
P
o
S
(
Q
N
P
2
0
2
4
)
0
6
4

The role of Padé and D-Log Padé approximants in
the context of the MUonE Experiment

Camilo Rojas P.,𝑎,∗ Diogo Boito,𝑏 Cristiane Y. London𝑏 and Pere Masjuan𝑎

𝑎Grup de Física Teòrica, Departament de Física, Universitat Autònoma de Barcelona (UAB), and Institut
de Física d’Altes Energies (IFAE),
Campus UAB, E-08193 Bellaterra (Barcelona), Spain

𝑏Instituto de Física de São Carlos (IFSC), Universidade de São Paulo,
Caixa Postal 369, 13560-970 São Carlos, SP, Brazil

E-mail: crojas@ifae.es

In the context of the anomalous magnetic moment of the muon, the hadronic contribution plays
a crucial role, especially given its large contribution to the final error. Currently, lattice QCD
simulations are in disagreement with dispersive calculations based on 𝑒+𝑒− hadronic cross sec-
tions. The new MUonE experiment intends to shed light on this situation extracting the hadronic
contribution to the running of the electromagnetic coupling in the space-like region, Δ𝛼had (𝑡),
from elastic 𝑒𝜇 scattering. Still, due to the limited kinematic range that can be covered by the
experiment, a powerful method must be devised to accurately extract the desired hadronic con-
tribution from a new experiment of this type. In this work, we show how Padé and D-Log Padé
approximants profiting from the analyticity of the correlator governing the hadronic contribution
can be a powerful tool in reaching the required precision.
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1. Introduction

The determination of the anomalous magnetic moment of the muon 𝑎𝜇 = (𝑔 − 2)/2 has seen
significant progress through experimental results from FNAL E989 (2021, 2023) and BNL E821
(2006), achieving an impressive uncertainty of only 0.19 ppm [1–3]. However, the Standard Model
(SM) prediction for 𝑎𝜇, as recommended by the 2020 𝑔 − 2 Theory Initiative White Paper [4],
shows a deviation from the combined experimental results of 5.1𝜎. This discrepancy primarily
arises from the dispersive description of the Hadronic Vacuum Polarization (HVP) contribution to
𝑎𝜇 (𝑎HVP

𝜇 ) using 𝑒+𝑒− data. Conversely, a lattice-based calculation for 𝑎HVP
𝜇 reduces this tension to

2.0𝜎 [5], highlighting the need to resolve the differences between these two approaches. A recent
work has shown that a hybrid lattice-dispersive strategy can improve even further the agreement
with experiment [6].

Understanding the origin of the tension between dispersive and lattice-based determinations
of 𝑎HVP

𝜇 is of crucial importance. In this context, the MUonE experiment has been designed to
provide critical insight into this problem by measuring the hadronic contribution to the running
of the electromagnetic coupling, Δ𝛼had(𝑡), in the space-like region of elastic 𝑒𝜇 scattering [7–
9]. MUonE is expected to cover approximately 86% of the necessary integration range required to
compute the leading-order contribution to the HVP, 𝑎HVP, LO

𝜇 [10, 11]. However, a challenge arises in
determining 𝑎HVP, LO

𝜇 using only MUonE data, as it requires extrapolation beyond the experimentally
accessible region in the Euclidean 𝑡-variable, limited to the range−0.153 GeV2 ≤ 𝑡 ≤ −0.001 GeV2.
To overcome this limitation, we propose the use of Padé approximants (PAs) and D-Log Padé
approximants (D-Logs), which offer a systematic, simple, and model-independent approach to fit
and extrapolate the data for the full determination of 𝑎HVP, LO

𝜇 .
To demonstrate the effectiveness of our approach, we utilize a realistic model for the HVP

function as presented in Ref. [12], simulating the anticipated MUonE data. We apply both PAs
and D-Logs to the exact Taylor expansion of the model function, and subsequently to pseudo-data
generated from this model, to test the reliability and accuracy of our method. In this work, we
present only the results obtained from the canonical construction and the fitting to the simulated
realistic data expected from the MUonE experiment. For a comprehensive and detailed description
of the entire work, see reference [13].

2. Theoretical Framework

The Standard Model (SM) calculation of 𝑎𝜇 consists of four main contributions: Quantum
Electrodynamics (QED), electroweak effects, HVP, and hadronic light-by-light scattering. The
dominant uncertainty arises from the 𝑎HVP, LO

𝜇 [4]. The HVP can be computed using the polarization
function which is related to the two-point correlator of the electromagnetic current, Π(𝑞2).

