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1. introduction

Experimentally, the 𝜌 meson is identified as a broad peak around
√
𝑠 = 770 MeV in the

invariant mass distribution of the isovector 𝑃-wave of 𝜋𝜋 scattering. It is often identified as a
confined 𝑞𝑞 state, consistent with the constituent quark model. This picture is supported by several
theoretical arguments, such as the the large-𝑁𝑐 limit of QCD Nevertheless, the sizable decay width,
Γ𝜌→𝜋𝜋 ≈ 140 MeV, signifies the 𝜌 meson’s strong coupling to the 𝜋𝜋 channel. In other words,
the observed peak structure results from the interaction between a 𝑞𝑞 state, referred to as the bare
𝜌, and the 𝜋𝜋 continuum at the hadronic level. Consequently, a comprehensive study of the 𝜌
meson necessitates an exploration of the 𝜋𝜋 scattering sector. In the past decade, multiple LQCD
groups have provided energy levels for the 𝑃-wave 𝜋𝜋 sector [1–14]. However, there has been little
work collating spectra from various collaborations, particularly for 𝑁 𝑓 = 2 + 1, and performing a
consistent unified analysis. That is the aim of this work.

The Lüscher formula is the most practical way to relate lattice calculations to the elastic
scattering phase shifts of two spinless particles. Therefore, when dealing with a system containing
only one 𝜋𝜋 channel, it is sufficient to utilize the standard Lüscher formula to relate the finite
volume spectrum to the phase shifts. However, in our present study, we also aim to incorporate
the 𝜔𝜋 channel, in order to assess its impact. While it is not an open channel, it does generate the
leading non-analytic behaviour of the 𝜌 mass as a function of𝑚𝜋 . While the Lüscher formalism can
certainly include the additional 𝜔𝜋 channel, we note that there are other approaches which provide
computational convenience with very little overhead in incorporating several two-particle channels.

Alternatively, Hamiltonian effective field theory (HEFT) also incorporates the Lüscher formal-
ism and establishes a connection between the scattering process in infinite volume and the finite
volume spectrum of the system. Here, we consistently analyze the spectra provided by several
different LQCD collaborations using the HEFT framework, drawing on results extracted in the
rest frame, moving frame and elongated frames. Motivated by the physical picture mentioned, the
Hamiltonian employed here is studied within a framework that involves a bare 𝜌, as well as 𝜋𝜋 and
𝜔𝜋 channels. We obtain the bare 𝜌 mass in various regularization schemes from the lattice energy
levels and investigate its dependence on 𝑚𝜋 .

2. formalism

2.1 Hamiltonian Model

The Hamiltonian in the center of mass frame of the interacting system is divided into two parts
as follows,

𝐻 = 𝐻0 + 𝐻𝐼 , (1)

where 𝐻0 is the non-interacting part, and 𝐻𝐼 is the interaction part. In this work, we include a bare
𝜌 meson, which can be identified as a 𝑞𝑞 state, as well as two coupled channels, 𝜋𝜋 and 𝜋𝜔. In the
infinite volume, characterized by SO(3) symmetry, it is most convenient to express the interaction
in the 𝐽𝐿𝑆 basis. Because of the definite 𝐽𝑃 quantum number of the bare 𝜌 meson, it is sufficient
to focus on the Hamiltonian in the subspace spanned by |𝛼 = 𝜋𝜋; 𝑘∗, 𝐽 = 1, 𝑀, ℓ = 1, 𝑆 = 0⟩ and
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|𝛼 = 𝜔𝜋; 𝑘∗, 𝐽 = 1, 𝑀, ℓ = 1, 𝑆 = 1⟩. The 𝐽𝐿𝑆 indices will be suppressed hereafter. The free energy
part of the Hamiltonian in this subspace, 𝐻0, is given by,

