, 𝑞 (1)𝑞 (2) ∈ {𝑢𝑢, (𝑢𝑑 + 𝑑𝑢)/
√

2, 𝑑𝑑} for 𝐼 = 1
and 𝑞 (1)𝑞 (2) ∈ {𝑢𝑠, 𝑑𝑠} for 𝐼 = 1/2 and strangeness −1. The static quark spins are coupled by the
4 × 4 matrix Γ̃ and are essentially irrelevant. The light quark spins are coupled by the 4 × 4 matrix
Γ, which provides 16 linearly independent operators for each flavor sector. We compute correlation
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functions

C𝑞 (1)𝑞 (2) ,Γ
𝐵𝐵

(r, 𝑡) =
〈(
O𝑞 (1)𝑞 (2) ,Γ
𝐵𝐵

(r1, r2; 𝑡)
)†
O𝑞 (1)𝑞 (2) ,Γ
𝐵𝐵

(r1, r2; 0)
〉
, (2)

where r = r2−r1. Before we extract 𝑄̄𝑄̄𝑞𝑞 potentials𝑉𝑞 (1)𝑞 (2) ,Γ
𝐵𝐵

(r), we subtract twice the static-light
meson mass by dividing by the squared correlation function of the lightest static light meson,

C𝑞 (1)𝑞 (2) ,Γ
𝐵𝐵

(r, 𝑡)
(C𝐵 (𝑡))2 ∝𝑡→∞ exp

(
−𝑉

𝑞 (1)𝑞 (2) ,Γ
𝐵𝐵

(r)𝑡
)
. (3)

Since the static antiquarks are separated along the 𝑧 axis, the symmetry (even in the continuum)
is no longer spherical. The quantum numbers are the following:

• | 𝑗𝑧 |: absolute value of the 𝑧 component of the total angular momentum of the light quarks
and gluons.

• 𝑃: parity.
• 𝑃𝑥: behaviour under reflection along the 𝑥 axis.

These quantum numbers can be related to the 4×4 matrix Γ appearing in the interpolating operators
(1) (see Table 2 in Ref. [5], where 𝑆𝑆, 𝑆𝑃 and 𝑃𝑃 indicate the asymptotic values 2𝑚𝐵, 𝑚𝐵 + 𝑚𝐵∗

0

and 2𝑚𝐵∗
0
). In the following we denote the potentials 𝑉𝑞 (1)𝑞 (2) ,Γ

𝐵𝐵
(r) also by 𝑉

𝐼; | 𝑗𝑧 | ,𝑃,𝑃𝑥

𝐵𝐵
(r).

Using the Fierz identity, the interpolating operators (1) can also be related to 𝑗 , the absolute
value of the total angular momentum of the light degrees of freedom of an antiheavy-antiheavy-
light-light tetraquark (see Table 5 of Ref. [5]). Γ ∈ {𝛾5, 𝛾0𝛾5, 1, 𝛾0} correspond to 𝑗 = 0, Γ ∈
{𝛾𝑘 , 𝛾0𝛾𝑘 , 𝛾𝑘𝛾5, 𝛾0𝛾𝑘𝛾5} (𝑘 = 1, 2, 3) to 𝑗 = 1.

We show our results for 𝐼 = 0 and 𝐼 = 1, obtained on ensemble N6, in Fig. 1 and Fig. 2,
respectively (analogous plots for 𝐼 = 1/2 and strangeness −1 are qualitatively similar and not
shown, because of page limitations). Note that we use correlation functions of an operator (1)
with itself, but have not yet computed correlation matrices. Our excited potentials might, thus,
be contaminated by lower potentials with the same quantum numbers and even for some of the
groundstate potentials it is currently not fully clear, whether the limit 𝑡 → ∞ indicated in Eq. (3)
has been reached within statistical errors.

