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We study the light meson - charmonium - glueball mixing using flavor-singlet meson operators
built from optimal distillation profiles together with purely gluonic operators in different 𝐽𝑃𝐶

channels at two different pion masses (≈ 420, 800 MeV) in two 𝑁f = 3 + 1 ensembles at close to
physical charm quark mass. We observe non-zero mixing correlations between the different types
of operators and quantify the overlaps between states created by them and the energy eigenstates
by means of a GEVP formulation. We are particularly interested in the scalar glueball and its
possible decay into two pions so we also include two-pion operators in our calculation.
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1. Introduction

The goal of this work is to continue the study of the flavor- and glueball-mixing in the mapping
of the scalar flavor-singlet light meson and charmonium spectrum in 𝑁 𝑓 = 3 + 1 gauge ensembles
[1, 2] first presented in [3]. This includes the application of the improved distillation technique
[4, 5] to construct operators leading to states with large overlap onto the energy eigenstates of
interest. A state of particular interest in this symmetry channel is the scalar glueball, which can
decay into even numbers of pions among other possible multi-particle final states. To approach its
study systematically we work at two different pion masses (420, 800 MeV). Based on the quenched
glueball mass estimate of around 1800 MeV [6], the lighter pion setup allows for the decays into
2 and 4 pions while for the heavier pion only the 2-pion decay is possible. To account for such
decays, we also consider 2-pion operators in the basis of operators to map out the scalar spectrum.
Non-zero correlations between 1-particle and 2-particle operators, as well as between meson and
glueball ones, can provide us information about the composition of the different energy eigenstates
and the calculation of the resulting finite-volume energy spectrum is a first step towards a scattering
study via the Lüscher method.

2. Methods

Details of the ensemble corresponding to the 800 MeV pion mass, denoted as A1h, can be
found in [3]. The ensemble corresponding to the 420 MeV pion mass is denoted by A1 and details
can be found in [1]. It has lattice size 96 × 323, 𝛽 = 3.24, lattice spacing 𝑎 = 0.0536(11) fm and
includes three degenerate clover-improved Wilson light quarks at the 𝑆𝑈 (3) flavor symmetric point
as well as a close-to-physical charm quark and Lüscher-Weisz gauge action. Both ensembles have
open boundary conditions in time. In both ensembles we calculate on every time-slice sufficiently
away from the boundaries 𝑁𝑣 = 200 eigenvectors of the 3D gauge-covariant Laplacian built from
3D APE-smeared gauge links [7] using the Thick-Restart Lanczos algorithm also used in [4]. The
perambulators are built using the solvers available in the open-source package openQCD version
1.6 [8]. The charm perambulators in both ensembles include the 200 Laplacian eigenvectors while
for the light perambulators we use 200 eigenvectors for A1h and 100 for A1. This reduction in the
number of vectors used is not a major concern since improved distillation has been shown to use
the available vectors in the best way possible [9]. In this work we measure all entries of a mixing
correlation matrix for the channel 𝐽𝑃𝐶 = 0++ of the form

𝐶 (𝑡) =
©«
𝐶𝑐𝑐 (𝑡) 𝐶𝑐𝑙 (𝑡) 𝐶𝑐𝑔 (𝑡) 𝐶𝑐2𝜋 (𝑡)
𝐶𝑙𝑐 (𝑡) 𝐶𝑙𝑙 (𝑡) 𝐶𝑙𝑔 (𝑡) 𝐶𝑙2𝜋 (𝑡)
𝐶𝑔𝑐 (𝑡) 𝐶𝑔𝑙 (𝑡) 𝐶𝑔𝑔 (𝑡) 𝐶𝑔2𝜋 (𝑡)
𝐶2𝜋𝑐 (𝑡) 𝐶2𝜋𝑙 (𝑡) 𝐶2𝜋𝑔 (𝑡) 𝐶2𝜋2𝜋 (𝑡)

ª®®®®¬
. (1)

Here𝐶𝑞1𝑞2 (𝑡) is the correlation between flavor-singlet meson operators
〈
𝑞1(𝑡)Γ𝑞1(𝑡) · 𝑞2(0)Γ̃𝑞2(0)

