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1. Introduction

Investigating B-mesons gives access to several Standard Model parameters. Precise lattice
calculations require good creation operators for the heavy-light mesons. A main issue of these
B-meson calculations in lattice QCD is given by the heavy quark mass, which introduces a different
scale than the one of the light quark and thus it makes the system computationally expensive.
One way to handle this problem is using Heavy Quark Effective Theory (HQET) [1, 2], where
the heavy quark is considered to be infinitely heavy so that the static-light meson is given as
the static limit of B-mesons. Since the static-light meson represents the leading term in HQET,
investigating B-mesons serves as a test for HQET. Another application of static-light mesons is
(hybrid) string-breaking, since two static-light mesons can be a product of string-breaking. It is
therefore necessary to know the static-light meson spectrum, especially with angular momentum,
for the hybrid string-breaking. Furthermore, studying the 𝐵∗𝜋 excited state contamination in the B-
meson spectrum can give deeper insight into overlaps and Heavy Meson Chiral Perturbation Theory
[3]. In this work, the improved distillation technique is applied to the system of one static-light and
also static-charm meson, studying the performance of the optimal distillation profiles compared to
standard distillation to obtain a precise estimation of the static-light (/-charm) spectrum of radial
and orbital excitations. Results in two different 𝑁f = 3 + 1 QCD ensembles of 𝑚𝜋 ≈ 800 MeV and
𝑚𝜋 ≈ 420 MeV and an almost physical charm quark are shown to study the dependence on the pion
mass.

2. Construction of the operators

Due to heavy quark spin symmetry in the static limit, the static quark can be treated solely as
a color source without spin [4, 5]. Thus, the states are labeled according to the light-quark spin.
The relevant lattice symmetry group is the double cover of the full cubic group 𝑂𝐷

ℎ
. To construct

operators that transform according to the fermionic irreducible representations (irreps) of this group
[6], one can start by building a representation from a bispinor which is reducible into 𝐺+

1 ⊕ 𝐺−
1 [7].

The operators are then given by the projection onto these irreps. The best way to access further
fermionic irreps is to introduce a lattice spatial covariant derivative, which transforms like𝑇−

1 . Table
1 shows examples of the resulting operators in the Euclidean chiral basis and their corresponding
continuum angular momentum 𝑗 with parity 𝑃, subduced into the irreps of 𝑂𝐷

ℎ
that are considered

in this work. These operators can be related to the ones used in [4] or [8] for example, by taking
proper linear combinations. The spatial gauge links used here are 3D APE-smeared, while the
temporal gauge links are HYP2-smeared, as described in more detail in [9].

𝑗𝑃 Irrep Spectral notation Example operators
1/2+ 𝐺+

1 𝑆 (𝜓1 − 𝜓3), [∇1(𝜓1 + 𝜓3) + 𝑖∇2(𝜓1 + 𝜓3) − ∇3(𝜓2 + 𝜓4)]
1/2− 𝐺−

1 𝑃1/2 (𝜓1 + 𝜓3), [∇1(𝜓1 − 𝜓3) + 𝑖∇2(𝜓1 − 𝜓3) − ∇3(𝜓2 − 𝜓4)]
3/2− 𝐻− 𝑃3/2 [2∇1(𝜓1 − 𝜓3) − 𝑖∇2(𝜓1 − 𝜓3) + ∇3(𝜓2 − 𝜓4)]

Table 1: Relation of the irreps of 𝑂𝐷
ℎ

to the continuum angular momenta 𝑗 with parity 𝑃, corresponding
spectral notation and example operators, that are used here.
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3. Static-light mesons with improved distillation

To reduce the excited-state contamination in the correlation functions, the light quark is smeared
using the improved distillation technique [10, 11]. The idea of distillation [12] is to project the
quark fields onto the smaller eigenspace of the 3D gauge covariant lattice Laplacian, which then
enables the exact evaluation of the smeared light quark propagator. Using a matrix 𝑉 (𝑡) whose
columns contain the 𝑁𝑣 lowest eigenmodes of the 3D gauge covariant Laplacian at time 𝑡 such
that ∇2(𝑡)𝑣𝑖 (𝑡) = 𝜆𝑖 (𝑡)𝑣𝑖 (𝑡), the quark propagators are replaced by the (static) perambulators 𝜏 and
𝜏(stat):

