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Theoretical study of the 𝚺𝑵 cusp in the 𝑲−𝒅 → 𝝅𝚲𝑵

reaction
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The 𝐾−𝑑 → 𝜋Λ𝑁 reaction is useful for exploring the hyperon-nucleon interaction through final
state interactions. In particular, the cusp structure of the Λ𝑁 invariant mass spectrum at the
Σ𝑁 threshold contains information about the s-wave interaction of 1/2-isospin hyperon-nucleon
systems. The calculation of the spectrum is performed with the aim of extracting the scattering
length of the Σ𝑁 (𝐼 = 1/2) channel that couples to the Λ𝑁 channel from this reaction, and the
results are discussed in comparison with experimental data to highlight the factors that should be
considered.
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1. Introduction

The 𝐾−𝑑 → 𝜋Λ𝑁 reaction serves as a valuable tool for investigating the interaction between
hyperons (𝑌 ) and nucleons (𝑁) through extracting information about their final-state interactions.
One particular interest is the "Σ𝑁 cusp" which appears as a sharp feature in the Λ𝑁 invariant mass
spectrum at the Σ𝑁 threshold. By analyzing this reaction, we expect to obtain information on the
Σ𝑁 −Λ𝑁 conversion interaction near the Σ𝑁 threshold, including parameters such as the scattering
length. This conversion interaction is essential to the elementary process of the 𝑌𝑁 interaction, as
the one-pion exchange diagram for Λ𝑁 → Λ𝑁 is forbidden by isospin conservation.

There have been several studies on the Σ𝑁 cusp phenomenon in the 𝐾−𝑑 → 𝜋−Λ𝑝 reaction,
including one that utilizes experimental data from the 𝐾−𝑁 → 𝜋𝑌 reaction [1]. Observations have
been made for the case of in-flight kaons [2]. Currently, J-PARC E90 experiment [3] is ongoing,
and it is expected to yield data with higher resolution and statistics than previously available. In
experimental side, not only data from the 𝐾−𝑑 → 𝜋−Λ𝑝 reaction, but also the 𝜋+𝑑 → 𝐾+Λ𝑝 [4]
and 𝑝𝑝 → 𝐾+Λ𝑝 reactions [5], have been measured to examine the Λ𝑝 invariant mass spectra near
the Σ𝑁 threshold.

In this paper, we present the results of the calculations for the Λ𝑁 invariant mass spectrum
near the Σ𝑁 threshold in the 𝐾−𝑑 → 𝜋Λ𝑁 reaction. Here, we rake the s-wave scattering length of
the Σ𝑁 system for the spin-triplet state 𝑎𝑡

Σ𝑁 (𝐼=1/2) as a parameter and examine how variations in
this parameter affect the shape of spectrum.

2. Formulation

The Λ𝑁 invariant mass spectrum of the 𝐾−𝑑 → 𝜋Λ𝑁 reaction is calculated by integrating the
square of its scattering amplitude |T |2 for kinematic variables as

𝑑𝜎

𝑑𝑀Λ𝑁

=
𝑀𝑑𝑀Λ𝑀𝑁

(2𝜋)54𝑘cm𝐸
2
cm

∫
|T |2 | 𝒑𝜋 | | 𝒑∗Λ |𝑑Ω𝑑Ω

∗, (1)

where 𝑀𝑑 , 𝑀Λ, and 𝑀𝑁 are the masses of deuteron, Λ-baryon, and nucleon, respectively. Kinemat-
ical quantities defined in the center of mass frame are the initial momentum 𝑘cm, the total energy
𝐸cm, the momentum of the pion 𝒑𝜋 , and the solid angle of the pion Ω. Those in the Λ𝑁 rest frame
are the momentum of the Λ-baryon 𝒑∗

Λ
, and the solid angle of Λ-baryon Ω∗.
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Figure 1: Feynman diagram of the foreground (Σ
exchange) process for the 𝐾−𝑑 → 𝜋−Λ𝑝 reaction.
The thick line connecting nucleons represents the
deuteron. In the diagram, 𝑇𝑀𝐵 denotes the meson-
baryon amplitude and 𝑇𝑌𝑁 denotes the hyperon-
nucleon amplitude.

