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Effective String Theory (EST) is a powerful tool used to study confinement in pure gauge theories
by modeling the confining flux tube connecting a static quark-anti-quark pair as a thin vibrating
string. Recently, flow-based samplers have been applied as an efficient numerical method to study
EST regularized on the lattice, opening the route to study observables previously inaccessible to
standard analytical methods. Flow-based samplers are a class of algorithms based on Normalizing
Flows (NFs), deep generative models recently proposed as a promising alternative to traditional
Markov Chain Monte Carlo methods in lattice field theory calculations. By combining NF layers
with out-of-equilibrium stochastic updates, we obtain Stochastic Normalizing Flows (SNFs),
a scalable class of machine learning algorithms that can be explained in terms of stochastic
thermodynamics. In this contribution, we outline EST and SNFs, and report some numerical

results for the shape of the flux tube.
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1. Introduction

Effective String Theory (EST) is a non-perturbative framework that has emerged over the
past few decades as a powerful approach for studying confinement in Yang-Mills theory. In this
framework, the chromoelectric flux tube connecting a quark-antiquark pair is modeled as a vibrating
string [1-5]. Specifically, the correlators of two Polyakov loops at distance R are associated with
the full partition function of an EST action:

(P(0)PT(R)) ~ / DX e~ SestIX],

The main tool used in the analysis of EST is zeta function regularization. Numerous results for
the interquark potential, derived through the analytical calculation of the partition function, have
been successfully compared with high-precision lattice gauge theory calculations [6—11]. However,
certain scenarios, such as the study of the shape of the flux tube, present challenges that cannot be
addressed using analytical methods. An alternative numerical approach to studying EST involves
discretizing the EST functional on the lattice and then employing Markov Chain Monte Carlo
(MCMC) methods to sample from the corresponding probability distribution. Nevertheless, due
to the strong non-linearity of EST actions, standard MCMC methods suffer from critical slowing
down when exploring non-trivial EST regimes [12].

To mitigate this problem, refs. [12, 13] introduced a novel numerical method based on Normal-
izing Flows (NFs) [14, 15]. NFs are a class of deep generative models that can sample uncorrelated
configurations from a target distribution [16]; furthermore, they can also be used to compute observ-
ables, such as partition functions, that are inaccessible with traditional MCMC methods [17, 18].
Despite these advantages, flow-based samplers face challenges in scaling to state-of-the-art ap-
plications [19-21]. These limitations can be mitigated by combining NFs with non-equilibrium
simulations based on out-of-equilibrium statistical mechanics [22-28] to obtain Stochastic Nor-
malizing Flows (SNFs) [29, 30]. SNFs have demonstrated excellent scalability in both scalar and
gauge theories on the lattice, and are currently among the most promising samplers in lattice field
theory [13, 31-33]. In ref. [13], SNFs could indeed overcome the scaling issues faced in the first
work on lattice EST [12]. In this contribution, we will focus on a new observable in EST (already
discussed in [13]): the Binder cumulant U which quantifies the non-Gaussianity of a distribution
and can be used to study the shape of the chromoelectric flux tube in pure gauge theory.

In this proceeding, we first briefly review the concepts of EST and SNFs; afterward, we present
our numerical results and discuss the implications of these findings for EST.

2. Effective String Theory

The most general EST action can be written as:

SEST=/d2§\/§[0'+717€+727(2+y37(4---] (1)
z

where g is the metric induced on the reference worldsheet surface ¥, o and y; are coupling
constant, R represent the Ricci scalar, and K is the extrinsic curvature. The first term of the EST
action corresponds to the well-known Nambu-Got6 action. The second term, R, is a topological
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invariant in two dimensions and can be neglected. The third term, %?, can be eliminated through
suitable redefinitions of the fields. The last term, K*, has been extensively investigated in recent
years [9-11, 34] to study the interquark potential in lattice gauge theories and is regarded by the EST
community as the first non-trivial term beyond the Nambu-Goto EST. The fact that this correction
appears at such a large order in the large distance expansion of the EST is known as "low-energy
universality” [6] and is one of the most important recent results in this context. In the following we
shall study the corrections induced by this K* term to the width and shape of the effective string.
Besides this, for completeness, we shall also study the corrections induced by the X2 term. Even if
in standar ESTs this term can be eliminated, there are situations in which it can nevertheless play a
role. For instance in the model discussed in [35] (which has been proposed to describe the confining
regime of trace-deformed lattice gauge theories [36]) in which the Nambu-Goto term is treated as
a perturbation of the K2 term).