𝐷−1
𝛼𝛽 (𝑡1, 𝑡2) −→ 𝜏𝛼𝛽 (𝑡1, 𝑡2) = 𝑉†(𝑡1)𝐷−1

𝛼𝛽 (𝑡1, 𝑡2)𝑉 (𝑡2)
P(®𝑥; 𝑡1, 𝑡2) −→ 𝜏stat(®𝑥; 𝑡1, 𝑡2) = 𝑉†(®𝑥; 𝑡1)P(®𝑥; 𝑡1, 𝑡2)𝑉 (®𝑥; 𝑡2) ,

where P(®𝑥; 𝑡1, 𝑡2) is the temporal Wilson line that represents the static quark propagation in time and
𝛼, 𝛽 denote the spin components. To improve on that method, one can introduce a profile function
𝜌𝑖 (𝑡) ≡ 𝜌(𝜆𝑖 (𝑡)) that modulates the contribution of each 𝑣𝑖 . In the case of the local static-light
meson operator, the correlation function is given by

𝐶 (®𝑥; 𝑡2, 𝑡1) = −
〈∑︁

𝑖, 𝑗

𝜌𝑖 (𝑡2)𝜌 𝑗 (𝑡1) 𝜏stat
𝑗𝑖 (®𝑥; 𝑡1, 𝑡2)

(
Trspin [Γ𝜏𝑖 𝑗 (𝑡2, 𝑡1)]

) 〉
gauge

, (1)

where Γ is a 4 × 4 matrix that picks the needed spin components of the light perambulator 𝜏. By
choosing 𝑁 different profiles, in this work 𝑁 = 7 Gaussian profiles, a GEVP [13, 14] can be solved
to extract the energy eigenstates. Note that the correlation function of the derivative-based operators
is given by a sum of terms like in (1) with 𝜏stat replaced by (∇𝑘𝑉)†P∇𝑘𝑉 , where ∇𝑘 is a gauge
covariant derivative in spatial direction 𝑘 .

In the following, results of static-light and static-charm meson measurements of operators
projected onto the fermionic irreps in two different 𝑁f = 3+ 1 QCD ensembles are presented. They
differ by their pion mass and have been generated using the action of [15]. A1 was generated at the
physical 𝑆𝑈 (3) flavor symmetric point. Further details can be found in table 2 and in [9]. For the
statistical analysis, the pyerrors library [16] is used.

𝐿3 × 𝑇 𝑎 [fm] 𝑚𝜋 [MeV] 𝑁
(light)
𝑣 𝑁

(charm)
𝑣 𝑁confg

A1 323 × 96 0.05359 420 100 200 4000
A1h 323 × 96 0.0690 800 200 200 2000

Table 2: Ensemble parameters.

Figure 1 shows the ground state effective mass of the static-light meson on the A1 ensemble,
depending on the time in lattice units, obtained by applying improved distillation (black dots) and
standard distillation (colored x’s). Including the optimal meson distillation profiles leads to a high
suppression of excited state contamination, when using the same number of Laplacian eigenvectors
(here 𝑁𝑣 = 100) for both standard distillation and improved distillation, as can be seen in the left
panel of the figure. In the right panel, further effective masses are included that were obtained
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(a) The standard distillation curve was obtained using 𝑁𝑣 =

100 eigenvectors.
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(b) Different numbers of eigenvectors for the standard dis-
tillation.