3. Discussion of our results

We now focus mostly on Fig. 3, where we show all 𝐼 = 0 and 𝐼 = 1 attractive and repulsive
potentials, which have the lowest possible asymptotic value of two times the mass of the lightest
static-light meson, i.e. 2𝑚𝐵. Analogous plots for 𝐼 = 1/2 and strangeness −1 are qualitatively
similar and not shown, because of page limitations.

(i) At small 𝑄̄𝑄̄ separations we expect from QCD a one gluon exchange potential. The leading
term is 𝑐𝛼𝑠/𝑟 with the color factor 𝑐 = 𝝀1 · 𝝀2/Tr(𝝀 · 𝝀) (𝝀1 and 𝝀2 are Gell-Mann matrices
acting on the color components of the two heavy antiquarks). 𝑐 = −1/2, if 𝑄̄𝑄̄ is in a color
triplet, and 𝑐 = +1/4, if 𝑄̄𝑄̄ is in a color antisextet.

The potentials in the top row of Fig. 3 have 𝐼 = 𝑗 , in the bottom row 𝐼 ≠ 𝑗 . Because of the
Pauli principle, the static quarks must be in an antisymmetric color triplet in the top row and

3
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Figure 1: 𝑄̄𝑄̄𝑞𝑞 potentials for 𝑞𝑞 = (𝑢𝑑 − 𝑑𝑢)/
√

2, i.e. 𝐼 = 0, ensemble N6. 𝑚(𝑆) ≡ 𝑚𝐵 ≡ 𝑚𝐵∗ denotes
the mass of the lightest static-light meson with parity −, whereas 𝑚(𝑃) ≡ 𝐵∗

0 ≡ 𝐵∗
1 denotes the mass of its

parity partner.

in a symmetric color antisextet in the bottom row. This explains, why the potentials in the
top row are attractive at small separations, while those in the bottom row are repulsive. The
argument can be generalized to potentials with higher asymptotic values in a straightforward
way (see Ref. [5]).

(ii) The interaction of the light quark spins also contributes to the potentials. It is known from
the hadron spectrum that the dominant contribution is the hyperfine potential. While quark
models do not agree on the 𝑟 dependence of this potential, it is proportional to −𝑐𝝈1 · 𝝈2

(𝝈1 and 𝝈2 are Pauli matrices acting on the spin components of the two light quarks).
−𝝈1 · 𝝈2 ≡ +3 for 𝑗 = 0 and −𝝈1 · 𝝈2 ≡ −1 for 𝑗 = 1. This explains, why the potentials in
the left column of Fig. 3, which have 𝑗 = 0, are stronger attractive/repulsive than those in the
center and right columns, which have 𝑗 = 1.

(iii) When increasing the 𝑄̄𝑄̄ separation to ≈ 0.25 fm, a pair of weakly overlapping static-light
mesons will form. The potentials are then screened proportional to the tail of the static-light

4
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Figure 2: 𝑄̄𝑄̄𝑞𝑞 potentials for 𝑞𝑞 ∈ {𝑢𝑢, (𝑢𝑑 + 𝑑𝑢)/
√

2, 𝑑𝑑}, i.e. 𝐼 = 1, ensemble N6. 𝑚(𝑆) ≡ 𝑚𝐵 ≡ 𝑚𝐵∗

denotes the mass of the lightest static-light meson with parity −, whereas 𝑚(𝑃) ≡ 𝐵∗
0 ≡ 𝐵∗

1 denotes the mass
of its parity partner.

wave-function. This is typically an exponential suppression ∝ exp(−𝑟 𝑝) with exponent 𝑝 in
the range 1.5, . . . , 2.0. This expectation is consistent with our potential data.

