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The internal structure of the lowest-lying pseudo-scalar mesons with heavy-light quark content is
thoroughly studied using an algebraic model that has been successfully applied to similar physical
observables of pseudoscalar and vector mesons with hidden-flavor quark content, ranging from
light to heavy quark sectors. This model is based on constructing simple and evidence-based
ansétze for the mesons’ Bethe-Salpeter amplitude (BSA) and quark propagator, allowing the
Bethe-Salpeter wave function (BSWF) to be computed algebraically. Its projection onto the light
front yields the corresponding light-front wave function (LFWF), which provides easy access
to the valence-quark Parton Distribution Amplitude (PDA) by integrating over the transverse
momentum squared. We leverage our current knowledge of the PDAs of the lowest-lying pseudo-
scalar heavy-light mesons to compute their Generalized Parton Distributions (GPDs) via the
overlap representation of the LFWFs. From this three-dimensional information, various limits and
projections allow us to deduce the related Parton Distribution Functions (PDFs), Electromagnetic
Form Factors (EFFs), and Impact Parameter Space GPDs (IPS-GPDs). Whenever possible, we
make explicit comparisons with available experimental results and previous theoretical predictions.
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1. Introduction

Hadrons are complex bound states of quarks and gluons, governed by Quantum Chromody-
namics (QCD). While perturbative QCD is well understood, non-perturbative methods like lattice
QCD and Dyson-Schwinger equations (DSEs) are essential for studying hadrons, as quarks and
gluons alone cannot explain low-energy formation. Upcoming experiments will provide data to
enhance our understanding of hadron structure.

The Dyson-Schwinger approach combines quark propagator DSEs with Bethe-Salpeter equa-
tions (BSEs) to compute the Bethe-Salpeter wave function (BSWF) [1, 2]. This has led to predictions
of meson masses, static properties, and parton distribution amplitudes (PDAs) [3]. More complex
quantities, such as parton distribution functions (PDFs), generalized parton distributions (GPDs),
and transverse momentum distributions (TMDs) are harder to calculate [4].

Simplified algebraic models based on DSEs and BSEs allow for the construction of BSWFs
and leading-twist light-front wave functions (LFWFs), effectively predicting properties for various
mesons [5]. This study uses known PDAs for pseudoscalar mesons [6] to compute structural
distributions for D, D, B, Bg, and B. mesons. This conference proceeding reviews the work
presented in Ref. [7] and is organized here as follows: Sec. 2 outlines the algebraic model framework,
the GPD extraction is shown in Sec. 3, and we conclude with a summary in Sec. 4.

2. Algebraic Model

2.1 Light-Front Wave Function

The LFWF can be obtained via the light-front projection of the Bethe-Salpeter wave function
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p_=p-PJ2, P’ = —mé_ is the mass squared of the meson, S, ) is the light-quark (heavy-
antiquark) propagator and I'p- the Bethe-Salpeter amplitude; p,, = p + 5P, A(s,t) = (s + !
and A(s, 1) = tA(s,t) and k,, = k + % P. The notation J P = 0~ indicates the spin-parity quantum
numbers, M, ;) is the dynamically-dressed quark (antiquark) mass, No- is a normalisation constant,
p(w) the spectral density function and A2, = A%(w) = Mé - 4—11(1 - wz)m(z), + %(1 - w)(Mé - MZI).
The trace in Eq. (1) is taken over color and spinor indices, n is a light-like vector, such that n> = 0
and n - P = —mg-. The variable x corresponds to the light-front momentum fraction carried by the
quark. From the definition of Mellin’s moments, (x"*) = /01 dx x™y(x), and some techniques of
Feynman parametrisation, the uniqueness of the Mellin moments allows us to identify the LFWF as
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Figure 1: Valence quark GPDs obtained from Eq. (9) for & = 0. Upper panel: D-meson GPD and lower
panel: B-meson GPDs. Mass units in GeV.

where X = (1 —x) and g} (w) = A2 po-(w). With the LFWF at hand, ¢- (x, p2), its integration
over p2 -dependence yields the PDA

d*py 2
fordo- () = [ 50~ (x. pL) (6)
where fj- is the leptonic decay constant. We arrive at the following algebraic relation
2 2 V(AT ,,)”
Yo-(x, p1) = 167" fo- %0 (%) @)
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This result is a merit of the algebraic model. Note also that, throughout this manuscript, we shall
employ dimensionless and unit normalized PDA:s, i.e. /01 dx¢o-(x) = 1. The tools for calculating
LFWFs from PDAs are now available. The PDAs used here are based on the Continuum Schwinger
Function Method (CSM) and computed using Rainbow Ladder (RL) truncation within a reliable
domain and extrapolated via the Schlessinger point method (SPM). The distribution amplitudes for
D, D, B, B, and B, mesons are provided by Ref. [6]. Using these PDAs, we will calculate the
LFWFs for the D- and B-mesons, as linked to the corresponding PDAs in Eq. (2.1) (details in Ref.