The scattering amplitude T is formulated as a factorization of up to a two-step amplitude,
involving either meson-baryon or hyperon-nucleon amplitudes. Figure 1 shows the foreground
process, which includes the Σ𝑁 → Λ𝑁 conversion interaction in the final state. We express the
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amplitude for this foreground process T (Σ) as

T (Σ) (𝑀Λ𝑁 ,Ω) = N 𝑇Σ𝑁→Λ𝑁 (𝑀Λ𝑁 ) 𝑇𝐾−𝑁→𝜋Σ (𝑀Λ𝑁 ,Ω) 𝑆† 𝑇𝐺 (𝑀Λ𝑁 ,Ω), (2)

where N is the normalization factor. The term 𝑇Σ𝑁→Λ𝑁 denotes the second-step amplitude for
the Σ𝑁 → Λ𝑁 conversion interaction, while 𝑇𝐾−𝑁→𝜋Σ represents the first-step amplitude for the
𝐾−𝑁 → 𝜋Σ interaction. The spin matrix 𝑆† describes the spin-1 deuteron. The function𝑇𝐺 denotes
the integral of the intermediate Σ propagator and the deuteron wave function in momentum space
for the s-wave component 𝜑̃, which is defined as 𝜓𝑎0 in the CD-Bonn potential [6]:

𝑇𝐺 =

∫
𝑑3 ®𝑞
(2𝜋)3

2𝑀Σ

𝑞2
0 − | ®𝑞 |2 − 𝑀2

Σ
+ 𝑖𝜖

𝜑̃( | ®𝑞 + ®𝑝𝜋 − ®𝑝𝐾− |). (3)

The energy 𝑞0 is assumed to conserve non-relativistic energy with nucleon from the deuteron, given
by

𝑞0 = 𝐸𝐾− + 𝑀𝑑 −
(
𝑀𝑁 + | ®𝑞 + ®𝑝𝜋 − ®𝑝𝐾− |2

2𝑀𝑁

)
− 𝐸𝜋 . (4)

Not only the foreground process, background processes should also be included such as the Λ ex-
change diagram similar to the foreground, one-step diagram involving only 𝐾−𝑁 → 𝜋Λ conversion,
and meson exchange diagrams; detailed formulations are provided in [7, 8].

For the meson-baryon amplitude 𝑇𝐾−𝑁→𝜋Σ, we employ the partial-wave amplitudes up to
p-wave (𝑙 = 1) in the strangeness 𝑆 = −1 sector given by Ref. [9]. We calculate the two-channel
amplitude 𝑇𝑌𝑁 for Λ𝑁 and Σ𝑁 using the real symmetric kernel 𝑉 and momentum matrix 𝑃 based
on the unitarity of the 𝑆-matrix as

𝑇𝑌𝑁 =

(
𝑇Λ𝑁 𝑇Λ𝑁→Σ𝑁

𝑇Σ𝑁→Λ𝑁 𝑇Σ𝑁

)
= (−𝑉 − 𝑖𝑃)−1, (5)

where momentum matrix 𝑃 is constructed by each center-of-mass momentum 𝑃Λ𝑁 and 𝑃Σ𝑁 as

𝑃 =

(
𝑃Λ𝑁 0

0 𝑃Σ𝑁

)
. (6)

The constant matrix 𝑉 is fixed so that it takes the empirical value 𝑎𝑡
Λ𝑝

= −1.56+0.19
−0.22 fm [5] for 𝑇Λ𝑁

component at the Λ𝑁 threshold and the theoretically calculated values 𝑎𝑡
Σ𝑁 (𝐼=1/2) by NSC97f [10],

Jülich’04 [11], and SMS N2LO (600) [12] for 𝑇Σ𝑁 component at the Σ𝑁 threshold. The model
configuration is described in the appendix of Ref. [7]. The pair of values for 𝑎𝑡

Σ𝑁 (𝐼=1/2) and the
scattering length for Σ𝑁 → Λ𝑁 conversion in this model 𝑎𝑡

Σ𝑁→Λ𝑁
, which means the value of

off-diagonal component at the Σ𝑁 threshold, are given in Table 1.

3. Results and discussion

We describe the results for the shape of the Λ𝑝 invariant mass spectrum near the Σ𝑁 threshold
obtained from calculations for each parameter listed in Table 1. The goal here is to observe the
variation in the shape of the spectrum when the parameters are varying.
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𝑎𝑡
Σ𝑁 (𝐼=1/2) [fm] 𝑎𝑡

Σ𝑁→Λ𝑁
[fm]

Param. 1 1.68 − 2.35𝑖 [10] 1.28 − 0.03𝑖
Param. 2 −3.83 − 3.01𝑖 [11] 0.24 − 1.43𝑖
Param. 3 2.53 − 2.64𝑖 [12] 1.33 + 0.25𝑖

Table 1: Parameters for the hyperon-nucleon
amplitude at the Σ𝑁 threshold. The scattering
length for Σ𝑁 (𝐼 = 1/2) system, 𝑎𝑡

Σ𝑁 (𝐼=1/2) , is
an input parameter for our calculation, while the
corresponding value for the conversion process,
𝑎𝑡
Σ𝑁→Λ𝑁

, is the calculated result at the threshold.