〉
,

where Γ̃ = 𝛾0Γ
†𝛾0 and 𝑞1, 𝑞2 ∈ {𝑐, 𝑙}. The off-diagonal correlations 𝐶𝑐𝑙 (𝑡) and 𝐶𝑙𝑐 (𝑡) include the

explicit flavor-mixing between light mesons and charmonium. It is labeled "explicit" since flavor-
mixing also happens through the disconnected correlations in 𝐶𝑐𝑐 (𝑡) and 𝐶𝑙𝑙 (𝑡) independently of
these off-diagonal terms, in which case it is called "implicit" mixing [10]. 𝐶𝑔𝑔 (𝑡) is the correlation
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between gluonic operators, which here correspond to the sum of the Laplacian eigenvalues [11].
𝐶2𝜋2𝜋 (𝑡) is the correlation between the 2-pion operators in the scalar flavor-singlet channel. All
remaining off-diagonal entries correspond to the mixing between the different types of operators.
In [3] we presented the details on how to build all entries except for the 2-pion operator. Here we
focus on the inclusion of this new type of operator. In light flavor 𝑆𝑈 (3) the pions are members
of the flavor-octet and a product of two such states lives in the product representation which is
reducible as 8 ⊗ 8 = 1 ⊕ 8 ⊕ 8′ ⊕ 10 ⊕ 10 ⊕ 27. For details on this decomposition, along with the
Clebsch-Gordan coefficients required to build a basis for each of the irreducible representations,
see [12]. The Wick contractions necessary to calculate 𝐶2𝜋2𝜋 (𝑡) are efficiently calculated with a
FORM code [13]. Mixing terms involving the 2-pion operator are also calculated in this way. The
different topologies of diagrams relevant for the mixing matrix are displayed in Table 1. All dia-
grams in a given cell must be linearly combined with pre-factors defined by the Wick contractions.
As for flavor-singlet 1-particle correlation functions, the flavor-singlet 2-pion correlation function
involves disconnected terms which dominate the overall statistical error. For our first study of the
mixing involving the 2-pion operator we consider the case of zero spatial momentum for both pions
and use standard distillation, i.e the meson profile is 1. The energy spectrum is extracted via the
GEVP formulation [14, 15]. To make this calculation more numerically stable we perform two
operations before solving the GEVP. First, we calculate the singular vectors corresponding to the
largest singular values of the charmonium and light mesons diagonal blocks, denoted as 𝑉𝑐 with 3
columns and 𝑉𝑙 with 5 columns. We include more vectors for the light meson operators because we
have more states to resolve. We then define a "partially" pruned [16, 17] correlation matrix as

�̃� (𝑡) =
©«
𝑉
†
𝑐 0 0 0

0 𝑉
†
𝑙

0 0
0 0 1 0
0 0 0 1

ª®®®®¬
©«
𝐶𝑐𝑐 (𝑡) 𝐶𝑐𝑙 (𝑡) 𝐶𝑐𝑔 (𝑡) 𝐶𝑐2𝜋 (𝑡)
𝐶𝑙𝑐 (𝑡) 𝐶𝑙𝑙 (𝑡) 𝐶𝑙𝑔 (𝑡) 𝐶𝑙2𝜋 (𝑡)
𝐶𝑔𝑐 (𝑡) 𝐶𝑔𝑙 (𝑡) 𝐶𝑔𝑔 (𝑡) 𝐶𝑔2𝜋 (𝑡)
𝐶2𝜋𝑐 (𝑡) 𝐶2𝜋𝑙 (𝑡) 𝐶2𝜋𝑔 (𝑡) 𝐶2𝜋2𝜋 (𝑡)

ª®®®®¬
©«
𝑉𝑐 0 0 0
0 𝑉𝑙 0 0
0 0 1 0
0 0 0 1

ª®®®®¬
(2)

Second, the entries of this new matrix are normalized as �̃�𝑖 𝑗 (𝑡) →
�̃�𝑖 𝑗 (𝑡 )√

�̃�𝑖𝑖 (𝑎)�̃� 𝑗 𝑗 (𝑎)
. All the statistical

analysis in this work is done using the pyerrors library [18] which uses the Γ-method [19, 20] with
automatic differentiation [21].