[7D.

3. Internal Structure of Pseudoscalar Heavy-light Mesons

3.1 Generalised Parton Distributions

Calculating GPDs directly from QCD is difficult, but their properties inform modeling strate-
gies. Two common methods for evaluating GPDs are the double distribution [8] and overlap
[9] representations. The double distribution method maintains polynomiality but complicates the
management of positivityy, while the overlap representation preserves positivity but complicates
polynomiality management. The covariant extension approach [10-14] seeks to create GPDs that
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satisfy both properties by constructing positive DGLAP GPDs using the overlap representation of
LFWFs. This makes the algebraic model effective for calculating GPDs for pseudoscalar heavy-light
mesons. The valence quark GPD can be obtained as

p .o
Hy () = [ 805 00 D0 (7 (), ®
where x* = 1+£ andp pJ_¢A—*}+—£ Here, r = —A% = —(p—p’)? is the momentum transfer, with
p (p’) being the initial (final) meson moment. Additionally, the skewness is defined as & = —%,
where P = Z ;p is the total momentum of the system. x and & have support on [—1, 1], but the

overlap representation is only considered in the DGLAP region, |x| > |£|. Substituting the LFWF
in Eq. (7) into Eq. (8) we can obtain the final expression for the valence quark GPD is given by
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where M?(u) = cou® + ciu + co, with ¢ = ((1 fxz))zzt = ((11 éf,j st+ AP, . — A, _ and

co = A?"ZX . Figure 1 shows the GPDs for D- and B-mesons at & = 0. The D-meson GPD
(upper panel) decreases sharply with momentum transfer, nearly vanishing beyond —t ~ 1GeV?2,
with its x-dependence concentrated at x < 0.5 and peaking around x = 0.2. The Ds-meson GPD
behaves similarly but more smoothly, approaching zero above 2 GeV?. In contrast, the B, By, and B,
mesons exhibit a strong momentum transfer dependence, with narrower x-ranges and peaks shifting
toward larger longitudinal momentum fractions. This trend is particularly evident in the B and By
mesons, reflecting the influence of quark-antiquark content and mass differences. The B.-meson,
with both heavy quarks, shows the smoothest -dependence, remaining significant for —¢ > 4 GeV?

and peaking around x = 0.3.

3.2 Electromagnetic Form Factors

The elastic electromagnetic form factor (EFF) is obtained from the zeroth moment of the GPD

1
FO.(1) = / e HY (600, (10)
an analogous expression holds for the antiquark Q. The complete meson’s EFF is given by

Fo-(1) = eq FL (1) + e FE (1), (11

where e 5 1s the electric charge of the light quark (heavy antiquark) in units of the positron charge.
Due to the polynomiality property of the GPD, the EFF does not depend on &, therefore, one can
simply take ¢ = 0. A Taylor expansion around ¢ = O yields a relation between the EFF and the
charge radius:

» dFg (1)

dt ’
=0

i) =

12)

where r denotes the contribution of the quark g to the meson charge radius, ro-. On the other
hand, from Eq. (9), by taking £ = 0 and expanding M?(«) around —¢ ~ 0, an algebraic solution
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Figure 2: Left panel: EFFs of pseudoscalar charmed mesons. Right panel: Analogous, bottom mesons.
The EFFs correspond to charged states: D~ = d¢, Dy = s¢, B = ub, By = sb and B} = cb.

Table 1: Charge radii (in fm) of the lowest-lying pseudo-scalar heavy-light mesons.

D~ D; B* BY B
[ro-| 0.680 0.372 | 0.926 | 0.345 | 0.217
Covariant CQM  [15] 0.505 0.377 - - -
PM [16] - 0.460 | 0.730 | 0.460 -
LFQM [17] 0.429 0.352 | 0.615 | 0.345 | 0.208
CI [18] - 0.260 | 0.340 | 0.240 | 0.170
Lattice [19] | 0.450(24) | 0.465(57) - - -
Lattice [20] | 0.390(33) - - - -

for Eq. (9) is obtained (see details in Ref. [7]). When integrated with respect to x this leads to a

q .

semi-analytical expression for r_:

1
(rd)? =6 /0 dx F(x)go- (x) (13)

(1) 2
¢, (1—-x

= % z (14)
and go- (x) = Hy-(x,0,0) defines the valence quark parton distribution function (PDF). Eq. (13)
shows that the charge radius is tightly connected with the hadronic scale PDF, and thus with the
corresponding PDA. The antiquark result is obtained analogously, with the shift x — (1 — x).