𝐻0 =
∑︁
𝑀

𝑚𝐵
𝜌 |𝜌𝐵, 𝑀⟩ ⟨𝜌𝐵, 𝑀 | +

∑︁
𝛼,𝑀

∫
𝑘∗2 𝑑𝑘∗

(
𝐸𝛼1 (𝑘∗) + 𝐸𝛼2 (𝑘∗)

)
|𝛼; 𝑘∗, 𝑀⟩ ⟨𝛼; 𝑘∗, 𝑀 | , (2)

where | 𝜌𝐵, 𝑀⟩ indicates the bare 𝜌 state with 𝑧-component of spin, 𝑀 , 𝐸𝛼𝑖
(𝑘) =

√︃
𝑘2 + 𝑚2

𝛼𝑖
with

𝛼𝑖 = 𝜋 or 𝜔, 𝑚𝛼𝑖
is for the mass of the particle in the 𝛼 channel and 𝑚𝐵

𝜌 is the mass of the bare
single-particle basis state. The interacting part, 𝐻𝐼 , is given within the model by,

𝐻𝐼 =
∑︁
𝛼,𝑀

∫
𝑘∗ 2 𝑑𝑘∗𝑉𝛼 (𝑘∗) |𝜌𝐵, 𝑀⟩ ⟨𝛼; 𝑘∗, 𝑀 | + h.c. , (3)

where the interaction term 𝑉𝛼 is independent of 𝑀 and given by

𝑉𝜋𝜋 (𝑘∗) =
𝑔𝜌𝜋𝜋

2𝜋
√

3
𝑘∗√︃

𝑚B
𝜌 𝐸𝜋 (𝑘∗)

𝑢𝜋𝜋 (𝑘∗) , 𝑉𝜔𝜋 (𝑘∗) =
𝑔𝜔𝜌𝜋

2𝜋
√

6

𝑘∗
√︃
𝑚B

𝜌√︁
𝐸𝜋 (𝑘∗) 𝐸𝜔 (𝑘∗)

𝑢𝜔𝜋 (𝑘∗) (4)

where 𝑢𝜋𝜋 and 𝑢𝜔𝜋 are the form factors parameterizing the internal structure of hadrons and
ensuring the convergence of loop integrals. The usual dipole form factors are used,

𝑢𝜋𝜋 (𝑘) =
(

Λ2
𝜌𝜋𝜋

𝑘2 + Λ2
𝜌𝜋𝜋

)2

, 𝑢𝜔𝜋 (𝑘) =
(
Λ2

𝜔𝜌𝜋 − 𝜇2
𝜋

𝑘2 + Λ2
𝜔𝜌𝜋

)2

(5)

where 𝜇𝜋 = 138.5MeV. The scattering T-matrix, defined by 𝑆 𝑓 𝑖 = 𝛿 𝑓 𝑖 −2𝜋𝑖 𝛿4(𝑝 𝑓 − 𝑝𝑖) 𝑇 𝑓 𝑖 , can be
obtained from the partial wave Lippmann-Schwinger equation. In the present case 𝑇𝜋𝜋, 𝜋 𝜋 (𝑝, 𝑞; 𝐸)
can be obtained analytically

𝑇𝜋𝜋, 𝜋 𝜋 (𝑝, 𝑞; 𝐸) = 𝑉∗
𝜋𝜋 (𝑝)𝐺 (𝐸)𝑉𝜋𝜋 (𝑞) , (6)

where 𝐺 (𝐸) is the full propagator of the 𝜌 meson defined by 𝐺 (𝐸)−1 = 𝐸 − 𝑚B
𝜌 − Σ(𝐸) with the

self-energy Σ(𝐸) = Σ𝜋𝜋 (𝐸) + Σ𝜔𝜋 (𝐸) and

Σ𝜋𝜋 (𝐸) =
∫

𝑞2 𝑑𝑞
|𝑉𝜋𝜋 (𝑞) |2

𝐸 − 2𝐸𝜋 (𝑞) + 𝑖𝜀
, Σ𝜔𝜋 (𝐸) =

∫
𝑞2 𝑑𝑞

|𝑉𝜔𝜋 (𝑞) |2

𝐸 − 𝐸𝜋 (𝑞) − 𝐸𝜔 (𝑞) + 𝑖𝜀
(7)

