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1. Introduction

Achieving sub-percent precision in hadronic quantity predictions within lattice QCD requires
accounting for isospin-breaking (IB) effects from 𝑚𝑢 ≠ 𝑚𝑑 and from QED, each contributing
at the ∼ 1% level. The RC★ collaboration has developed a framework using 𝐶-periodic boundary
conditions [1–4] in lattice ensembles, allowing for a lattice formulation of QCD+QED that preserves
locality, gauge invariance, and translational invariance. Consequently, the collaboration focuses
primarily on observables where IB effects are significant, such as the measurement of charged
meson masses and the hadronic vacuum polarization (HVP) [5, 7–12].

The goal of this preliminary analysis is to compare two methods for computing observables
with IB effects, focusing on their relative performance and uncertainties:

1. Monte Carlo sampled, dynamical QCD+QED, where the photon field evolves alongside the
SU(3) gauge field in the HMC algorithm. This method requires a setup where 𝑚𝑢 ≠ 𝑚𝑑 .

2. The RM123 method [13, 14], applied to an ensemble generated in isospin-symmetric QCD
(isoQCD), i.e. with 𝑚𝑢 = 𝑚𝑑 and 𝑒2 = 0.

The observable chosen for this comparison is 𝑎HVP
𝜇 , the HVP contribution to (𝑔 − 2)𝜇, for

which sub-percent precision—and thus inclusion of IB effects—are currently required [15].
The analysis is performed on ensembleA380a07b324 (𝑁 𝑓 = 1+2+1) for dynamical QCD+QED

and ensemble A400a00b324 (𝑁 𝑓 = 3 + 1) for isoQCD+RM123. Both ensembles, generated in
Ref. [8] using C★ boundary conditions, share the same simulation setup, except for the inclusion of
QED and a slightly lighter 𝑚𝑢 in A380a07b324.

We consider two approaches to compare the results obtained from the two methods above:

(a) Use theoretical, error-free shifts in the bare parameters ®𝜀 = (𝛽, 𝑒2, 𝑚𝑢, 𝑚𝑑 , 𝑚𝑠, 𝑚𝑐), defined
as Δ®𝜀 = ®𝜀A380 − ®𝜀0, where ®𝜀A380 and ®𝜀0 correspond to the parameters of the QCD+QED
(A380a07b324) and isoQCD (A400a00b324) ensembles, respectively. Denoting with ⟨...⟩0
measurements in isoQCD, the shifted quantities ⟨𝜙𝑖 ( ®𝜀0)⟩0+Δ®𝜀 · ⟨𝜕 ®𝜀𝜙𝑖 ( ®𝜀0)⟩0 can be compared
to those measured on the QCD+QED ensemble, ⟨𝜙𝑖 ( ®𝜀)⟩; a similar comparison applies to
the gradient flow scale 𝑡0. Here, 𝜙𝑖 refers to combinations of meson masses, as described in
Sec. 2.2. This approach allows us to analyze how the uncertainty is distributed between 𝑎HVP

𝜇 ,
the scale-setting parameter 𝑡0, and the tuning observables 𝜙𝑖 . Graphically, this comparison
corresponds to two points in the 𝜙𝑖 , 𝑡0, and 𝑎HVP

𝜇 space: one representing the dynamical
QCD+QED result and the other the isoQCD+RM123 result, with uncertainties accounted for
in all directions.