Following these considerations, in this work, we studied the Nambu-Gotd (NG) theory Sys and
the following "Beyond Nambu-Goto " (BNG) actions:

Sl = Sxne + Sye )
52 6 = Sxg + Syt 3)

In order to study these theories numerically, we regularized the actions using the usual conventions;
for a target d = 2 + 1 target gauge theory, the D = 3 Nambu-Goto goto action takes the form of:

Sxa(@) =0 Z (\/1 + (a,u¢(7" €)?/o—1

xeA

“)
(0.9(x)) = (9(7,€) = ¢(r = 1,6))* + (7. €) — d(r,€ = )’

where A is a square lattice with size L X R and index x = (7, €) representing the worldsheet, ¢(x)

is a real scalar field describing the transverse degree of freedom of the string. In order to mimic

the boundary conditions of Polyakov loop correlators in Lattice Gauge Theories (LGTs), we fix

Dirichlet boundary conditions along the € direction and periodic boundary conditions along the 7

direction as discussed in refs. [12, 13]. For the BNG theories, we approximate K7 at the first order:

K2 ~ (D080 (x))* + (81019(x))* +2(8100(x))?). (5)
Thus, the discretized BNG terms can be regularized as follows:
Sie(9) =72 ) Lya(d(x)) (©6)
XEN
Sxe(9) =73 Y (Lie(6(x))? ()
xXeN
where:
Le(d(t.€) = (p(r+1,6) = 26(1. €) + (7 — 1,6))+
+ (¢(T,6+ 1) —2¢(t,€) + p(1, e — 1))2+ ®)
+%(¢(T+ Le+)+o(tr—1,e—1)—g(t+1,e—1)— (7 — 1,€+1))2

Due to the Dirichlet boundary conditions, the non-vanishing terms in € = R [13] are:

Ly (¢(1,R)) = (¢(1,€ —2) = 2¢(7, € - 1))2 + %(qﬁ(r -l,e-1)—¢(r+1,e~- 1))2 9)



Stochastic normalizing flows for Effective String Theory Elia Cellini

2.1 Observables

In this contribution, we focus our attention on a new observable defined as a combination of
the quartic and quadratic moments of the flux density in the midpoint ¢ (7, R/2):

{# (. R/2)-
32 (T, R/2)T

Where the expectation values (. .. ), are computed on the spatial coordinate to R/2 averaging over

(10)

7 also. The quantity U is generally called the Binder cumulant and, since it is identically zero if
¢ (1, R/2) follows a Gaussian distribution, it can be used as a probe of the non-Gaussianity of a
distribution. In the lattice gauge theory framework, U can be used to study the shape of the flux
tube; however, in the EST picture, this observable is inaccessible to standard analytical calculations.

3. Stochastic Normalizing Flows

Stochastic Normalizing Flows (SNFs) [29, 30] are a class of deep generative models that com-
bine non-equilibrium simulations [22] and flow-based sampler [15]. SNFs build thermodynamics
trajectories between two thermodynamics state gg = exp (—=So)/Zp and p = exp (-=S)/Z by means
of a composition of parametric diffeomorphisms g and Markov Chain Monte Carlo (MCMC)
updates with different transition probabilities P ,):

L(z) gkg Pe(ngep)
005 gl 00 "B o1 D glon B e DL g =0
where c(n) define a protocol that interpolates between go and p. The forward ¢ probability
distribution of each sequence [¢g, @1, ..., »] = ® can be written as:
Nstep
ﬂ6(¢g — 80 (bn-1)Pe(m) (840 = bn): (11)

with ¢ 0 = 2% (¢,-1); similarly, the reverse probability distribution #; can be written as:

Nstep

@] = ﬂ Pe(ny(¢n = ¢40)0(dn-1 — 85 (g,))- (12)

n=1

Thanks to the Crooks’ theorem [37], the fluctuation relation for this algorithm is [30, 32, 38]:

q0(¢0)Pr[P] _ VI (@)
p(¢)7)r [®]

where Wg(d)) = W(®) — AF is the dimensionless dissipated work, and the work W can be
computed as:

(13)

WO (@) = S(¢) — So(¢o) — Q(P) —log J o

where
Nstep— 1

Q((I)) = Z {Sc(n+l) [¢n+1] - Sc(n+l) [¢n]}
n=0
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and
Rstep

In Jge = Z In Jgﬁ(¢n—1)
n=1
where J,,¢ is determinant of the Jacobian of the transformation g2. Observe that, since the sequences
@ start from configurations drawn from p, computing observables O over p and p®; is equal:

