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1. Introduction

The Becchi-Rouet-Stora-Tyupin formalism [1-3], the BRST formalism in short-hand notation,
has played an important role in the Yang-Mills theory and superstring theory. This is because the
modern quantum field theories including superstring theory have been developed in the framework
of gauge theories. The fundamental principle of gauge theories lies in an invariance of the theories
under local gauge transformations. Let us recall that gauge symmetries are literally not symmetries
in the conventional sense of symmetries, which act on the configuration space and as a result lead
to indentical physics. Rather, gauge symmetries are a kind of redundancies in our description of the
physics when we work with the configuration space rather its quotient by gauge transformations.

In order to make a quantum field theory from a certain classical field theory with gauge
symmetries, somehow we must carry out a quatization by several different procedures. The most
modern procedure is to make use of the BRST formalism where to remove redundancies in our
description, the gauge symmetries of a classical action are fixed by suitable gauge-fixing conditions
and the corresponding Faddeev-Popov (FP) ghosts are added. Consequently, instead of the local
gauge symmetries, a new global and nilpotent symmetry, called the “BRST symmetry”, emerges,
and its BRST charge not only defines physical states as well as physical observables but also plays
a role in deriving the Ward-Takahashi identities among Green functions, which are needed for the
proof of the unitarity and renormalizability.

The BRST formalism of general relativity (GR) has been also constructed by Nakanishi by
a series of papers [4, 5] where the existence of a huge global symmetry, which is a Poincaré-
like IOSp(8|8) global symmetry, has been clarified, and the unitarity of the physical S-matrix has
been proved although its renormalizability is completely obscure. On the other hand, the BRST
formalism of quadratic gravity or higher-derivative gravity, of which the Einstein-Hilbert term is
supplemented with R? and Ry R¥Y, has been also built in Refs. [6-8] where the renormalizability
is manifest [9] while the unitarity is violated by the presence of a massive tensor ghost.

In recent years we have constructed the BRST formalism of a gobally scale invariant gravity
[10], a locally scale invariant (or equivalently Weyl invariant) gravity [11], Weyl conformal gravity
in Weyl geometry [12], and conformal gravity [13]. Moreover, we have clarified the existence
of conformal symmetry and established the Zumino theorem [14] at the quantum level in general
Weyl invariant gravitational theories [15]. One of the main motivations behind these articles is
to resolve the issue of the perturbative non-renormalizability of general relativity. In the interest
of renormalizability, we are accustomed to altering the Einstein-Hilbert Lagrangian in general
relativity by adding to it the most general quadratic Lagrangian £ of dimension four at most:

\/L__gz = ﬁm = 2A) + @y R? = @ Cppypor CHP°, (1
which is sometimes called quadratic gravity or higher-derivative gravity.! However, a notorious
problem happens and it is associated with the last term involving conformal tensor C,,,-: As long
as this term exists in the Lagrangian, we have a spin-2 massive ghost which makes not only the
classical theory be unstable because of unbounded energy from below but also the quantum theory
be non-unitary owing to the ghost with negative norm.

!The Gauss-Bonnet theorem enables us to use the term Cyy,po- CH¥P7 instead of Ry, RF.
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At extremely high energies, it is expected that the kinetic term dominates the mass term and as
a result all particles can be effectively regarded as massless particles. In such a situation, a global
or local scale symmetry naturally appears in addition to general coordinate invariance. Since the
global scale symmetry could be broken by the no-hair theorem of black holes in a curved space-time
[16], it is plausible to suppose that the local scale symmetry, which we call Weyl symmetry, plays a
role at high energies.

From this perspective, when we impose the Weyl symmetry on the Lagrangian (1) and require
that Einstein’s general relativity should be restored at low energies, we are forced to take account
of the following Lagrangian:

1 1 1
\/T_glj = E¢>2R +3 8" 0,00, ¢ — @ Cprypr CHP7 . 2)

Note that in the unitary gauge ¢ = \/% (G is the Newton constant) the terms except for conformal
gravity on the right-hand side (RHS) produce the Einstein-Hilbert term.

In this article, we briefly review the manifestly covariant canonical operator formalism of the
Weyl invariant gravity as defined in the Lagrangian (2) on the basis of the Becchi-Rouet-Stora-
Tyupin (BRST) formalism in Sections 2-6. The detail can be found in the original paper [13].
Furthermore, we propose a new idea on ghost confinement in terms of the BRST formalism in
Section 7. If the Weyl BRST transformation of the massive ghost has a bound state, then the
massive ghost is confined in the zero-norm states by the BRST-quartet mechanism, thereby the
physical S-matrix becoming unitary. This mechanism of the ghost confinement might pave the
way for a long-standing problem of the unitarity violation in quadratic gravity or higher-derivative
gravity. The Appendix gives various equal-time (anti)commutation relations in the linearized level,
which are needed in computing the four-dimensional (anti)commutation relations in Section 6.