The partial-wave phase shift, 𝛿(𝐸), for the 𝑃-wave 𝜋𝜋 → 𝜋𝜋 elastic scattering is then given by,

𝛿(𝐸) = arctan

[
ImΣ𝜋𝜋 (𝐸)

𝐸 − 𝑚B
𝜌 − ReΣ(𝐸)

]
(mod 𝜋) , (8)

where 𝑝 =
√︁
𝐸2/4 − 𝑚2

𝜋 is the on-shell momentum. The pole position of the 𝜌-resonance is located
in the lower half plane of the unphysical Riemann sheet of the 𝜋𝜋-channel but the first Riemann
sheet of the 𝜔𝜋-channel and determined by solving the equation 𝐸 − 𝑚B

𝜌 − Σ(𝐸) = 0.
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2.2 The Hamiltonian in the finite volume

To obtain the FVH in terms of the states with discrete momentum, one needs to make the
following substitutions in Eqs.(2) and (3).

|𝜌𝐵, 𝑀⟩ → |𝜌𝐵, 𝑀⟩𝐿 , |𝛼; 𝑘∗, 𝑀⟩ →
√︄

𝑉

(2𝜋)3 |𝛼; 𝑒𝒏, 𝑀⟩ ,
∫

𝑑3𝒌∗ → (2𝜋)3

𝑉

∑︁
𝒏∈Z3

(9)

where𝑉 = 𝜂𝐿3 is the volume of the box, with elongation factor 𝜂, and 𝑒𝒏 denotes a degenerate shell
of the non-interacting Hamiltonian in the rest frame, because those states with the same 𝑒𝒏 share
the same |𝒌∗(𝒏) |. For example, in the rest frame of a cubic box, 𝒌∗ = 2𝜋

𝐿
𝒏 and hence 𝑒𝒏 = 𝒏2. The

finite volume basis vector, |𝛼; 𝑒𝒏, 𝑀⟩, as the counterpart of infinite volume 𝐽𝐿𝑆 state, is given by

|𝛼; 𝑒𝒏, 𝑀⟩ =𝐴𝛼

∑︁
𝑚𝜎𝜎1𝜎2

𝐶ℓ𝑆 (𝐽𝑀;𝑚𝜎) 𝐶𝑠1𝑠2 (𝑆𝜎;𝜎1𝜎2)
∑︁

𝒏∈{�̂�𝒏 }
𝑌ℓ𝑚( �̂�

∗(𝒏)) |𝒌∗(𝒏), 𝜎1𝜎2⟩ , (10)

where 𝐴𝛼 = 1√
2

for 𝜋𝜋 and 1 for 𝜔𝜋. Note that these states are not orthonormalized due to
the 𝑂 (3) symmetry breaking. Thus it is necessary to construct an orthogonal basis |𝛼; 𝑒𝑛, Γ, 𝑎⟩
furnishing an irreducible representation Γ of 𝐺. Such states take linear combinations of the basis
states |𝛼; 𝑒𝒏, 𝑀⟩ with reduction coefficients 𝐶Γ, 𝐺: |𝛼; 𝑒𝒏, Γ, 𝑎⟩ :=