(iv) In the limit 𝑟 → 0 our interpolating operators (1) become equivalent to interpolating operators
for static-light baryons. Thus, the difference between two ground state potentials, both
𝑉

0;0,−,+
𝐵𝐵

(r) − 𝑉
0;0,−,−
𝐵𝐵

(r) and 𝑉
0;0,−,+
𝐵𝐵

(r) − 𝑉
0;1,−,±
𝐵𝐵

(r), should approach the mass difference
of the static light baryons with quantum numbers 𝑗 P = 0+ and 𝑗 P = 1− [17] or, equivalently,
the mass difference of a “good” and a “bad” diquark [18]. In Fig. 4 we show the difference
𝑉

0;0,−,+
𝐵𝐵

(r) − 𝑉
0;0,−,−
𝐵𝐵

(r) and find ≈ −200 MeV in the limit 𝑟 → 0, which is consistent with
the static-light baryon and diquark masses from Refs. [17, 18].

(v) At intermediate 𝑄̄𝑄̄ separations 0.25 fm <∼ 𝑟 <∼ 0.75 fm we obtain for the first time clearly
visible bumps for some of the potentials (in Fig. 3 top row, center and right plot as well as
bottom row, right plot), i.e. the potentials have a different sign at intermediate separations
than at small separations. These bumps may have various non-perturbative contributions: the
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Figure 3: 𝑄̄𝑄̄𝑞𝑞 potentials with 𝐼 = 0 as well as 𝐼 = 1 and the lowest possible asymptotic value, ensembles
A5, G8 and N6.
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energy difference in the limit 𝑟 → 0 discussed in the previous item (iv), the flip-flop between
a tetraquark string and two meson strings [19] as well as meson exchange potentials might all
be expected. Note that in the remaining three cases (top row, left plot as well as bottom row,
left and center plot) there might be similar effects leading to “bumps” with the same sign as
the short range potential, which are less clearly visible.

(vi) At large 𝑄̄𝑄̄ separations the OPE potential should dominate, which is given by [13]

𝑚𝜋
2𝑔𝐴

2

24𝜋 𝑓𝜋2 (𝝉1 · 𝝉2)
((

3(𝝈1 · 𝒓) (𝝈2 · 𝒓) − 𝝈1 · 𝝈2

) (
1 + 3

𝑚𝜋𝑟
+ 3
(𝑚𝜋𝑟)2

)
+ 𝝈1 · 𝝈2

)
𝑒−𝑚𝜋𝑟

𝑟
. (4)

Note that it includes a hyperfine contribution proportional to (𝝉1 · 𝝉2) (𝝈1 · 𝝈2), which, due
to the Pauli principle, has the opposite sign as the sort range Coulomb potential discussed
in item (i) and, thus, generates a bump at large separations, which might, however, be rather
small and difficult to identify.

The main signature of OPE might be the tensor part proportional to (𝝉1 · 𝝉2) (𝝈1 · 𝒓) (𝝈2 · 𝒓).
In our case 𝒓 = 𝒆𝑧 and, thus, (𝝈1 · 𝒓) (𝝈2 · 𝒓) = −1 for | 𝑗𝑧 | = 0 and (𝝈1 · 𝒓) (𝝈2 · 𝒓) = +1 for
| 𝑗𝑧 | = 1. Because of this, in Fig. 3 the tensor interaction is expected to shift the potentials
in the center, which have | 𝑗𝑧 | = 0, in the opposite direction than the potentials at the right,
which have | 𝑗𝑧 | = 1. Moreover, notice the center and right plots in the top row correspond
to 𝐼 = 1 (→ 𝝉1 · 𝝉2 ≡ +1), while the center and right plots in the bottom row correspond to
𝐼 = 0 (→ 𝝉1 · 𝝉2 ≡ −3). Consequently, observing (𝑉0;1,+,±

𝐵𝐵
(r) − 𝑉

0;0,+,−
𝐵𝐵

(r))/(𝑉1;1,−,±
𝐵𝐵

(r) −
𝑉

1;0,−,−
𝐵𝐵

(r)) ≈ −3 at large 𝑄̄𝑄̄ separations could be an indication for OPE. Even though
statistical errors are large, our data leads to ratios in reasonable agreement with −3.
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