(b) Compute the shiftsΔ®𝜀 = ®𝜀∗− ®𝜀0 (along with their uncertainties) that solve the renormalization
conditions ⟨𝜙𝑖 ( ®𝜀0)⟩0+Δ®𝜀 · ⟨𝜕 ®𝜀𝜙𝑖 ( ®𝜀0)⟩0 = 𝜙∗

𝑖
, where 𝜙∗

𝑖
are target, error-free quantities defined

as the central values of the observables ⟨𝜙𝑖 ( ®𝜀)⟩ measured on the QCD+QED ensemble. A
similar renormalization condition is applied to the scale-setting observable 𝑡0. This approach
transfers all uncertainties to the target observable. On the dynamical QCD+QED side, prop-
agating the uncertainties of 𝜙𝑖 to 𝑎HVP

𝜇 requires computing 𝑑
𝑑𝜙𝑖

𝑎HVP
𝜇 = 𝜕

𝜕 ®𝜀 𝑎
HVP
𝜇 · ( 𝜕

𝜕 ®𝜀 𝜙𝑖)
−1,

which can be computed directly on A380a07b324 or approximated using the derivatives com-
puted on the isoQCD ensemble: this should only introduce O((𝑒2 + Δ𝑚 𝑓 )2) IB corrections.
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In this proceeding, we adopt the first procedure, using error-free bare parameters shifts Δ®𝜀 to
compute observables in the isoQCD+RM123 framework. Moreover, we omit valence-disconnected
Wick contractions and focus solely on valence-connected ones, while also neglecting IB effects
from sea quarks (see Table 3).

2. Setup

This section introduces the 𝐶−periodic boundary conditions used in our lattice QCD+QED
simulations and outlines the ensembles and renormalization scheme employed in the analysis.

2.1 𝑪−periodic (or C★) Boundary Conditions

Periodic Boundary Conditions (BCs) in finite-volume lattice simulations prevent the propa-
gation of electrically charged states. To overcome this limitation, 𝐶-periodic (for brevity, 𝐶★ in
the following) BCs were introduced [1, 4]. These boundary conditions allow charged hadrons to
propagate in a finite lattice while preserving locality, gauge invariance, and translational invari-
ance [5]. 𝐶★ BCs are imposed by requiring that the gauge field transforms across the boundaries
as 𝑈𝜇 (𝑥 + 𝐿𝑖𝑖) = 𝑈∗

𝜇 (𝑥), while the fermion fields transform as 𝜓(𝑥 + 𝐿𝑖𝑖) = 𝐶−1𝜓̄𝑇 (𝑥) and
𝜓(𝑥 + 𝐿𝑖𝑖) = −𝜓𝑇 (𝑥)𝐶, with 𝐶 being the charge conjugation matrix and 𝑖 a unit vector in the
𝑖 = 1, 2, 3 spatial directions.

Finite-volume corrections to charged hadron masses exhibit power-law scaling under 𝐶★ BCs.
Structure-dependent corrections appear only at O(1/𝐿4), in contrast to O(1/𝐿3) in other formula-
tions like QED𝐿 , significantly reducing finite-volume effects. 𝐶★ BCs also reduce finite-volume
effects to 𝑎HVP

𝜇 , with respect to periodic BCs [6].
A consequence of imposing 𝐶★ BCs is a weak violation of flavor conservation, as flavor-

charged particles traveling around the torus transform into their antiparticles. However, this effect
is exponentially suppressed with volume and is negligible for practical purposes in numerical
simulations [5].

2.2 Ensembles

Table 1 lists the simulation parameters ®𝜀0 and ®𝜀A380 for the isoQCD (A400a00b324) and
QCD+QED (A380a07b324) ensembles, while Table 2 defines their renormalization scheme.

In the isoQCD setup, where 𝑚𝑢 = 𝑚𝑑 = 𝑚𝑠, there are only two distinct light meson masses:
𝑀𝜋± = 𝑀𝐾± = 𝑀𝐾0 = 398.5(4.7) MeV and 𝑀𝐷± = 𝑀𝐷±

𝑠
= 𝑀𝐷0 = 1912.7(5.7) MeV. This

symmetry significantly reduces the number of meson mass derivatives required for the RM123
method. For comparison, the QCD+QED ensemble yields 𝑀𝜋± = 𝑀𝐾± = 383.6(4.4) MeV,
𝑀𝐾0 = 390.7(3.7) MeV, 𝑀𝐷± = 𝑀𝐷±

𝑠
= 1926.4(7.8) MeV, and 𝑀𝐷0 = 1921.1(7.6) MeV, as

previously computed in Ref. [8].