Using a dispersive approach and the analytical properties of Π(𝑞2) we can express 𝑎
HVP, LO
𝜇

as [13, 14]:

𝑎HVP, LO
𝜇 =

𝛼2

𝜋

∫ 1

0
d𝑥 (1 − 𝑥) Δ𝛼had [𝑡 (𝑥)], (1)
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where 𝛼 is the electromagnetic fine-structure constant and we defined Δ𝛼had(𝑡) = −4𝜋 Re[Π̄had(𝑡)]
as the hadronic contribution to the running of 𝛼 [15]. Finally, 𝑡 is the space-like variable given by

𝑡 = −
𝑥2 𝑚2

𝜇

1 − 𝑥
. (2)

The planned MUonE experiment is restricted to the interval 𝑥 ∈ [0.2, 0.93], corresponding to
−0.15 GeV2 ≲ 𝑡 ≲ −0.001 GeV2, which is not sufficient for a full computation of 𝑎HVP, LO

𝜇 . While
extrapolation for 0 ≤ 𝑥 < 0.2 is relatively straightforward, as it covers a small interval in 𝑡 near the
origin, the extrapolation for 0.93 < 𝑥 < 1, corresponding to 0.15 GeV2 ≲ −𝑡 < ∞, is significantly
more complex and requires a careful uncertainty assessment.

3. Padé and D-Log Padé approximants

In this section, we give an overview of Padé Theory including PAs and D-Logs. The PAs are
used to approximate a function 𝑓 (𝑧) whose Taylor series is known and are given by a ratio of two
polynomials, 𝑄𝑁 (𝑧) and 𝑅𝑀 (𝑧) of orders 𝑁 and 𝑀 respectively[16, 17]

𝑃𝑁
𝑀 (𝑧) = 𝑄𝑁 (𝑧)

𝑅𝑀 (𝑧) =
𝑞0 + 𝑞1 𝑧 + · · · + 𝑞𝑁 𝑧𝑁

1 + 𝑟1 𝑧 + · · · + 𝑟𝑀 𝑧𝑀
, (3)

where we adopted 𝑟0 = 1. The PA parameters are determined by matching the Taylor coefficients of
𝑓 (𝑧) to the expansion of the PA. Hence, the approximant 𝑃𝑁

𝑀
(𝑧) will reproduce the first 𝑀 + 𝑁 + 1

coefficients of 𝑓 (𝑧). The PAs approximate more efficiently the original function when compared
to the Taylor series. They are also systematic and model independent and they can reproduce the
analytic properties of the function.

Since Δ𝛼had(𝑡) may contain not only poles but also branch points across its full domain, we
propose using a different type of approximants known as D-Logs. These approximants are specif-
ically designed to handle functions with branch cuts. The goal is to approximate the logarithmic
derivative of the original function, where isolated branch cuts turn into simple poles and more
involved branch-cut structures can still be approximated by simple poles1, and the residues are
proportional to the multiplicity of each cut. By approximating this transformed function with a
PA (𝑃̄𝑁

𝑀
(𝑧)), we can subsequently reconstruct an approximation for the original function using the

following D-Log (𝐷𝑁
𝑀
(𝑧)) definition [16]:

Dlog𝑁
𝑀 (𝑧) ≡ 𝐷𝑁

𝑀 (𝑧) = 𝑓 (0) exp
[∫

d𝑧 𝑃̄𝑁
𝑀 (𝑧)

]
, (4)

the factor 𝑓 (0) is a constant that reproduces the function’s value at 𝑧 = 0 when 𝑓 (0) ≠ 0.2 The
𝐷𝑁

𝑀
then reproduces exactly the first 𝑀 + 𝑁 + 2 coefficients of 𝑓 (𝑧) and can be used to predict the

(𝑀 +𝑁 +3)-th coefficient and higher. The D-Logs can provide an unbiased estimate of the location
of the branch point and also the multiplicity of the cut, since no assumptions about its position or
its multiplicity are made [16, 18, 19].

1Formally, these simple poles serve as a first approximation of the logarithmic derivative around 𝑧 = 0. When branch
points are present in the original function, this approach also suggests a simple pole at the location of each singularity.