3. Results

Our first goal is to investigate the off-diagonal entries which correspond to correlations between
different types of operators and check if they are non-zero with statistical significance. Figs. 1 and
2 show the entries of the correlation matrix at 𝑡 = 𝑎 for both ensembles, where due to the chosen
normalization all diagonal entries are equal to 1. Non-zero off-diagonal correlations are observed
between the different types of operators, in particular between light mesons and charmonium as
well as mesons and the gluonic operator. The former indicates that the explicit flavor-mixing is
non-negligible, and therefore worthwhile including, while the latter indicates how purely gluonic
and mesonic operators create states which overlap onto common energy eigenstates. This is also
indicated in other studies of the scalar and pseudo-scalar channels [22–27]. To study the different
types of mixing present in our matrix we calculate the energy spectrum from different sub-blocks of
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O𝑙 O𝑐 O2𝜋 O𝑔

O𝑙

, ,

O𝑐 -
,

O2𝜋 - -
, ,

,

O𝑔 - - -

Table 1: Diagrams required to calculate the entries of the mixing correlation matrix. Black (Red) lines
denote propagation of light (charm) quarks and blue knots denote the glueball operator at a given time.

the mixing matrix involving different types of operators. Figs. 3 and 4 show the calculated effective
masses from the GEVP in four different cases for both ensembles: light mesons operators only,
charmonium operators only, light meson and charmonium operators together and finally the full
correlation matrix. The first feature of interest is the ground state effective masses obtained from the
charmonium operators which is in the region of the light meson states, significantly below the mass
coming only from the charmonium connected correlation but above the light scalar ground state.
Since no explicit flavor-mixing is included in this GEVP, the presence of this light state is exclu-
sively due to the charm-disconnected contribution to the correlations. This clearly indicates states
created from charmonium operators have non-negligible overlaps onto light meson states. The first
excitation in the spectrum is consistent with the mass extracted from connected correlations only,
which hints at it being the true ground charmonium state. This is confirmed when both light meson
and charmonium operators are combined together in a larger GEVP: the light state seen by the char-
monium operators is absorbed by the light meson ones, most likely the first excited state, while the
state suspected to be the ground charmonium state remains consistent with the connected-only result.

The second feature of interest is that no additional low-lying state appears when the gluonic
operator is included. This is consistent with the study done in [28] and supports the idea that energy
eigenstates are a mixture of purely gluonic and mesonic constituent states [24–27]. The GEVP of
the full mixing with the 2-pion operator is shown in the upper panels of Figs. 5 and 6. We found
an additional new state, with magenta color points, with respect to the spectrum obtained using
1-particle operators. A reason for this state not appearing in the previous mixings is that 1-particle
operators have very little overlap with multi-particle states, so the GEVP can miss such states in
the spectrum. The appearance of this additional state indicates how important it is to saturate the
spectrum with operators that resemble all possible energy eigenstates in the region of interest. This
strategy was used in [28] by considering 2-pion, 2-kaon and 2-𝜂 operators with different values of
relative momentum in an 𝑁 𝑓 = 2 + 1 setup where the pions, kaons and 𝜂 are not degenerate. The
lower panel of Figs. 5 and 6 displays the normalized overlaps in absolute value between the states
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Figure 1: Normalized mixing correlation matrix
at time 𝑡 = 𝑎 in the ensemble A1.
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Figure 2: Normalized mixing correlation matrix
at time 𝑡 = 𝑎 in the ensemble A1h.

created by the operators we use and the energy eigenstates which are resolved by the GEVP. These
are calculated from the GEVP vectors using

⟨Ω| O𝑖 |𝛼⟩ =
(
𝑈†𝐶 (𝑡0)

)𝛼
𝑖

√︁
2𝑚𝛼𝑒

𝑚𝛼𝑡0
2

as shown in [29]. Here 𝑈 has the GEVP vectors as columns, 𝑡0 is the reference time of the GEVP,(
𝑈†𝐶 (𝑡0)

)𝛼
𝑖

denotes the 𝑖-th entry of the 𝛼-th row of 𝑈†𝐶 (𝑡0), |Ω⟩ is the QCD vacuum and |𝛼⟩
is the 𝛼-th energy eigenstate seen by the GEVP. The overlaps (in absolute value) between a state
created by a fixed operator and all the resolved eigenstates are normalized dividing them by their
sum. This eliminates the unknown renormalization constant. However, this also means that these
overlaps can only be meaningfully compared when they correspond to a same operator but different
energy eigenstates. We can see how the states created by light meson operators dominate mostly the
low-lying states while the ones created by charmonium operators dominate mostly the higher-lying
ones. The state created by the gluonic operator is distributed evenly onto the states below the
suspected charmonium one. Only the state created by the 2-pion operators overlaps significantly
onto the newly appearing magenta-colored state.