2.3 RM123: Feynman diagrams with our action and vector currents

For this analysis, we use both local-local and conserved-local implementations of the vector
current correlator 𝐺 (𝑡), defined in Section 4. As a result, the leading IB effects arise from two
sources: the action and the conserved current 𝑉𝑐𝜇 at the sink, where the action is described in
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Ensemble lattice 𝛽 𝛼 𝜅𝑢 𝜅𝑑 = 𝜅𝑠 𝜅𝑐

A400a00b324 64 × 323 3.24 0 0.13440733 0.13440733 0.12784
A380a07b324 64 × 323 3.24 0.007299 0.13459164 0.13444333 0.12806355

Δ𝛽 Δ𝛼 Δ𝑚𝑢 Δ𝑚𝑑 = Δ𝑚𝑠 Δ𝑚𝑐

0 0.007299 -0.00509422 -0.000996117 -0.00682735

Table 1: Parameters of the isoQCD (first row) and QCD+QED (second row) ensembles. The isoQCD
ensemble has 𝜅𝑢 = 𝜅𝑑 = 𝜅𝑠 , while the QCD+QED ensemble has 𝜅𝑢 > 𝜅𝑑 = 𝜅𝑠 to account for 𝑚𝑢 < 𝑚𝑑 , with
degenerate down and strange quarks. The parameter shifts Δ𝜀𝑘 for 𝛽, 𝛼 = 4𝜋𝑒2, and quark masses are listed
at the bottom of the table. These shifts can be extracted directly since both lattices use the same simulation
code and action.

Observable
Physical RC★ target value Measured Values
value isoQCD QCD+QED isoQCD QCD+QED

𝜙0 = 8𝑡0(𝑚2
𝐾± − 𝑚2

𝜋±) 0.992 0 0 — —
𝜙1 = 8𝑡0(𝑚2

𝐾± + 𝑚2
𝜋± + 𝑚

2
𝐾0) 2.26 2.11 2.11 2.107(50) 1.977(37)

𝜙2 = 8𝑡0(𝑚2
𝐾0 − 𝑚2

𝐾±)/𝛼𝑅 2.36 0 2.36 — 3.39(14)
𝜙3 =

√
8𝑡0(𝑚𝐷±

𝑠
+ 𝑚𝐷0 + 𝑚𝐷±) 12.0 12.1 12.1 12.068(36) 12.132(48)

√
8𝑡0 / fm 0.415 0.415 0.415

𝛼𝑅 0.007297 0 𝛼phys

Table 2: Renormalization scheme for isoQCD (A400a00b324) and QCD+QED (A380a07b324) ensembles,
generated in [8]. The scale is set using

√
8𝑡0 = 0.415 fm from Ref. [20], giving lattice spacings 𝑎 =

0.05393(24) fm (isoQCD) and 𝑎 = 0.05323(28) fm (QCD+QED). Physical values of 𝜙0,1,2,3 are compiled
using the experimental masses in [21], without errors. At leading order in ChPT, 𝜙𝑖 depend on quark mass
combinations: 𝜙0 ∝ (𝑚𝑠 − 𝑚𝑑), 𝜙1 ∝ (𝑚𝑢 + 𝑚𝑑 + 𝑚𝑠), 𝜙2 ∝ (𝑚𝑢 − 𝑚𝑑), and 𝜙3 ∝ 𝑚𝑐.

detail in the openQCD and openQxD documentations [16–19]. Table 3 provides a summary of all
Feynman diagrams at first order in Δ𝑚 𝑓 and 𝑒2 which are required to compute the IB corrections
to 𝐺 (𝑡). The diagrams are categorized by valence quark connections (connected or disconnected)
and by the placement of IB insertions on valence, sea, or mixed quarks. Note that for 𝑚𝑑 = 𝑚𝑠,
the “U-isovector” current 𝜓̄𝑑𝛾𝜇𝜓𝑑 − 𝜓̄𝑠𝛾𝜇𝜓𝑠 requires no valence-disconnected diagrams, as these
cancel by 𝑑-𝑠 symmetry. This quantity will be the focus of future work.

