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1. Introduction:

The measurement of the muon anomalous magnetic moment, a,, = (g, — 2)/2 has achieved
an extraordinary precision, thanks to the (perfectly compatible) BNL [2] and FNAL [3, 4] results,
leading to the combination

a,’ = 0.00116592059 + 0.00000000022 . (1)

On the contrary, the corresponding Standard Model (SM) prediction is not clear at the moment,
due to the uncertainties on the hadronic vacuum polarization piece and, specifically, on its 27z
part. For the Muon g-2 Theory Initiative White Paper [5], this contribution was dominated by the
combination of the KLOE [6] and BaBar [7] results, which were in tension (but still at the limit
of compatibility, so they could be combined). The White Paper a, prediction is 5.10 smaller

than the experimental average, eq. (1). Although it was not used for the White Paper, the BMW

HVP
u

improvement combining the lattice simulation with data [9] achieved accord within 0.90 with aj, .

lattice collaboration obtained a result for a [8] that is only 1.10 smaller than af,xP. Its recent
In 2023 the situation with e*e~ data became puzzling, because the new CMD-3 measurement
[10, 11] disagrees so much with KLOE, that they cannot be combined, a discrepancy which is not
yet understood.

Given this conundrum, we recall that we have advocated since [12] (and emphasized and

updated in [1, 13]) that two-pion tau decay data should be used again ! to obtain the corresponding

HVP

contribution to a 1

, given the fact that:

1. All measurements, by the ALEPH [23], Belle [24], CLEO [25] and OPAL [26] collaborations
are consistent, within errors.

2. The uncertainty associated to the isospin breaking (IB) corrections that are needed is small
enough to make this procedure competitive.

Here we revisit the IB corrections relating e*e™ and tau data, with a particular focus on those arising
from the different neutral (electromagnetic) and charged (weak) form factors.

2. IB corrections

In the data-driven approach, at lowest order (LO), the HVP contribution to a,, is [27]

1 o

HVP,LO _ 0

Au T 43 / ds K(s) U ¢+e~ —hadrons (+y) (5), @
m_o

where 0¥, _ (s) is the bare hadronic cross-section at hadrons invariant mass +/s with
e*e~—hadrons(+y)

vacuum polarization (VP) effects removed [28] and K (s) is a smooth kernel enhancing the low-

energy effects [29].

IThe usefulness of tau data for this purpose was put forward by Alemany, Davier and Hocker in ref. [14], see also
e. g. refs. [15-22].
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Alternatively, it can also be obtained from >

0-0 | _ KO-(S) drnn[y] % RIB(S)
7 (¥)|cve Kr(s) ds '

3)

SEw

where the ratio of K functions depends on G, V,,4, @ and m, and the measured spectrum of the

Alrn[y]
ds 7

radiative corrections, Sgw [34], and the isospin-breaking (/B) factor

di-pion tau decays °, needs to be corrected for the short-distance universal electroweak

FSR(s) B (s) 2

Gem(s) B2, (s)

Fy(s)
f+(s)

Rip(s) = : “)

Ris(s) depends on two factors which are straightforward: final-state radiative corrections (FSR)
[35] and the kinematical factor depending on the ratio of S functions. However, it also depends
on two corrections that are challenging. The first of these corresponds to the long-distance QED
virtual plus real photon corrections, encoded in the Ggym function, which has been the focus of
refs. [12, 15, 16, 36, 37] *. Here we concentrate on the second of such corrections, given by the ratio
of the neutral Fy and charged f. pion form factors, where one of the leading IB corrections, the
p — w mixing entering Fy, takes place. In this factor, also the mass and (partial) width differences
of the neutral and charged p mesons play an important role. Particularly, for the IB induced between
the neutral and charged p — 7w (y) channels we rely on the results of ref. [47].