(0(¢)>p=/d¢P(¢)0(¢)=/d¢-'-d¢op(¢)5"r[¢]0(¢)=(0(<I>)>r (14)

where the average (- - - ); is computed over all the possible reverse sequences of the SNF. However,
we do not have direct access to #; but only to #r for which the sampled configurations can lie
arbitrarily far from equilibrium. Nevertheless, we can generate an equilibrium ensemble using an
independent Metropolis-Hasting sampler. In this method, a Markov chain sequence is built by
sampling proposals ¢ according to qo(¢(,)Pr[D’]; at the step j, ¢” is accepted with probability:

p(P@]  aley ) )Pi[@lD]

A(¢Y™V ") = min|1, : . - (15)
p(@U=P[@U=D] q(g) P[]
Thanks to the SNF’s fluctuation relation we can compute the non-trivial term as:
’ ’ (-1 ~
p(@)P:[@] a(dg Pi[@V] _ W(@UT)-W(@) (16)

q(¢)Pi[@] p(¢U~D)Pr[@U-D]

This sampling procedure is the non-equilibrium counterpart of the sampler proposed in ref. [16]
and is referred to as the Non-Equilibrium independent Metropolis-Hastings (NE-iMH) method.
Note that, since the proposals are independent, each time a new configuration is accepted, the
autocorrelation of the NE-iMH is refreshed.

SNFs are trained by minimizing the Kullback-Leibler divergence

DxL(qoP{ IIpPl) = (WO — AF

with respect to the parameters 6 of the flow layers g,, where the average (- - - )¢ is computed over
all the possible forward sequences.

4. Numerical Results

As mentioned in the introduction, we computed for the first time the Binder cumulant U from
eq. 10 for EST by sampling configurations using the NE-iMH discussed in the previous section. In
fig. (1), we present the results for the NG theory from eq. (4) in both the high and low-temperature
regimes. The cumulant vanishes for large values of o, indicating that in this regime, we are
approaching the Free Boson limit of the Nambu-Goto theory, where the flux tube profile is expected
to be Gaussian. Notably, in the low-temperature setup, as the string tension decreases, the cumulant
becomes negative. This suggests that the flux tube profile (i.e., the field variable ¢) deviates from
Gaussian behavior once the Free Boson approximation no longer holds. However, as R increases,
this trend weakens progressively. Furthermore, in the high-temperature regime, where R is typically
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large, U consistently remains zero. This behavior implies that a finite-size effect, driven by Dirichlet
boundary conditions, might account for a nonzero U [13].

Figure (2) displays U for the SéNG (2) (left) and S]%NG (3) (right) theories. For the K 2 action (the
“rigid” string), no significant deviations from U = 0 are observed. In contrast, for the K* action, a
slight deviation from a vanishing Binder cumulant emerges for small values of R. Interestingly, this
deviation is positive, occurring in the opposite direction to what is seen in the Nambu-Goto case.
However, as for the Nambu-Goto theory, the magnitude of this deviation diminishes as R increases,
suggesting it may once again be attributed to boundary effects.

We conclude this section with an important observation. In ordinary LGTs, the Binder cumulant
of the flux tube is typically negative and significantly larger in magnitude compared to the values
reported in this work. Moreover, its dependence on R is distinctly different. This stark contrast
indicates that the flux tube’s shape in LGTs behaves fundamentally differently from that in the ESTs
studied in this work [13, 39]. A quantitative explanation for this behavior lies in the intrinsic width
of the confining flux tube.
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Figure 1: Binder cumulant U as a function of 4/o R in the high-temperature limit (R > L = 8, left plot) and
in the low-temperature limit (L = 80 > R, right plot). Different values of the string tension o are listed in
different colors.
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Figure 2: Binder cumulant U for S}, (2) at fixed (left plot) and for S2,, (3) at fixed y, = 0.02 and y3 = 0.02.
Both theories are studied at o = 100.
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5. Conclusion

In this contribution, based on [13], we leverage the scalability of SNFs to overcome the scaling
issues faced in ref. [ 12]. Due to the broad range of observables that SNFs can compute, we calculate,
for the first time in EST, the Binder cumulant U. Our findings indicate that the deviations from
Gaussian behavior are generally very small, with a dependence on R that is consistent with finite
size effects, indicating U effectively zero in the EST framework. In lattice gauge theories, the
behavior of the Binder cumulant differs significantly from our EST simulations and is characterized
by much larger values; supporting a scenario in which the shape of the flux tube in LGTs cannot be
fully captured by EST alone, but instead requires an additional contribution, known as the “intrinsic
width” [39].

The method used in this contribution could be extended to investigate other models, both in
the context of more complex EST and for studying other types of effective theories. In particular, a
promising direction for future research is the extension of our model to the d = 3 + 1 case to study
four-dimensional lattice gauge theories. Another intriguing candidate for further numerical study
is the Polchinski-Yang limit of the rigid string [35], for which an exact solution for the partition
function exists, however, information on the width and shape remains unavailable.
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