3. Scheme matching and mass parameter shifts

The Eqs. (1a)-(1d) provide the first-order expansions (denoted by superscript (1) ) in the bare
parameters 𝑒2 and Δ𝑚 𝑓 for the scheme-defining observables 𝜙𝑖 defined in Table 2:

𝜙
(1)
0 = 𝜙

(0)
0 = 0 , (1a)

𝜙
(1)
1 = 𝜙

(0)
1 + 16𝑡 (0)0 𝑚

(0)
𝜋±

[(∑︁
𝑓 =𝑑,𝑠

Δ𝑚 𝑓 (𝜕𝑚 𝑓
𝑚𝐾0) (0) + 𝑒2(𝜕𝑒2𝑚𝐾0) (0)

)
+ 2

(∑︁
𝑓 =𝑢,𝑑

Δ𝑚 𝑓 (𝜕𝑚 𝑓
𝑚𝜋±) (0) + 𝑒2(𝜕𝑒2𝑚𝜋±) (0)

)]
, (1b)
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from action from 𝑉𝑐𝜇 at sink
IB type mass QED QED

va
le

nc
e

co
nn

ec
te

d vv

vs

ss

va
le

nc
e

di
sc

.e
d vv

vs

ss

Table 3: Diagrams of IB contributions to a two-point function, in mass and QED sectors. Colored symbols
denote operator insertions: red triangle (mass term,

∑
𝑥 𝜓̄ 𝑓𝜓 𝑓 ), green square (single photon insertion, from

either 𝜕𝑒𝐷𝑊 or 𝜕𝑒𝐷𝑆𝑊 ), blue diamond (photon tadpole, from 𝜕2
𝑒𝐷𝑊 only, because 𝜕2

𝑒𝐷𝑆𝑊 = 0). When using
conserved-local correlator 𝐺𝑐𝑙 (𝑡), and thus conserved vector current 𝑉𝑐

𝑘
at sink, additional insertions appear

(last column): orange pentagon (single photon, from 𝜕𝑒𝑉
𝑐
𝑘
(0)) and purple star (tadpole, from 𝜕2

𝑒𝑉
𝑐
𝑘
(0)).

Only vv-IB corrections to valence-connected diagrams (first row, top block) are included in this analysis,
neglecting disconnected diagrams (bottom block) and sea quark contributions (vs, ss rows).

𝜙
(1)
2 = 𝜙

(0)
2 + 16𝑡 (0)0

𝑚
(0)
𝐾0

4𝜋𝑒2

[(∑︁
𝑓 =𝑑,𝑠

Δ𝑚 𝑓 (𝜕𝑚 𝑓
𝑚𝐾0) (0) + 𝑒2(𝜕𝑒2𝑚𝐾0) (0)

)
−
(∑︁

𝑓 =𝑢,𝑠
Δ𝑚 𝑓 (𝜕𝑚 𝑓

𝑚𝐾±) (0) + 𝑒2(𝜕𝑒2𝑚𝐾±) (0)
)]
, (1c)

𝜙
(1)
3 = 𝜙

(0)
3 +

√︃
8𝑡 (0)0

[(∑︁
𝑓 =𝑢,𝑐

Δ𝑚 𝑓 (𝜕𝑚 𝑓
𝑚𝐷0) (0) + 𝑒2(𝜕𝑒2𝑚𝐷0) (0)

)
+ 2

(∑︁
𝑓 =𝑑,𝑐

Δ𝑚 𝑓 (𝜕𝑚 𝑓
𝑚𝐷±) (0) + 𝑒2(𝜕𝑒2𝑚𝐷±) (0)