2This constant is included because, after taking the derivative this factor disappears.
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With these methods, the convergence of some sequences of PAs to the original function is
guaranteed for specific types of functions, for example, Stieltjes functions, which is the case of
Δ𝛼had(𝑡) [20, 21]. A Stieltjes function is a function that can be represented by the following
Stieltjes integral

𝑓 (𝑧) =
∫ ∞

0

d𝜙(𝑢)
1 + 𝑧𝑢

, (5)

where 𝜙(𝑢) is a bounded non-decreasing function on the interval 0 ≤ 𝑢 < ∞. In the case of Stieltjes
functions, Padé Theory assures that the poles of approximants of the type 𝑃𝑀+𝑘

𝑀
with 𝑘 ≥ −1 to the

function Δ𝛼had are always real and positive [16, 17]. By extension, whenever the D-Logs are built
to a Stieltjes function and the associated PA can be assured Stieltjes, the branch point of D-Logs of
the type 𝐷𝑁

𝑁
, 𝐷𝑁+1

𝑁
and 𝐷𝑁

𝑁+1 to Δ𝛼had are also real and positive. Furthermore, since Δ𝛼had scales
as O(𝑡1) for small 𝑡, the PA sequences 𝑃𝑁

𝑁
and both 𝑃𝑁+1

𝑁
and 𝑃𝑁

𝑁+1 bound the original function.
In our case, the fastest convergence is obtained with the 𝑃𝑁+1

𝑁
, then the convergence theorem for

Stieltjes functions reads

𝑃1
1 (𝑡) ≤ 𝑃2

2 (𝑡) ≤ · · · ≤ Δ𝛼had ≤ · · · ≤ 𝑃3
2 (𝑡) ≤ 𝑃2

1 (𝑡) . (6)

For the D-Log case, a similar pattern is found [13]. The sequence 𝐷𝑁
𝑁

together with 𝐷𝑁
𝑁+1 and

𝐷𝑁+1
𝑁

bound the original function. The observed convergence pattern is as follows

𝐷1
1(𝑡) ≤ 𝐷2

2(𝑡) ≤ · · · ≤ Δ𝛼had ≤ · · · ≤ 𝐷2
3(𝑡) ≤ 𝐷1

2(𝑡) . (7)

In our study, we found the fastest convergence with the 𝐷𝑁
𝑁+1 sequence (as stated in Eq. (7)), which

closely approximates the model used for Δ𝛼had introduced in the next section.

4. A Model for the Euclidean Correlator

To test the effectiveness of our method, we generate toy data sets using a phenomenological
model for the hadronic correlator ImΠhad(𝑠), introduced by Greynat and de Rafael [12] (GdR
model). This model, inspired by chiral perturbation theory and perturbative QCD, allows us to
compute Δ𝛼had through a dispersion relation. We consider it to be realistic because it produces a
representation of Δ𝛼had as a Stieltjes function, consistent with QCD expectations. By computing
the integral of the model, we obtain a reference value of 𝑎HVP, LO

𝜇 as 6992.4 × 10−11. This value
will serve as a benchmark for comparison with the results obtained using PAs and D-Logs in the
rest of the analysis, helping to assess the accuracy and reliability of these methods.

For the canonical construction of PAs and D-Logs applied to the Taylor expansion of this
model, we observe a convergence pattern that satisfies the PAs theorems for Stieltjes functions.
Once the PAs and D-Logs are constructed, we can proceed to estimate the value of 𝑎HVP, LO

𝜇 , as
shown in Figure 1.

5. Methodology

The methodology uses sequences of PAs and D-Logs to systematically fit toy data generated
for the MUonE experiment by minimizing a modified 𝜒2 function. These fitting functions are
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Figure 1: Comparison between PA and D-Log estimates of 𝑎HVP, LO
𝜇 and the value predicted by the model

of Greynat and de Rafael (black solid line). ‘No. parameters’ refers to the value of 𝑁 + 𝑀 used for each
approximant.

constructed from a general power series representing Δ𝛼had(𝑡), and constraints based on Stieltjes
function properties are applied to ensure real poles, zeros and cuts on the positive axis. This
approach enables reliable extrapolations beyond the experimental region while providing systematic
uncertainty estimates. PAs used as fitting functions were already applied in similar contexts and
the convergence theorems, which are not strictly valid when the approximants are not built from the
Taylor series, are apparently satisfied in all these cases [22–26], a closer work in the context of the
𝑔𝜇 − 2 also use PAs as fitting functions [27].