2. Classical theory

Let us consider a classical gravitational theory which is invariant under both general coordinate
transformation (GCT) and Weyl transformation. Our classical Lagrangian consists of Weyl invariant
scalar-tensor gravity [17] and conformal gravity?

Lo = Lwist + Lcas (3)
where
1, 1
Lwist = V-g& Efﬁ R+ Eg""aﬂgbavqﬁ ,
Lce —V=8acCrypor CHP7. 4

Here ¢ is areal scalar field with a ghost-like kinetic term, R the scalar curvature, @, a dimensionless
positive coupling constant (a. > 0) and C,,,, is the well-known conformal tensor.

2We follow the notation and conventions of Misner-Thorne-Wheeler (MTW) textbook [16]. Lowercase Greek letters
v, ... and Latin ones i, j, ... are used for spacetime and spatial indices, respectively; for instance, ¢ = 0,1,2,3 and
i=1,23.
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In order to perform the canonical quantization, we have to rewrite Lc¢ into the first-order
form since it involves fourth-order derivatives. To do that, we introduce an auxiliary symmetric
tensor K, = K, and a Stiickelberg-like vector field A, which is needed to avoid the second-class
constraint coming from the Bianchi identity, and rewrite L¢cg as [6-8]

L8 = NE G K™ + al(Kuy = Vudy = V4 = (K = 2V,4° P, )

where G, = Ry, — 1g,vR denotes the Einstein tensor, and y and « are dimensionless coupling
constants which obey a relation

ac = -, (©6)

where @ > 0. It is easy to verify that carrying out the path integral over K,,,, in L(CKC);

Lagrangian of conformal gravity L. Henceforth, as a classical Lagrangian £, we take a linear

produces the

combination of Ly st and .E(CKG)

L Lwist + £g2
1 1
V—g{ﬁ¢2R + 58”V5y¢3v¢ +¥Gp K

+ al(Ky = VaAy — Vy AP — (K - 2VpAP)2]}. %)

The classical Lagrangian L. possesses three local transformations, those are, infinitesimal gen-
eral coordinate transformation (GCT) 6(!), Weyl transformation 6 and Stiickelberg transformation
63, Concretely, the GCT takes the form

6<1)g,uv = _(Vufv + Vvé:,u) = _(‘fa a8uv T ay‘fagmf + 6v§aga,u),
W = —£%0,0, VK, = ~6"VoKuy — Vué Koy — V0 E Ky,
WA, = €9V, A, -V, E%A,. (8)

As for the Weyl transformation, we have
5(2)&”’ = 2Aguy, 5(2>¢ = -Adg,
§PK, = LV, V,A = 2(A0,A + AyOuA — gy Agd*A),
a
54, =0. ©)

Finally, the Stiickelberg transformation is given by

g =69 =0, 69K, =V,e, + V.6,
§VA, =&, (10)

In the above, &, A and g, are infinitesimal transformation parameters.

Before closing this section, let us count the number of phyical degrees of freedom since it is
known that this counting is more subtle in higher derivative theories than in conventional second-
order derivative theories [18, 19]. In the formalism at hand, however, the introduction of the
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auxiliary field K,,,, makes it possible to rewrite conformal gravity with fourth-order derivatives to a
second-order derivative theory, so we can apply the usual counting method. The fields g, ¢, K,
and A, have 10, 1, 10 and 4 degrees of freedom, respectively. We have three kinds of local
symmetries, those are, the GCT, Weyl and Stiickelberg symmetries with 4, 1 and 4 degrees of
freedom, respectively. Thus, we have totally (10 + 1 + 10 +4) — (4 + 1 + 4) x 2 = 7 physical
degrees of freedom, which will turn out to be the massless graviton of 2 physical degrees with
positive-definite norm and the spin-2 massive ghost of 5 degrees with indefinite norm.