)]
, (1d)

where 𝑋 (0) indicates that the observable 𝑋 is defined and computed in isoQCD. The derivatives of
scale 𝑡0 are currently ignored and will be included alongside the IB effects from sea quarks. For
the same reason, the additional equation for the lattice spacing, 𝑎 = 𝑎 (0) − 1

2 (Δ𝑡0/𝑡0) 𝑎
(0) , where

Δ𝑡0 =
∑
𝑓 Δ𝑚 𝑓 (𝜕𝑚 𝑓

𝑡0) (0) + 𝑒2(𝜕𝑒2 𝑡0) (0) + Δ𝛽(𝜕𝛽𝑡0) (0) = 0, is also neglected. Moreover, in our
isoQCD setup, several mass degeneracies occur, due to 𝑚𝑢 = 𝑚𝑑 = 𝑚𝑠; in particular 𝐾± and 𝜋±

are effectively the same particle, similarly for 𝐷±
𝑠 = 𝐷±. These degeneracies have been used to

simplify several terms in Eqs. (1a)-(1d).
If we were to pursue strategy (b) described in Section 1, we would need to fix the left-hand side

of Eqs. (1a)-(1d) to the target QED+QCD scheme and compute the mass shifts Δ𝑚 𝑓 that satisfy the
system of equations. Since we are here following strategy (a), we fix Δ𝑚 𝑓 to the values given in
Table 1 and compute the set of 𝜙𝑖 for isoQCD+RM123 with their errors:

𝜙1 = 2.164(23) (4) , 𝜙2 = 3.602(47) (27) , 𝜙3 = 12.095(30) (1) , (2)

where the first and second brackets correspond to the statistical and systematic errors, respectively.
These values can be compared to those computed directly on the A380a07b324 ensemble.

5
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4. 𝒂HVP
𝝁 in QCD+QED

The HVP contribution to the (𝑔 − 2) of the muon, 𝑎HVP
𝜇 , is given by:

𝑎HVP
𝜇 =

(𝛼
𝜋

)2 ∑︁
𝑓1, 𝑓2

∫ ∞

0
𝑑𝑡 𝐺

𝑅,𝑙𝑙

𝑓1 𝑓2
(𝑡)𝐾 (𝑡;𝑚𝜇), (3)

where 𝐺 𝑓1 𝑓2 (𝑡) = 𝑞 𝑓1𝑞 𝑓2 1
3
∑3
𝑘=1

∑
®𝑥 ⟨𝑉

𝑓1
𝑘
(𝑥)𝑉 𝑓2

𝑘
(0)⟩, with 𝑉 𝑓1

𝑘
(𝑥) the vector current, and 𝐾 (𝑡;𝑚𝜇)

defined as in Ref. [22, Eq. 44]. Here, 𝐺𝑅,𝑙𝑙 (𝑡) represents the renormalized local-local correlator
𝐺𝑅,𝑙𝑙 (𝑡) = 𝑍𝑉𝐺

𝑙𝑙 (𝑡)𝑍𝑇
𝑉

, where 𝐺 and 𝑍𝑉 are 4 × 4 matrices in the flavor basis (see [23] for the
renormalization pattern with 𝑁 𝑓 = 3, 𝑂 (𝑎)-improved Wilson fermions). The computation of 𝑍𝑉 is
briefly discussed in Sec. 4.1.

Alternatively, we use the renormalized conserved-local correlator 𝐺𝑅,𝑐𝑙 (𝑡) = 𝑍𝑉𝐺𝑐𝑙 (𝑡).
The IB corrections to 𝑎HVP

𝜇 are categorized into two main types:

1. Corrections to correlators:

𝛿𝐺𝑎
HVP
𝜇 =

(𝛼
𝜋

)2 ∫
𝑑𝑡 𝑍

(0)
𝑉

Δ𝐺𝑙𝑙 (𝑡)𝑍 (0)𝑇
𝑉

𝐾 (𝑡;𝑚𝜇) (4)