In this contribution we will focus on two observables which are sensitive to IB. We will consider

the IB corrections to the 77 contribution to aEVP 'LO obtained using tau data,
s Ko (s)dl R
AdTVPLO[n 7] = _/ ds K(s) o (8) dlzziy] 1B (s) ~1), (5)
K 473 Jam2 Kr(s) ds SEw

and also the modification to the di-pion tau decay branching ratio obtained from the e*e™ measure-

ment, .
mz S
CVC _ . EW
ABﬂﬂ.O =B, a2 ds On+n (v) (S)N(S) (RIB(S) 1) s (6)

where B, is the electronic tau decay branching ratio and N (s) depends on «, V4 and m .

3. Form factor parametrizations

We considered different descriptions of the electromagnetic, Fy, and weak, f,, pion form
factors (see ref. [1] for details). As typically done by the experimental collaborations, we employed
the Gounaris-Sakurai (GS) [48] and Kiihn-Santamaria (KS) [49] form factors. We also used the
Guerrero-Pich (GP) [50] parametrization. However, since it is limited to the p(770) resonance, we
considered its extension including the p” and p”’ resonances, along the lines of refs. [51, 52], to

0y, in absence of IB

2CVC stands for conserved vector current, which relates the ete™ — n#tn~ and 7~ — 7 n
corrections.

3New physics could affect the tau decays and not the e*e~ cross-section into two pions [30-33], nevertheless.

4We stick here to the ’O(p4)’ result of ref. [12], that uses Resonance Chiral Theory [38, 39], which has been
successfully employed in computing different contributions to a, [13, 16, 40-46]. Noteworthy, this result is consistent

with the vector meson dominance one employed by the Orsay group since [19].
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construct the input phase shift > of an unsubtracted dispersive form factor, where we accounted for
p — w — ¢ mixing (we verified that complex mixing coefficients were needed) and inelastic effects
(captured by a conformal polynomial), following ref. [53].

4. Results

We have computed the IB corrections in egs. (5) and (6), according to the different form factor
parametrizations: GS, KS, GP, Seed and Dispersive. Both the fits to data and the analyticity tests
(see ref. [1]) work best (and better when KLOE is excluded) for GS and Dispersive. Taking this
into account, we will take the latter as our reference result and add linearly a systematic uncertainty
coming from its difference with GS in our final results.

In Table 1 we collect the different IB corrections to the CVC di-pion tau decay branching ratio,
obtained using the different form factors considered, and we split them according to their type.
Focusing on GS and Dispersive, there is good agreement in all contributions (but for the individual
effect of the p mass difference and the p — w interference, which are compensated in their sum,
however) and the final results agree nicely.

Source ABSYC (1072)
GS KS GP Seed Dispersive
Pa-1
SEW +0.57(1)
Gem -0.09(3)
FSR -0.19(2)
Mg+ —m o effect on o +0.20
Mg+ —m o effecton T, -0.21 -0.22 -0.22 -0.23 -0.20
mg=+ — myo effect on I, - - -0.02 -0.03 +0.01
My = M0 +0.08(8) +0.09(8) -0.02(2) -0.02(2) —002(%)
p — w interference 70.08(0)(‘02) 70.09(0)('01) 70.09(0)('1") 70‘06(0)(‘&’ —-0.01(0) (f{)
p — ¢ interference —-0.00(0) ((‘)) —0.00(0)(0) - —-0.01(0)(0)  -0.01(0)(1)
nny, electromagnetic decays +0.34(3) +0.37(4) +0.34(4) +0.34(4) +0.37(4)
TOTAL +0.62(9)(1D)  +0.64(N (Y  +0.48(5)(10)  +0.48(¢) (") +0.63() (D)D)

Table 1: IB contributions to BR(+~ — 7~ 7%;) according to the different form factor inputs.
The uncertainties are mostly of systematic origin and are specified in ref. [1]. In the last entry,
we take as an additional uncertainty (last shown) the difference between our preferred option
for the conformal polynomial (p4_;) and the other dispersive results that we considered [1].

In table 2 we display the different IB corrections to the di-pion contribution to aEVP’LO using

the diverse FF considered. Concentrating on the GS and dispersive results, we made analogous
observations as with table 1, highlighting again the good consistency of our reference results.