Figure 1: Comparison of the effective ground state mass between standard distillation (colored x’s) and
improved distillation (black dots) obtained using 𝑁𝑣 = 100 eigenvectors for the ground state of the static-
light meson on the A1 ensemble. The mass plateaus and their errors (light shaded bands) are obtained by a
correlated linear fit to the logarithm of the effective mass.

using standard distillation with fewer eigenvectors, which improves the mass estimation up to
𝑁𝑣 = 30. Comparing the improved distillation result (again with 𝑁𝑣 = 100) with the cleanest
standard distillation effective mass (blue (𝑁𝑣 = 30) or grey (𝑁𝑣 = 10)), it can be seen that the
improved distillation still shows less excited state contamination, resulting in a broader plateau and
thus a smaller systematical error. Both plots confirm that including the optimal meson distillation
profiles reduces the excited state contamination in the mass estimation for the static-light meson.
The optimal meson distillation profiles give further insights into the structure of the states. Figure
2 shows examples for the ground and first excited state of the static-light meson depending on the
Laplacian eigenvalues in lattice units for the A1 ensemble (left) and the A1h ensemble (right).
The profiles show more structure the higher the state. Furthermore, larger eigenvalues still have a
non-negligible contribution and are needed to resolve excited states. These results confirm the gain
in using improved distillation for the static-light systems. According to these results, it is also used
in the subsequent analysis to enhance the mass plateaus.

4. Static-light and static-charm meson spectrum

Spectral measurements for the static-light and static-charm meson on the A1 and A1h ensemble
in all given symmetry channels from table 1 were carried out. The results are presented in figures
3 and 4. It is possible to construct 𝐵∗𝜋 states with or without momentum of the pion to obtain
the same quantum numbers as the static-light meson in the different symmetry channels. Thus,
also non-interacting 𝐵∗𝜋 energies 𝐸𝐵∗𝜋 ( | ®𝑝 |) with different pion momenta ®𝑝 are included in the
static-light spectrum in figure 3 for comparison. Due to the heavy quark spin symmetry, the mass
of the vector static-light meson 𝐵∗ is degenerate with the mass of the pseudoscalar 𝐵, and thus
both can be represented by 𝐺+

1 . To obtain the correct spin quantum numbers to compare with the
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Figure 2: Optimal meson distillation profiles 𝑓 (𝜆) for the ground state (black) and first excited state (red) of
the static-light meson.

static-light spectrum, the pion has to have momentum in certain cases. The subduction of pion
representations for the smallest lattice momenta | ®𝑝 | is given in table 3 [5].

®𝑝 Irreducible content
(0, 0, 0) 𝐴−

1
(1, 0, 0) 𝐴−

1 ⊕ 𝐸− ⊕ 𝑇+
1

(1, 1, 0) 𝐴−
1 ⊕ 𝐸− ⊕ 𝑇+

1 ⊕ 𝑇+
2 ⊕ 𝑇−

2

Table 3: Subduction of pion representations with different units of momentum | ®𝑝 | to the lattice irreps of
𝑂𝐷

ℎ
.

According to this table, the 𝐵∗ has to be combined with a pion with one unit of momentum
that transforms as 𝑇+

1 , since 𝐺+
1 ⊗ 𝑇+

1 = 𝐺+
1 ⊕ 𝐻+, to enable a projection onto the 𝐺+

1 channel. For
the 𝐺−

1 (𝑃1/2) channel, the pion without momentum that transforms as 𝐴−
1 can be taken, and for the

𝐻− (𝑃3/2), the pion with one unit of momentum that transforms as 𝐸− is needed. Given the correct
momenta, the energy of the non-interacting 𝐵∗𝜋 is 𝐸𝑄̄𝑙 + 𝐸𝜋 with 𝐸𝑄̄𝑙 the energy of the static-light
meson. For the pion energy 𝐸𝜋 the relativistic lattice dispersion relation

cosh (𝑎𝐸𝜋 ( | ®𝑝 |)) = cosh (𝑎𝑚𝜋) +
3∑︁

𝑘=1

(
1 − cos

(
𝑎

2𝜋 |𝑛𝑘 |
𝐿

))

is used.

5
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Figure 3: Static-light meson spectrum with accessible radial and orbital excitations, obtained using improved
distillation and non-interacting 𝐵∗𝜋-states (magenta).
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Figure 4: Static-charm meson spectrum with accessible radial and orbital excitations, obtained using
improved distillation.