Δ𝐺𝑙𝑙 (𝑡) =
∑︁
𝑓

Δ𝑚 𝑓

(
𝜕𝐺𝑙𝑙 (𝑡)
𝜕𝑚 𝑓

) (0)
+ 𝑒2

(
𝜕𝐺𝑙𝑙 (𝑡)
𝜕𝑒2

) (0)
(5)

2. Corrections to renormalization constants:

𝛿𝑍𝑎
HVP
𝜇 =

(𝛼
𝜋

)2 ∫
𝑑𝑡

[
𝑍
(0)
𝑉
𝐺𝑙𝑙 (𝑡) (0)Δ𝑍𝑇𝑉 + Δ𝑍𝑉𝐺

𝑙𝑙 (𝑡) (0)𝑍 (0)𝑇
𝑉

]
𝐾 (𝑡;𝑚𝜇) (6)

Δ𝑍𝑉 =
∑︁
𝑓

Δ𝑚 𝑓

(
𝜕𝑍𝑉

𝜕𝑚 𝑓

) (0)
+ 𝑒2

(
𝜕𝑍𝑉

𝜕𝑒2

) (0)
(7)

If sea-sea effects were included, the IB corrections to the lattice spacing would also require consid-
ering the derivative of the kernel with respect to 𝑎, due to its implicit dependence 𝑡 = 𝑎𝑡.

4.1 Renormalization constants 𝒁𝑽 at leading order

The renormalization conditions are defined in the adjoint basis of SU(4) generators 𝜆3, 𝜆8, 𝜆15,
and the identity 𝜆0 = 1 as outlined in Refs. [23, 24]:

𝑉𝑒𝑚𝜇 =
∑︁

𝑓 =𝑢,𝑑,𝑠,𝑐

𝑄 𝑓 𝜓̄ 𝑓 𝛾𝜇𝜓 𝑓 =
1
3
𝑉0
𝜇 +𝑉3

𝜇 +
1
√

3
𝑉8
𝜇 −

1
√

6
𝑉15
𝜇 (8)

where the adjoint currents are𝑉0,3,8
𝜇 = 1

2 tr(𝜆0,3,8V) and𝑉15
𝜇 = tr(𝜆15V), with [V] 𝑓1 𝑓2 = 𝜓̄ 𝑓1𝛾𝜇𝜓 𝑓2 .

In the adjoint basis, we define 𝑍̃𝑉 as follows:[
𝑍̃𝑉

]
𝑎𝑏

= lim
𝑥0→∞

𝐺̃𝑐𝑙𝑎𝑑 · (𝐺̃
𝑙𝑙)−1
𝑑𝑏, 𝑎, 𝑏 = 0, 3, 8, 15. (9)

In this work, we are neglecting the disconnected terms. As a consequence, the renormalization
constant matrices, when brought back in the flavor bases, are diagonal and computed to be:

𝑍𝐴400
𝑉 = diag(0.6771(3), 0.6771(3), 0.6771(3), 0.6050(8)) , (10)
𝑍𝐴380
𝑉 = diag(0.6775(6), 0.6793(7), 0.6793(7), 0.6048(9)) . (11)
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4.2 Leading-order results for 𝒂HVP
𝝁 from connected correlators

Results for 𝑎HVP
𝜇 from leading-order (LO) connected correlators are given in columns 1 and 3

of Table 5 (Conclusions) for ensembles A400a00b324 and A380a07b324. Here “leading-order”
is used to indicate 2-point functions only, rather than QCD only, as QED effects are inherently
included in the QCD+QED ensemble A380a07b324.

All calculations were performed using 2000 configurations with 4 point sources per configu-
ration, neglecting disconnected contributions. At large Euclidean times, the correlator tails were
reconstructed using single-exponential fits with 𝑡cut ∈ (1.2, 1.3) fm.