√︃
1

𝑍Γ (𝑒𝒏 )
[
𝐶Γ, 𝐺

]
𝑀,𝑎

|𝛼; 𝑒𝒏, 𝑀⟩
and |𝜌𝐵, Γ, 𝑎⟩ =

[
𝐶Γ, 𝐺

]
𝑀,𝑎

|𝜌𝐵, 𝑀⟩𝐿 where 𝑍Γ (𝑒𝒏) is the normalization factor. With these

well-defined orthogonal basis states, the FVH in the rest frame, 𝐻fin =
∑

Γ

(
𝐻fin

0, Γ + 𝐻
fin
𝐼, Γ

)
, for a

given irreducible representation Γ, is now given by

𝐻fin
0, Γ = 𝑚B

𝜌 |𝜌B, Γ⟩ ⟨𝜌B, Γ | +
∑︁
𝛼;𝑒𝒏

|𝛼; 𝑒𝒏, Γ⟩ ⟨𝛼; 𝑒𝒏, Γ|
(
𝐸𝛼1 ( |𝒌∗(𝒏) |) + 𝐸𝛼2 ( |𝒌∗(𝒏) |)

)
, (11)

𝐻fin
𝐼, Γ =

∑︁
𝛼,𝑒𝒏

𝑉fin
𝛼,Γ ( |𝒌∗(𝒏) |) |𝜌B, Γ⟩ ⟨𝛼; 𝑒𝒏, Γ| + h.c. . (12)

where 𝑉fin
𝛼,Γ

(𝑒𝒏) =
√︃

(2𝜋 )3

𝑉
𝐽𝛼 (𝑒𝑛)

√︁
𝑍Γ (𝑒𝑛)𝑉𝛼 ( |𝒌∗(𝒏) |). 𝐽𝛼 is the Jacobian for a moving system.

2.3 fitting formulas

We minimize the 𝜒2 defined as 𝜒2 = (𝐸H − 𝐸 lat
cm)TC−1(𝐸H − 𝐸 lat

cm) , where C denotes the
covariance matrix of the lattice spectrum. It should be noted that 𝐸 lat

cm is the spectrum that has
been transformed into the rest frame. If a certain energy level, 𝐸 lat

𝑛 , is extracted from the composite
operator with 𝑷 ≠ 0, it needs to be converted to 𝐸 lat

cm,𝑛 through 𝐸 lat
cm,𝑛 =

√︁
(𝐸 lat

𝑛 )2 − 𝑷2.

2.4 formulas for extrapolation

In the framework of Chiral Perturbation Theory, the mass of the 𝜌 is a function of 𝑚𝜋 of the
form 𝑚

p
𝜌 = 𝑐′0 + 𝑐

′
1 𝑚

2
𝜋 + 𝑐′2 𝑚

3
𝜋 + 𝑐′3 𝑚

4
𝜋 ln

(
𝑚2

𝜋

𝑚2
𝜌

)
+ O(𝑚4

𝜋) where 𝑚p
𝜌 is related to the pole mass of

the 𝜌, corresponding to the real part of the pole of the T-matrix in the complex plane. As discussed
in Refs. [15, 16], the quark mass insertion at tree level only contributes to the 𝑚2

𝜋 term up to
O(𝑚4

𝜋), with the other two terms arising from pion-loop self energies. The 𝑚3
𝜋 term comes from
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the 𝜔𝜋 loop while both 𝜋𝜋 and 𝜔𝜋 loops contribute to the log term. Within the present framework,
𝑚

p
𝜌 = 𝑚B

𝜌 +ReΣ(𝑚p
𝜌− 𝑖Γ/2), so the bare mass𝑚B

𝜌 is a quadratic function of𝑚𝜋 at the leading order,

𝑚B
𝜌 (𝑚𝜋) = 𝑐0 + 𝑐1 𝑚

2
𝜋 . (13)

This equation will be used to study the extracted 𝑚B
𝜌 as function of 𝑚𝜋 in our analysis.