The magenta-colored bars in figure 3 correspond to these energies in all given channels.
Although the pion mass is heavier in the A1h ensemble, the 𝐵∗𝜋 states here lie closer to the
measured level splittings than for the A1 ensemble, where they do not overlap with the measured
splittings. Therefore, the A1 results appear to be more likely radial excitations of the 𝐵-meson and
not 𝐵∗𝜋 states. For a precise investigation of this excited state contamination, one needs to include
𝐵∗𝜋 operators into the basis.
The depicted static-light meson mass splittings show a significant dependence on the light-quark
mass, whereas the level splittings of the static-charm meson, shown in figure 4, only exhibit a slight
dependence, also shown in table 4. The reason for that is the subtraction of the ground state mass,
which cancels out to a large extent the dependence on the charm quark mass in the case of the
static-charm. For the 1𝑃3/2 − 1𝑆 splitting of the static-light meson and the 2𝑆 − 1𝑆 splitting of the
static-charm meson, there are experimental values given by the PDG [17] that are also included in
the table. Since the light mesons are degenerate in all considered ensembles, the 1𝑃3/2−1𝑆 splitting

6
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Splitting 𝑚𝜋 ≈ 420 𝑚𝜋 ≈ 800 PDG

static-light
1𝑃1/2 − 1𝑆 277.9(6.9) 369.9(5.6)
1𝑃3/2 − 1𝑆 408(10) 384.7(5.3) 𝑚𝐵∗+

2
− 𝑚𝐵0 = 457.5(0.7)

𝑚𝐵∗
𝑠2 (5840)0 − 𝑚𝐵0

𝑠
= 473.0(0.2)

2𝑆 − 1𝑆 598.2(9.7) 571(13)

static-charm
1𝑃1/2 − 1𝑆 373.6(4.2) 347.5(2.2)
1𝑃3/2 − 1𝑆 401.1(4.5) 363.7(2.4)

2𝑆 − 1𝑆 521.8(6.2) 506.3(4.3) 𝑚𝐵𝑐 (2𝑆)± − 𝑚𝐵+
𝑐
= 596.7(1.1)

Table 4: Mass splittings between different excitations and the 1𝑆 ground state for the static-light and static-
charm meson for both ensembles. All values are given in MeV.

1𝑃3/2 − 1𝑃1/2 splitting 𝑚𝜋 ≈ 420 𝑚𝜋 ≈ 800

static-light 130(12) 14.8(7.6)
static-charm 27.4(1.5) 16.2(1.4)

Table 5: Splitting between the 1𝑃3/2 and the 1𝑃1/2 for the static-light and static-charm meson for both
ensembles. All values are given in MeV.

of the static-light meson can be compared to the corresponding splitting of the B-meson and the
B𝑠-meson, as shown in the table. The values determined here do not agree with the PDG values,
which are larger. However the correct trend to larger values when the pion mass is lowered towards
the physical point can be observed. Even in the static limit an agreement with the PDG values is
expected up to 1/𝑚𝑏 corrections when extrapolating the splittings to the physical pion mass. Finally,
the masses determined here have a precision that is sufficient to calculate the splitting between the
1𝑃3/2 and 1𝑃1/2 states. The results are given in table 5. Again, the splitting for the static-light
shows a high dependence on the pion mass while it lies closer in the case of the static-charm.

5. Conclusion and Outlook

The improved distillation technique was applied and tested for static-light and static-charm
mesons on two ensembles with different pion masses. It was shown that improved distillation
enhances the mass plateaus compared to standard distillation. A larger number of eigenvectors is
needed to give good access to excited states. By using improved distillation, the energy spectra for
different radial and orbital excitations of the static-light and static-charm meson were presented, and
a first naive approach was made to test the 𝐵∗𝜋 excited state contamination in the static-light meson
system. To discover possible 𝐵∗𝜋 states in the static-light spectrum, interpolating operators that
excite such states will be included in the operator basis in the next step. Since there is a degeneracy
between the 𝐻 and the 𝐺2 irreps that form the 5/2 state, a measurement of 𝐺2 will be performed to
further identify radial excitations in the 𝐻 channel and investigate lattice artifacts. A study of the
dependence of the mass splittings on the pion mass showed that the static-light meson spectrum is
more sensitive to the light quark masses than the static-charm meson spectrum. Given the complete

7
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spectral analysis of one static-light meson, the next step towards hybrid string-breaking, considering
two static-light mesons, will be performed.
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