In fig. 1 we show the IB corrections to the di-pion tau decay branching ratio and contribution
to gHVPLO
0a,
blue).

Finally, in fig. 2 we compare the measured di-pion tau decay branching fractions and the

, using the inputs in tables 1 and 2, where we also compare to the results in ref.[19] (in

predictions from the e*e™ — n*n™ spectral functions, applying the IB corrections given in Table
1. We remark the very good consistency between all results using the CMD-3 data and updated 1B
corrections (even more for our preferred results, GS and dispersive, and those of ref. [22]).

SWe also used the form factor giving this phase, which we labelled *Seed’.
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Source Aal:,“d'w [7r, 7] (10710)
GS KS GP Seed Dispersive
P4a-1
SEw —-11.96(0.15)
Gim 171045
FSR +4.56(0.46)
Mg+ —m o effecton o -7.47
Mz —m o effecton T’ +3.74 +4.12 +4.07 +4.13 +3.58
mgs — mo effecton I’ - - +0.37 +0.36 -0.22
Mps = mo +0.10(308 —0.04(558 +1.87(} 2 +1.86(} 2 +1.85(}8

+2.72(0.08) ()62
+0.12(0.02)(J44)
-6.62(0.73)

~15.15G:39) (19 Gp)

+3.57(0.07) (18
+0.13(0.03)(3:93)
—6.21(0.68)

RHEDHOE

+4.00(0.08)()-22)  +4.33(0.07)(333)
+0.03(0.03)(383) -
—6.68(0.74) —6.19(0.68)

-5 50D -123¢H D)

+3.84(0.08) (-3

p — ¢ interference +0.09(0.03) (348
iy ~6.09(0.67)

TOTAL ~14.90( %) (¢

p — w interference

Table 2: Contributions to aiad’]“o

different form factor inputs. The uncertainties are mostly systematic, and are discussed in ref. [1]. In the last
entry, we take as an additional uncertainty (last shown) the difference between p4_; and the other dispersive
results that we considered.

[77r, 7] (10719) from the isospin-breaking (IB) corrections according to the

58 — as
X +1.18%0 65 +0.190.09
Davieretal. Davier et al.
KS o6 A KS —_—
+0.547q67 +0.22+0.09
GS, GS
+1.68%57 +0.13'45
KS KS
+1.43'970 +0.15°48
GP GP
=+1.91 _— 017 —_—t
+4.45%335 ~0.01'04%
Seed Seed
d _— S .
+3.8455%; ~0.01°03}
Dispersjye Dispersiye
1430 v
-8 -6 -4 -2 0 2 4 6 -0.4 -0.2 0.0 0.2 0.4

22" O, r] (10710 ABSYC (1072

Figure 1: IB corrections in the ratio of the form factors |Fy (s)/f:(s)| to al ' © and BEYC.

5. Conclusions

We have revisited the IB corrections relating the e*e™ and 7 decay di-pion observables,
particularly focusing on the one coming from the ratio of the electromagnetic and weak form factors.
We have considered the popular parametrizations Gounaris-Sakurai, Kiihn-Santamaria, Guerrero-
Pich (and its extension with excited isovector mesons) and a dispersive form factor, favoring the first
and last one through fits to data and analyticity tests (detailed in ref. [1]). For our main observables

: CVC _ 0.09 -2 had,LO[77,7] 2.37 -10
of interest, we find ABEYC = (+0.639%) x 1072, Ad); (1515733 ) x 1071,
corresponding to Aa, = affp - aZM = (14.8J:55'_14 x 10719, a 2.7 o difference, with agrees nicely

with refs. [19, 22]. Our analysis confirms the reliability of these IB corrections, supporting the use
of tau data in the updated SM prediction of a,,.
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Bell
7 decays _ 25.24:0.01:0.39

CLEO
25.36+0.12+0.42
ALEPH

25.47+0.10+0.09
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25.31+0.20+0.14
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