6. Results

Here, we present only the most relevant results, using the approximants to fit pseudo-data with
realistic errors by incorporating fluctuations and uncertainties expected in the MUonE experiment.
For the complete analysis, we refer to Ref. [13]. We generated 1000 toy data sets for the function
𝛼Δ𝛼had(𝑥) × 105, each consisting of 30 data points equally distributed in the region 𝑥 ∈ [0.2, 0.93]
and corresponding to expected MUonE bin sizes. The data sets were generated based on a Gaussian
distribution around the value predicted by the GdR model with an error ranging from 0.7% for
larger values of 𝑥 to 6.7% for 𝑥 ≈ 0.2.3 Additionally, the 𝑎

HVP, LO
𝜇 of each data set was calculated.

The median and 68% confidence level (CL) of this distribution yield 𝑎
HVP, LO
𝜇 = (6991+22

−20) ×10−11,
which serves as a benchmark for comparison with predictions from PA and D-Log approximants.

After and during the fitting process to each toy data set, we inspected the approximants for the
appearance of defects, which occur due to cancellations between poles and zeros in the PAs or in
the D-Logs when specific conditions are met (e.g., merging branch points or exponents becoming
zero). Approximately 30% of the 𝑃2

2 fits and 56% of the 𝑃3
2 fits were discarded due to these defects,

while for D-Logs, the rates were lower, with 0.7% discarded for 𝐷3
2 and 4% for 𝐷3

3. We found

3Thanks to Giovanni Abbiendi, Carlo Carloni Calame, and Graziano Venanzoni for providing us with the values of
the expected uncertainties of the MUonE experiment.
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Table 1: Results for 𝑎HVP, LO
𝜇 from the PAs and D-Logs used as fitting functions to toy data sets together with

the final values for 𝜒2/𝑛dof of the respective approximants. Final results for both methods are also presented.

𝑎
HVP, LO
𝜇 × 1011 𝜒2/𝑛dof 𝑎

HVP, LO
𝜇 × 1011 𝜒2/𝑛dof

𝑃1
1 6938 ± 21 1.01+0.27

−0.25 𝐷1
2 7052+66

−71 1.01+0.26
−0.26

𝑃2
1 7042+114

−104 1.01+0.28
−0.26 𝐷2

2 6956+96
−65 1.05+0.28

−0.27

𝑃2
2 6980+46

−34 1.05+0.29
−0.27 𝐷2

3 6999+48
−39 1.10+0.29

−0.28

𝑃3
2 6994+85

−49 1.11+0.29
−0.31 𝐷3

3 6977+72
−53 1.14+0.30

−0.29
Final result 6987+46

−34 — Final result 6988+48
−39 —

that approximants with more than six fit parameters were prone to large uncertainties, so only
lower-order approximants were used.

The final value for 𝑎HVP, LO
𝜇 is derived from the median of accepted fits, with uncertainties at a

68% CL. Both PAs and D-Logs results show good agreement with the model prediction (see Tab. 1),
and because the errors are primarily driven by the extrapolation beyond 𝑥 = 0.93 up to 𝑥 = 1, by
reducing the extrapolation to 𝑥 = 0.990 decreases the uncertainty by 25%, covering 99.1% of the
𝑎

HVP, LO
𝜇 value. The final systematic uncertainties are small and do not significantly change with

the extrapolation limit.

7. Conclusion

We demonstrate the effectiveness of PAs and D-Logs as model-independent tools for fitting
and extrapolating toy data that simulates the expected results of the MUonE experiment, with the
aim of extracting 𝑎

HVP, LO
𝜇 . These approximants take advantage of the known properties of the

hadronic contribution to the running of the fine-structure constant, which is a Stieltjes function
in the 𝑡-variable [21], thus benefiting from well-established convergence theorems for PAs, even
though a departure from the conditions where the theorems are strictly valid is inevitable when
dealing with experimental data.

We observed that different sequences of approximants bound the true value of 𝑎HVP, LO
𝜇 , allow-

ing us to estimate the final result by averaging the highest-order approximants, 𝑃2
2, 𝑃3

2, 𝐷2
3, and 𝐷3

3.
Our final estimates were in excellent agreement with the expected model values, with deviations of
less than 0.06% for PAs and 0.05% for D-Logs. The uncertainty was dominated by the extrapolation
beyond the data region, but this could be reduced by limiting the extrapolation range (e.g., up to
𝑥max = 0.990, covering 99.1% of the integrand).

Our explorations show that this method is superior to the use of a single, fixed, fitting function,
which may carry a model dependence and an associated systematic uncertainty that would be
difficult to estimate on the basis of real experimental data. Our method which takes fully into
account the analytic properties of the original function provides a reliable, model-independent
framework for the extraction of 𝑎HVP, LO

𝜇 with competitive, though conservative, uncertainty.
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