4.3 Corrections from derivatives of correlator

The derivatives 𝜕𝑚 𝑓
𝐺 (𝑡) and 𝜕2

𝑒 𝐺 (𝑡) correspond, diagrammatically, to the first row of Table 3,
neglecting disconnected and sea effects. The O(𝑒2) insertions come from derivatives of the Wilson-
Dirac operator 𝐷W and the Sheikholeslami–Wohlert (SW) term 𝛿𝐷SW in the Dirac operator [19,
Eqs. 8, 10, 13], leading to a total of 8 Wick contractions (11 for conserved-local) for each flavor.

The corrections to the tail parameters 𝐴 and 𝑚eff are defined as 𝐴 = 𝐴(0) + Δ𝐴 and 𝑚eff =

𝑚
(0)
eff + Δ𝑚eff. The parameters Δ𝐴 and Δ𝑚eff are extracted from a two-parameter linear fit:

𝐺 (1) (𝑥0) − 𝐺 (0) (𝑥0)
𝐺 (0) (𝑥0)

=
Δ𝐴

𝐴(0) − 𝑥0Δ𝑚eff. (12)

To estimate systematic effects, this procedure is repeated over different fit ranges for the light quarks.

4.4 Corrections from derivatives of 𝒁𝑽

The correction to 𝑍𝑉 are defined in Eq. (7). We expect 𝛿𝑍𝑉𝑎HVP
𝜇 in the case of local-local

discretization to be approximately twice as large as the corresponding correction in the conserved-
local case, provided that 𝑎HVP

𝜇 from both 𝑐𝑙 and 𝑙𝑙 prescriptions agree at leading order.
The Wick contractions needed to compute 𝜕𝜀𝑖𝑍𝑉 are the same as those for 𝜕𝜀𝑖𝐺 (𝑥0). These

are fitted to the following expression, derived from Eq. (9):

𝜕𝑍𝑉𝑅𝑉𝑙

𝜕𝜀𝑖
= lim
𝑥0→∞

[
𝜕𝐺𝑐𝑙

𝜕𝜀𝑖
(𝑥0) − 𝐺𝑐𝑙 (𝑥0)

(
𝐺𝑙𝑙 (𝑥0)

)−1 𝜕𝐺𝑙𝑙

𝜕𝜀𝑖
(𝑥0)

]
·
(
𝐺𝑙𝑙 (𝑥0)

)−1
. (13)

Tables 4 and 5 summarize IB corrections and total 𝑎HVP
𝜇 , respectively. Results for the total

𝑎HVP
𝜇 are provided for the QCD+QED and isoQCD+RM123 setups, as well as for the isoQCD case.

5. Outlook and Conclusions

This work compares two methods for computing IB effects to the HVP, including all valence-
connected terms. Sea-valence and sea-sea IB effects, yet to be added, are computed on the same
ensemble A400a00b324. A discussion of these effects, restricted to the 𝑁 𝑓 = 3 case, is contained
in Ref. [25]. Results from isoQCD+RM123 and dynamical QCD+QED (Table 5) show slight
incompatibility, underscoring the importance of sea IB effects to achieve full consistency.

Future work will use the isovector current 𝑑𝛾𝜇𝑑 − 𝑠𝛾𝜇𝑠, which is well-defined and free of
disconnected diagrams. The initial analysis will focus on the intermediate time window and omit
reconstruction of the long-distance piece.
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Corrections from renormalization constants ×1010

𝑙𝑙

𝛿𝑍𝑣𝑎
𝑢𝑢
𝜇 −510(33)Δ𝑚𝑢 − 22(3)𝑒2 2.60(17) − 2.02(28) 0.58(44)

𝛿𝑍𝑣𝑎
𝑑𝑑
𝜇 0.016(23)Δ𝑚𝑢 − 128(8)Δ𝑚𝑑 − 1.4(2)𝑒2 0.127(8) − 0.128(18) 0.001(26)

𝛿𝑍𝑣𝑎
𝑐𝑐
𝜇 0.003(4)Δ𝑚𝑢 − 6.37(2)Δ𝑚𝑐 − 0.578(2)𝑒2 0.04347(14) − 0.05302(18) −0.00954(34)