3. numerical results and discussion

The finite volume spectra for the 𝐼 = ℓ = 1 𝜋𝜋 sector with dynamical fermions at various
pion masses have been provided by several LQCD collaborations over the past decade, including
PACS-CS (2011, 𝑁 𝑓 = 2 + 1) [2], HSC (2013, 𝑁 𝑓 = 2 + 1) [5], HSC (2015, 𝑁 𝑓 = 2 + 1) [4], Guo et
al. (2016, 𝑁 𝑓 = 2) [10], MILC(2016, 𝑁 𝑓 = 2+1) [11], C. Alexandrou et al. (2017, 𝑁 𝑓 = 2+1) [7],
J. Bulava et al. (2019, 𝑁 𝑓 = 2 + 1) [12], and ETMC (2020, 𝑁 𝑓 = 2 + 1(+1)) [6]. These lattice data
are be fitted in the present work. We will adopt three fitting schemes.

We first adopt scheme A, wherein the interaction 𝑉𝜔𝜋 is turned off, i.e., 𝑔𝜔𝜌𝜋 ≡ 0, while 𝑚B
𝜌 ,

𝑔𝜌𝜋𝜋 , and Λ𝜌𝜋𝜋 are treated as free fitting parameters. It is found that both 𝑔𝜌𝜋𝜋 and Λ𝜔𝜌𝜋 show
a very weak dependence on 𝑚𝜋 , while 𝑚B

𝜌 is strongly dependent on 𝑚𝜋 . In scheme B both 𝑔𝜌𝜋𝜋
and Λ𝜌𝜋𝜋 are fixed at 𝑔𝜌𝜋𝜋 = 7.07 (6.75) and Λ𝜌𝜋𝜋 = 890 (950) MeV for 𝑁 𝑓 = 2 + 1 (𝑁 𝑓 = 2).
𝑚B

𝜌 is allowed to vary. In this scheme we find that the 𝑚𝐵
𝜌 shows a messy distribution, which is

unexpected at the beginning. The contribution of the 𝜔𝜋 channel is examined in scheme C. In this
case 𝑉𝜔𝜋 is switched on, however, the two additional parameters, 𝑔𝜔𝜌𝜋 and Λ𝜔𝜌𝜋 are taken to be
independent of 𝑚𝜋 , namely, 𝑔𝜔𝜌𝜋 = 18/GeV and Λ𝜔𝜌𝜋 = 900 MeV. 𝑔𝜌𝜋𝜋 and Λ𝜌𝜋𝜋 are slightly
shifted to be 7.4(7.07) and 900(980) MeV for 𝑁 𝑓 = 2 + 1(𝑁 𝑓 = 2).1 The values are determined by
the width Γ𝜔→3𝜋 . It still only remains 𝑚B

𝜌 to vary in the fitting. As an illustration the fitting results
for 𝑚𝜋 = 200 MeV in three schemes is shown in Fig.1. We state that the lattice data for all these
collaborations can be well fitted in our framework.

However, even after including the effect of the 𝜔𝜋 coupled channel, the 𝑚𝜋-dependence
of 𝑚B

𝜌 is still scattered. It becomes apparent that the bare masses extracted from different lattice
groups do not permit a consistent interpretation, which indicates the presence of intrinsic systematic
differences between the lattice spectra provided by different collaborations. Such discrepancies lead
us to consider the following issues that may influence the lattice results presented. These include:
different residual lattice artifacts due to the different gauge and fermion actions considered, varied
scale-setting schemes employed by different collaborations and different methods used to extract
the finite volume spectra. In the absence of these systematic discrepancies, the results provided by
different collaborations are expected to be consistent with each other after finite volume and lattice
spacing artifacts are taken into account.