Figure 2: The Λ𝑝 invariant mass spectrum near the Σ𝑁 threshold for each parameter. Two vertical dotted
lines indicate the two Σ𝑁 thresholds: Σ+𝑛 (2128.9 MeV) and Σ0𝑝 (2130.8 MeV), respectively.

Here, we present the results that include the effects of background processes. To suppress the
backgrounds, it is sufficient to select a phase space where the pion is emitted forward direction and
the nucleon has relatively high momentum. This has been recognized, and has also been confirmed
in our previous work [8]. The fact that the Σ𝑁 → Λ𝑁 interaction depends only on the spin-triplet
component is due to the pion being emitted forward.

Figure 2 shows the spectrum for each parameter. These results include the contribution from
background processes, and we apply kinematic conditions of cos 𝜃𝜋 > 0.9 and 𝑝𝑝 > 150 MeV/c
to suppress them. This figure shows the differences in spectrum shapes corresponding to each
parameter. The results for Param. 1 and Param. 3 are similar, as expected from the similarity in the
values shown in Table 1. In particular, cusps can be observed at the Σ0𝑝 threshold. The result for
Param. 2 differs from these, with the cusp located to the right of the Σ𝑁 threshold. Although the
results are not shown here, this reflects the structure of the amplitude due to the scattering length
near the threshold.

To verify whether the spectra we calculated are realistic, we compare them with an old exper-
iment. Here, we focus particularly on whether the backgrounds effects are appropriately included.
Figure 3 shows a comparison between our calculated spectra with Param. 1 and experimental
data [2]. We aim to evaluate the backgrounds, so we take Param. 1 as an example. In the exper-
iment, the momenta of kaons are between 680 and 840 MeV/c, and events are selected where the
angle of the pion cos 𝜃𝜋 is larger than 0.9, with the proton momenta being at least 75 MeV/c or 150
MeV/c. Our calculation results are obtained with the incident kaon having 760 MeV/c momentum
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and applying the same conditions for the final state as in the experiment. Additionally, our results
are scaled by considering the experimental incident flux of 7.1 counts/𝜇b.

Figure 3: Comparison of our results and experimental data [2]. The two histograms represent experimental
values, with higher one showing the number of events where the final state pion momentum is below 75
MeV/c, and the lower one representing the number of events where it is below 150 MeV/c. Dashed and
dash-dotted lines in the figure show our results with corresponding momentum selection of pion, respectively.

Near the Λ𝑁 threshold in Fig. 3, the difference between the low and high momentum cuts is
significantly wide, which indicates that the influence of the one-step diagram has been suppressed
with the high momentum cut. This is consistently seen both in the theoretical calculation and the
experiment. Between the Λ𝑁 threshold and Σ𝑁 threshold, the contribution from meson exchange
processes become stronger. Even in this region, there are no significant discrepancies. And then,
we observe the region near the Σ𝑁 threshold, which is our main objective. It can be seen that the
spread of the tail near the Σ𝑁 threshold is smaller in our results. In this region, various factors can
be considered collectively, Σ𝑁 scattering length as confirmed in Fig. 2, as well as the effective range
of the s-wave Σ𝑁 interaction, the higher partial wave Σ𝑁 interactions, and other contributing factors
that we did not take into account. At the Σ𝑁 threshold, direct comparison with the experimental
data is not possible due to the resolution limitations of the data. Additionally, it is necessary to
consider that there are two states at the Σ𝑁 threshold; Σ+𝑛 and Σ0𝑝. The threshold is split into
these two states, and further, due to the isospin symmetry, the ratio of the spectra is expected to be
2:1. In other words, the spectrum is expected to show a tendency to become larger on the left side.
In our calculations, we distinguish between the two Σ𝑁 thresholds, but such a asymmetry is not
clearly observed. Due to several factors like this, high-resolution experimental data and accurate
calculation are required.

4. Summary and prospect

In this study, we calculate the Λ𝑁 invariant mass spectrum of the 𝐾−𝑑 → 𝜋Λ𝑁 reaction. We
focus on theΣ𝑁 cusp shape near theΣ𝑁 threshold and discuss the possibility to extract the scattering
parameters for Σ𝑁 → Λ𝑁 conversion interaction. Our results properly evaluate the background
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process, and it has been confirmed that the shape of the spectrum corresponds to the spin-triplet
Σ𝑁 (𝐼 = 1/2) scattering length. This suggests that, through comparison with high-resolution
experimental data, there is a possibility of indirectly measuring the scattering length.

We plan to update calculations as follows in future. One is to use a 𝐾̄𝑁 amplitude, which
has been accurately fitted to two-body scattering, in order to perform appropriate calculations for
higher incident momentum of kaons. Additionally, by incorporating information from higher partial
waves, we will perform an accurate comparison of the angular distribution of the spectrum.
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