Summing up the quark and antiquark contributions, the meson charge radius reads:

2

ro- = eq(rg_)2 + eQ-(rOQ__)2 . (15)

Figure 2 shows the EFFs for charmed (left panel) and bottom mesons (right panel). Generally, EFF

decreases more smoothly with higher momentum transfer when valence quark mass differences are
smaller. Mesons in the same heavy quark sector exhibit similar asymptotic decreases. This trend
aligns with findings from Refs. [15-18], though direct comparisons are complicated by different
hadronic scales. Table 1 presents charge radius data from lattice QCD and our results, which are
consistent for the Dy, Bs, and B, mesons, but show larger charge radii for the D and B mesons,
likely due to the significant mass difference between their valence quarks.
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3.3 Impact parameter space GPD

The IPS-GPD distribution represents the probability density of locating a parton with momen-
tum fraction x at a transverse distance b, from the meson’s center of transverse momentum. It can
be directly derived by performing the Fourier transform of the zero-skewness GPD:

*dA
w (k) = [ AR A HY (0.0, 16)
0

where Jy(z) is the zeroth Bessel function of the first kind. From the representation of GPD within
light-front holographic QCD approach [21, 22], we obtained an analytic expression for the IPS-GPD

P e I L
uo_(x,bL)—4ﬂﬁ)q_(x)exp[ 4fA0q_(x)] . a7

This contains an explicit dependence on the PDF and reveals a clear interrelation between a parton’s
momentum and its spatial distribution within a meson. Considering the mean-squared transverse
extent (MSTE):

1 (o]
(P ()e = - /0 db, b3 bl (x,b,), (18)
bg_ (x,by) = 27rr0—blug_ (x,b1) (19)

the IPS-GPD, defined in Eq. (17), yields the plain relation:
2\4 b
(b1)o- =4 /0 dx i (x)q0-(x) . (20)
Integrating over x and comparing with Eq. (15), one can obtain the expectation value:

2 (rg-)?
(b1)o- = gr(zr -

. (21)
eq(rg-)? + e'Q-(rOQ,)2

The expectation value of the MSTE is directly related to the meson charge radius. Figure 3 shows
the IPS-GPD for D-mesons (upper panel). The quark is in the x > 0 domain and the antiquark
in x < 0. The heavy antiquark remains near the center of transverse momentum, while the
light quark is typically found at distances of 0.6 X rp and 0.14 X rp_ for the D and Dy mesons,
respectively. As the constituent quark mass increases, the quark increasingly dictates the center of
transverse momentum, leading to wider distributions in x, narrower distributions in b , and smaller
maxima. Similar trends for charmed mesons apply to bottom mesons, where the heavy antiquark
also significantly influences the center of transverse momentum. The light quark is located at
0.65 x rp, 0.13 X rp_, and 0.035 x rp_ for the B, B, and B. mesons, respectively. Notably, the
c-quark and b-antiquark are close in the transverse plane for the B.-meson. Additionally, as with
charmed mesons, the distributions widen in x and narrow in b, with increasing constituent quark
mass, affecting the center of transverse momentum and maximum values.
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Figure 3: For illustrative purposes, we have considered the convenient representation of Eq. (19). Upper
panel: D-mesons results. Lower panel: analogous results for the B-mesons.

4. Summary

Building on a recently proposed algebraic model that effectively describes the internal structure
of the lowest-lying hidden-flavor pseudo-scalar and vector mesons (both light and heavy), we ex-
tended the approach to heavy-light pseudo-scalar mesons. The key advantage remains the same: the
model allows for determining the leading-twist light-front wave function (LFWF) via its connection
to the valence-quark parton distribution amplitude (PDA), which is often easier to compute using
advanced continuum methods for solving QCD’s bound-state problems.

This algebraic model is based on constructing evidence-based anséitze for the meson’s Bethe-
Salpeter amplitude (BSA) and quark propagator, enabling straightforward calculation of the Bethe-
Salpeter wave function (BSWF). Projecting this onto the light front yields the LFWF, and integrating
it over the transverse momentum squared leads to an algebraic link with the PDA. Using the known
PDAs for the lowest-lying heavy-light pseudo-scalar mesons, we calculated their corresponding
LFWFs, which were then used to derive generalized parton distributions (GPDs) in the DGLAP
region. From these GPDs, we obtained related parton distribution functions (PDFs), electromagnetic
form factors (EFFs), and impact-parameter space GPDs (IPS-GPDs). While experimental data and
earlier theoretical predictions are limited, we have made comparisons where possible. We hope this
study will inspire future experiments and theoretical advancements.

TS0 (F202dN\D )sod
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