𝑐𝑙

𝛿𝑍𝑣𝑎
𝑢𝑢
𝜇 −252(16)Δ𝑚𝑢 − 11(2)𝑒2 1.28(8) − 1.01(18) 0.27(26)

𝛿𝑍𝑣𝑎
𝑑𝑑
𝜇 0.008(11)Δ𝑚𝑢 − 63(4)Δ𝑚𝑑 − 0.68(11)𝑒2 0.063(4) − 0.062(10) 0.000(14)

𝛿𝑍𝑣𝑎
𝑐𝑐
𝜇 0.0012(16)Δ𝑚𝑢 − 2.516(9)Δ𝑚𝑐 − 0.228(8)𝑒2 0.01717(6) − 0.0209(7) −0.0038(1)

Corrections from correlator ×1010

𝑙𝑙

𝛿𝐺𝑎
𝑢𝑢
𝜇 −4364(266)Δ𝑚𝑢 − 216(14)𝑒2 22.2(1.4) − 19.8(1.3) 2.4(2.6)

𝛿𝐺𝑎
𝑑𝑑
𝜇 −1091(67)Δ𝑚𝑑 − 13.5(9)𝑒2 1.09(7) − 1.24(8) −0.15(15)

𝛿𝐺𝑎
𝑐𝑐
𝜇 −59.2(3)Δ𝑚𝑐 − 3.119(13)𝑒2 0.404(20) − 0.2861(12) 0.118(22)

𝑐𝑙

𝛿𝐺𝑎
𝑢𝑢
𝜇 −4591(288)Δ𝑚𝑢 − 227(15)𝑒2 23.4(1.5) − 20.8(1.4) 2.6(2.8)

𝛿𝐺𝑎
𝑑𝑑
𝜇 −1148(72)Δ𝑚𝑑 − 14.2(1.0)𝑒2 1.14(7) − 1.30(9) −0.16(16)

𝛿𝐺𝑎
𝑐𝑐
𝜇 −57.2(2)Δ𝑚𝑐 − 3.295(14)𝑒2 0.391(14) − 0.3022(13) 0.088(15)

Table 4: IB corrections from the renormalization constant 𝑍𝑉 and the correlator 𝐺, for local-local (𝑙𝑙) and
conserved-local (𝑐𝑙) currents. Due to 𝑑-𝑠 flavor symmetry (Δ𝑚𝑑 = Δ𝑚𝑠), 𝑑 can represent either strange or
down quarks. The last column sums the second-to-last column with fully correlated errors: these values are
provided as reference, but are not directly added to isoQCD results in Table 5; see its caption for details.

isoQCD isoQCD+RM123 QCD+QED
𝑙𝑙 𝑐𝑙 𝑙𝑙 𝑐𝑙 𝑙𝑙 𝑐𝑙

𝑎𝑢𝜇 × 1010 188.5(1.9) 186.5(2.0) 192.4(2.0) 189.2(2.0) 194.0(2.3) 192.2(2.2)
𝑎
𝑑/𝑠
𝜇 × 1010 47.1(5) 46.6(5) 47.0(5) 46.4(5) 47.2(6) 46.8(6)
𝑎𝑐𝜇 × 1010 7.59(3) 5.99(3) 7.73(3) 6.07(3) 7.55(4) 5.95(4)

Table 5: Results for 𝑎HVP
𝜇 in three setups: isoQCD (left) and two methods for including QED effects:

isoQCD+RM123 (center) and dynamical QCD+QED (right). Results for isoQCD+RM123 are not obtained
by simply adding IB corrections from Table 4 to the isoQCD results. Instead, consistent fit ranges and tail
reconstructions are used across isoQCD and IB corrections, ensuring all correlations are properly handled.

This comparison is a first step towards a systematic comparison of the dynamical QCD+QED
approach and perturbative treatment of IB corrections; a final answer will require a variety of
observables and ensembles with smaller pion masses, larger volumes, and finer lattice spacings.
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