4. Conclusions and Outlook

In this work we performed a first study of the mixing between flavor-singlet 1- and 2-particle
operators including light meson, charmonium, purely gluonic and 2-pion ones at two different
pion masses. We accounted not only for implicit flavor-mixing via disconnected contributions
to the correlation functions, particularly in the charmonium case, but also for explicit mixing by
calculating all entries in a mixing correlation matrix. To improve the overlap onto the energy
eigenstates of interest we used the improved distillation technique when creating the 1-particle
meson operators. In this mixing we observe significant correlations between the light meson,
charmonium and gluonic operators. Namely, by including the charm-disconnected contribution we
found that the charmonium operators see a state below the expected charmonium ground state. This
state is found to be consistent with the states seen by light meson creation operators. If both types of
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Figure 3: Effective masses for 𝐽𝑃𝐶 = 0++ calculated from the different GEVPs involving the mixing
between different types of 1-particle operators in ensemble A1. Horizontal lines serve as reference for 2
and 4 times the pion mass together with the quenched scalar glueball prediction. The horizontal magenta
line corresponds to the plateau average of the ground-state scalar charmonium calculated neglecting the
disconnected contribution to the correlation.
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Figure 4: Effective masses for 𝐽𝑃𝐶 = 0++ calculated from the different GEVPs involving the mixing between
different types of 1-particle operators in ensemble A1h. Horizontal lines serve as reference for 2 times the pion
mass together with the quenched scalar glueball prediction. The horizontal magenta line corresponds to the
plateau average of the ground-state scalar charmonium calculated neglecting the disconnected contribution
to the correlation.
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Figure 5: Upper panel: Effective masses for 𝐽𝑃𝐶 = 0++ from the GEVP involving all operators from the
mixing matrix in ensemble A1. We only show points with reasonable error bars. The connecting lines are
drawn to guide the eye. Lower panel: Normalized overlaps between the states created by each operator and
each energy eigenstate. Bars of the same color correspond to overlaps with the same energy eigenstate. The
bars correspond in order to 3 charmonium operators, 5 light meson operators, one 2-pion operator and one
gluonic operator.

operators are included this state is absorbed by the light meson operators. The excitation which was
compatible with the one from connected-only charmonium correlations remained consistent after
this change, hinting at it being the true ground charmonium state. The additional inclusion of the
gluonic operator left the low-lying spectrum unchanged. Assuming this type of operators couples
only to pure glueball states, this further supports results of other calculations in the literature which
have found the energy eigenstates are a mixture of pure gluonic and pure mesonic states [28, 30].
Finally, the inclusion of a 2-pion operator yielded an additional state in the spectrum which does
not couple significantly to the 1-particle operators. This emphasizes the need of multi-particle
operators to completely saturate the spectrum in the energy region of interest.

As a next step we will add operators to our basis to better sample the states of interest and
make sure we fully saturate the low-lying spectrum. For the 1-particle case we will add operators
containing spatial derivatives which can be combined with the improved distillation technique. For
the 2-particle case we will use improved distillation as well as include operators with non-zero
back-to-back momentum. We are working on applying multi-level sampling to tame the statistical
noise in disconnected correlations, which was recently studied in detail for glueball operators in
pure-gauge theory [31].

7



P
o
S
(
L
A
T
T
I
C
E
2
0
2
4
)
0
8
0

Flavor mixing in charmonium and light mesons with optimal distillation profiles Juan Andrés Urrea-Niño

1 2 3 4 5 6
t
a

0

0.2

0.4

0.6

0.8

1.0

1.2

am
ef

f

2m
Quenched Glueball

0 1 2 3 4 5
n

0.0

0.2

0.4

0.6

0.8

1.0

| n| i| |

Figure 6: Upper panel: Effective masses for 𝐽𝑃𝐶 = 0++ from the GEVP involving all operators from the
mixing matrix in ensemble A1h. We only show points with reasonable error bars. The connecting lines are
drawn to guide the eye. Lower panel: Normalized overlaps between the states created by each operator and
each energy eigenstate. Bars of a same color correspond to the overlaps with a same energy eigenstate. The
bars correspond in order to 3 charmonium operators, 5 light meson operators, one 2-pion operator and one
gluonic operator.
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