3. Quantum theory

To fix three local symmetries and obtain a BRST invariant quantum Lagrangian, we have to
introduce three kinds of gauge fixing conditions and the corresponding Faddeev-Popov (FP) ghost
terms in the classical Lagrangian (7). In our previous papers [10-12], we have constructed two
independent BRST transformations corresponding to general coordinate transformation (GCT) and
Weyl transformation in the sense that the two nilpotent BRST charges anticommute with each other.
To do so, it has been emphasized that a gauge condition for one local symmetry must respect the
other symmetry [11]. However, it will turn out that we cannot find such suitable gauge fixing
conditions in the present formalism since the gauge fixing condition for the Stiickelberg gauge
transformation necessarily breaks the Weyl symmetry [13]. Thus, in this article, instead of making
three independent BRST charges we will construct only two independent BRST charges.

The suitable gauge condition for the GCT, which preserves the maximal global symmetry, is
given by “the extended de Donder gauge condition” [11]

(8" ¢%) = 0, (11)

where we have defined g"” = /—gg"”. This gauge condition breaks the GCT (8) but is invariant
under both the Weyl transformation (9) and the Stiickelberg transformation (10).

As the gauge fixing condition for the Weyl transformation, we shall choose, what we call, “the
traceless gauge condition™:3

K -2V, ,A* = 0. 12)

Let us note that the traceless gauge condition is invariant under the GCT (8) and the Stiickelberg
transformation (10).

Finally, let us consider the gauge fixing condition for the Stiickelberg transformation. It is here
that we cannot find the gauge fixing condition which breaks the Stiickelberg transformation but is
invariant under both the GCT and the Weyl transformation. We shall take a gauge fixing condition

V,.K* = 0. (13)

Since this gauge condition is manifestly invariant under the GCT but is not so under the Weyl
transformation, we cannot define three independent BRST charges, but only two independent BRST
charges. We will call this gauge condition (13) “the K-gauge”.

3As seen in Eq. (??), this gauge condition is equivalent to the condition of the vanishing scalar curvature, R = 0 at
the classical level [20-22].
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The BRST transformation corresponding to the GCT, which is called GCT BRST transfor-

mation (5531), can be obtained from (8) by replacing the transformation parameter &# with the

Faddeev-Popov (FP) ghost c*

85 8uv = ~(Vyuey + V) = —(¢*Daguy + 0uC® G + By gay):
SV = —c0ad, 63K = —c"VaKuy — Ve Ky = V¢ Kppar
5g)A# = —c"VoAy — V" A, 6g)c" = —c%, M,

8Ve, =By 6WB, =0, Vb, = —c84by, (14)

where ¢, and B,, are respectively an antighost and a Nakanishi-Lautrup (NL) field, and a new NL
field b, is defined as

by = By — ic® 8,0 (15)

which will be used in place of B,, in what follows.

On the other hand, because of the K-gauge condition (13), in order to construct another BRST
transformation which is independent of the GCT BRST transformation (14), we make a BRST
transformation in a such way that it involves both the Weyl and the Stiickelberg transformations
simultaneously. This new BRST transformation 6592), which we call “WS BRST transformation”,
can be made by replacing A and g,, with the FP ghosts ¢ and ¢, respectively, as follows

2 2
533)&11' = 2c8ur, 55;)‘/" = —c¢,
Y
SV K,y = “VuVre = 2Aubuc + Al = 8urAad0) + Vuly + Vol
2 2) - . 2 2
8P A, =t 0Pe=iB, 6Pc=5PB=0,

8Pl =By 690, =06, =0, (16)

where ¢ and g;ﬂ are antighosts, and B and f3,, are NL fields. In place of ¢, it is more convenient to
introduce a new FP ghost /, > which is defined as

Y
Gu=Lut Eauc‘ (17)
In addition to it, we introduce a new NL field b which is defined as
b =B +2icc. (18)

Using the new FP ghost £, and the new b field, the WS BRST transformation for K, A,, £, and b
can be written as

6g)KMV = #ZV + vay - 2(A0yc + A, 0uc — guyAgd¥c),
8DA, =E, - %aﬂc, sPF, =0, 6Pb=-2bc. (19)

In order to make the two nilpotent BRST transformations be anticommutative, i.e., {52) , 6;2)} =

0, we must determine the remaining BRST transformations: As for the GCT BRST transformation,
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the BRST transformations on fields, which do not appear in (14) but appear in (16) are determined
in such a way that they coincide with their tensor structure, for instance,

(')'g)c = —c%d,c, 62)5# = —c"VaZﬂ - V#c"fa. (20)

On the other hand, in cases of the WS BRST transformations, one simply defines the vanishing
BRST transformations, e.g.,

5Pb, = 6Pt = 6%, = 0. 1)

Now that we have chosen gauge fixing conditions and established BRST transformations, we
can construct a gauge fixed and BRST invariant quantum Lagrangian by following the standard
recipe