4. extrapolation in 𝑚𝜋

With the fitting results, we now investigate the𝑚𝜋-dependence of the properties of the 𝜌meson
and extrapolate them into the physical region. In scheme A, our investigations reveal that both 𝑔𝜌𝜋𝜋

1There is a typo in the original paper.
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(0,T1) (1,A1) (1,E) (2,A1) (2,B1)

60 62 64 66

(2,B2)

60 62 64 66

(3,A1)

60 62 64 66

(3,E)

60 62 64 66

(4,A1)

60 62 64 66 68

(4,E)

Figure 1: Spectra with 𝑚𝜋 = 200 MeV along with that calculated by HEFT using the fitting results for
schemes A, B and C. The 𝑥-axis represents the spatial extent 𝐿 in units of lattice spacing 𝑎, while the y-axis
indicates the energy level. Text within the yellow box (𝒏2, Γ) signifies spectrum extraction using operators in
representation Γ and with total momentum 𝑷2 = ( 2𝜋

𝐿
)2𝒏2. Red points indicate the lattice spectrum provided

by collaborations. Blue, orange dot-dashed and black dotted lines indicate the spectrum as the function of 𝐿
calculated by HEFT in schemes A, B and C, respectively. The dashed gray lines indicate the non-interacting
energy levels 2𝐸𝜋 (𝒌∗) and 𝑚B

𝜌 . The turning points in the non-interacting energy levels are associated with
energy crossings.

and Λ𝜌𝜋𝜋 display little variation as 𝑚𝜋 varies. Thus, we could concentrate on the 𝑚𝜋-dependence
of the bare 𝜌 mass, 𝑚B

𝜌 , using Eq. (13). It is possible to extrapolate the fitting results of 𝑚B
𝜌 in

schemes B and C, but not in scheme A, since there the values of 𝑚B
𝜌 are correlated with 𝑔𝜌𝜋𝜋 and

Λ𝜌𝜋𝜋 .
In principle, it is natural to consider putting all the values of 𝑚B

𝜌 (𝑚𝜋) together and performing
a global fit to make full use of the lattice data. However, it is hard to extract useful information,
since the data show large inconsistent variations. The possible reasons have been discussed earlier.
This suggests that we should make the extrapolation of the data to the physical point collaboration
by collaboration. Because for each group, there are only a limited number of values of 𝑚𝜋 and the
lattice spacing does not change a lot, the lattice spacing effect can be absorbed in 𝑐0 to perform
the extrapolations. Furthermore, we have two free parameters in Eq. (13), thus only the data of
collaborations having no less than two 𝑚𝜋 points are analyzed. The fitting and extrapolation results
are shown in Fig. 2 and Table 1.

As shown, there are five collaborations having no less than two different 𝑚𝜋 points. For each
collaboration, the points show a good linear relation between 𝑚B

𝜌 and 𝑚2
𝜋 , whether the 𝜔𝜋 loop is

included or not. The only notable exception is one point with a large uncertainty from ETMC. With
𝑐0 and 𝑐1 determined, we can obtain the bare mass of the 𝜌 at the physical pion mass. Subsequently,
we can get 𝑚p

𝜌 by solving 𝐸 − 𝑚B
𝜌 − Σ(𝐸) = 0. The results are listed in the last column of Table 1.

For MILC, HSC and Bulava et al., even though their values of 𝑐0 and 𝑐1 are quite different, the
extrapolated 𝑚p

𝜌 all agree with the experimental value. However, for ETMC and Guo et al., they
are about 30 MeV higher and 50 MeV lower compared to the experimental value, respectively. The
relatively high 𝑚p

𝜌 obtained by ETMC is not so surprising, since in their previous work a higher
value of 𝑚𝜌 compared to the others was also reported. The lower 𝑚p

𝜌 extracted from Guo et al. also
agrees with their own result, which possibly results from using 𝑁 𝑓 = 2.

It is obvious that it makes little sense to talk about 𝑚B
𝜌 solely , as it strongly depends on how

the hadronic loops are estimated. It is the slope 𝑐1 that contains more useful, less model dependent,

6
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Figure 2: 𝑚𝜋-dependence and extrapolation of 𝑚B
𝜌 for each collaboration. Red and blue points indicate

the fitting results of 𝑚B
𝜌 in schemes B and C, respectively. Gray bands represent the quadratic function

𝑚B
𝜌 = 𝑐0 + 𝑐1 𝑚

2
𝜋 with uncertainty, where 𝑐0 and 𝑐1 for both schemes are given in Table 1.

Table 1: Extrapolation results are summarized. For each collaboration, the results of B and C are given in
the first and second row, respectively. The second and third column present the coefficient 𝑐0 and 𝑐1. The
fourth column presents the extrapolated 𝑚B

𝜌 at the physical pion mass. The fifth column presents the pole
mass.

COLLAB. 𝑐0(MeV) 𝑐1(GeV−1) 𝑚B
𝜌 (𝜇𝜋) 𝑚

p
𝜌 (𝜇𝜋)

Bulava
809.8(7.0) 0.21(0.11) 814.0(5.0) 765.0(6.0)

862.3(7.6) 0.11(0.12) 864.0(6.0) 765.0(6.0)

MILC
788.0(7.3) 1.45(0.10) 816.0(6.0) 768.0(6.0)

843.3(7.95) 1.32(0.11) 869.0(6.0) 769.0(6.0)

HSC
806.7(1.71) 0.60(0.02) 818.2(1.4) 770.6(1.7)

861.3(1.9) 0.49(0.02) 870.7(1.6) 771.3(1.7)

ETMC
838.9(7.7) 0.85(0.06) 855.0(7.0) 814.0(8.0)

892.5(8.3) 0.75(0.06) 907.0(7.0) 809.0(7.0)

Guo
762.2(2.9) 0.86(0.04) 778.8(2.3) 719.3(2.6)

813.8(3.2) 0.79(0.04) 829.0(2.5) 719.0(2.6)
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physical information concerning the structure of the 𝜌 meson, which can only be extracted from the
LQCD data at unphysical 𝑚𝜋 . Furthermore, in principle, on the theoretical side the slope 𝑐1 can be
calculated at the quark-level in various models. Thus, with the help of 𝑐1 the relevant models could
be distinguished.

5. Summary

In this work, we collected finite volume spectra for the 𝐼 = ℓ = 1 𝜋𝜋 sector provided by
LQCD collaborations over the past decade. These spectra were fit in a consistent manner within
the framework of Hamiltonian Effective field theory. We employed three schemes to fit the energy
levels obtained at various pion masses. Through scheme A, we found that 𝑔𝜌𝜋𝜋 and Λ𝜌𝜋𝜋 exhibit
a weak dependence on 𝑚𝜋 , while 𝑚B

𝜌 shows a messy distribution. In the following scheme B,
we set these two parameters as constant in order to obtain the 𝑚𝜋-dependence of the bare 𝜌 basis
state, 𝑚B

𝜌 (𝑚𝜋). In scheme C, where the 𝜔𝜌𝜋 vertex was included with additional constraints from
experimental data, we again extracted 𝑚B

𝜌 (𝑚𝜋). However, in scheme B,C, 𝑚B
𝜌 is still scattered.

Finally, we used the linear relation between 𝑚B
𝜌 and 𝑚2

𝜋 to perform an extrapolation. Because
the relationship between 𝑚B

𝜌 and 𝑚2
𝜋 was highly dependent on the LQCD group whose data we

used, we were unable to fit all 𝑚B
𝜌 simultaneously, and resorted to extrapolating collaboration by

collaboration. Based upon the extrapolations of data from the five LQCD groups, it was found
that for each collaboration, 𝑚B

𝜌 (𝑚𝜋) could be described well by Eq.(13). When extrapolated to
physical pion mass 𝜇𝜋 , the 𝑚p

𝜌 for MILC, Bulava et al. and HSC agree with the experimental
measurements. However, from the current LQCD data, the extracted value of 𝑐1 is dependent on the
lattice collaboration whose data is used. This indicates the important discrepancies in the results of
today’s lattice QCD calculation among different collaborations.
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