Ly = Lo+i6(@"6%0,¢,) +i6{V=gle(K — 2V, A") + £V, K]}

1 1
= \/_—g{E(pZR + Egﬂvaﬂqus +YGu K" + a[(Ky — V, A,
- VA - (K - 2vaP)2]} — G 92 (Db, +10,C10,cY)

— VTR b(K =2V, AM) +iL g 8,50,c — NTZV KM B,
(04
+ iV=gVHL[Vud + V0 — 2(Audyc + Ayuc — gy Ag0%c)]
iN=8* (2K, 0" ¢ — Kdyc), (22)

where surface terms are dropped.

4. Canonical commutation relations

In this section, we derive the concrete expressions of canonical conjugate momenta and set up
the canonical (anti)commutation relations (CCRs), which will be used in evaluating various equal-
time (anti)commutation relations (ETCRs) among fundamental variables. To simplify various
expressions, we obey the following abbreviations adopted in the textbook of Nakanishi and Ojima

[5]:

[AB] = [A(x),B(X)lyoow0, 6 =6(EF- %),

N 1 1
F= w%=—w% (23)
g0 —gg®

where we assume that g% is invertible.
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To remove second order derivatives of the metric involved in R and G,,,, and regard b, as a
non-canonical variable, we perform the integration by parts and rewrite the Lagrangian (22) as

Ly = BT, ~ T ~ 0@ T, — 8T,
+ % 3" 090,60 — yN=8([ih, 0 — T2y0y + Tha T, — T, TU K™
+ av=gl(Ku — VuA, — V, A% — (K — 2V, A%)?]
+ GG PD)by — g $2 0,80, — NZ b(K — 2V, AM) + %gwaﬂc—avc
— \gVLKM - B, +iN=gV* [Vl + Vi Ly — 2(A,0,c
+ Ay0uc = guAa0c)] —iN=8l" (2K, 0" ¢ — KOy ) + 0, VH, 24)

where IZW is defined as

_ 1 _ _
Ky = K,y — Eg”VK’ K = g" Ky, (25)
and a surface term V*# is given by
1 _ _
VE = E‘ﬁz(g"ﬁrgﬁ - gllvr\(/l(t) + VV__g(FZIBKHﬁ - rgvK'uv)
- &"¢%by. (26)

Since the NL fields b, b and 3, have no derivatives in £, we can regard them as non-canonical
variables.

Using this Lagrangian (24), it is straightforward to derive the concrete expressions of canonical
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conjugate momenta. The result is given by

ﬂ_pv — an
# O8uv
1
— _ﬁ\/__g¢2 [_gO/lgyvgcr‘r _ gOTg,u/lgvo' _ gO(rg;rrgv/l + gO/lg,uTgVO'
1
+ g¥g gl + go(’“'gv“g‘”]ﬁagm - Vg |ee T - gg® ]¢3p¢
1
= 5V=8(28" g = g gW)(¢%h, + 2bA,)
— 1_o- 1 _ _
. ')’\/% V(MKV)O _ EVOKHV _ EgpvaaKOaf _ gyvrg’BKO(r
_ 2rg(r gp(u Vo 4 rga(gp(ﬂ RV0 4 gO(ﬂ K-V)p)
+ 2a+/-g [ZIQOWA") - R A® — R(2g""AY) — g"“’AO)]
1
+ VB MKY + g VKM - g KN,
— V=82 gPH L) — [0 gP)(V o L) — 2A(00p)C + apAyd7 )
— RIVZY + VRN - )
0L . . 1 . .
Mo = g = YO+ 28V 0hy + GOE T + BT,
yy al:q Hup vo 1 nv oo\ 0 1 Ou vp Ov up wv  Op\To
T = o =-yV-g|(@"g" — 58" )N, — 58 + 878 - g g ),
T 2 2
1 Ou v Ov pu
- SV8TE + 8B,
M 8‘£(1 o-0u Ou ~0u
= A = —4a—g(K* — g*K) + 28",
u
0L . _ 0L .
ey = ?;] = _lgov¢28vcﬂ, ﬂ'lc-l = Tﬂ = lgOV¢26VCy’
0Ly Y Ouq = . 0 7u u 70 70 407 Sug- 0 _ 70
e = e = lag 0, C = 2iN—g[(V'H + VELT)A, — V(P AT] - iN-g(2{FK, ~ - (7K),
0Ly .Y <0,
e = 5 = —l;g HOuc,
0L _ _
= =iy mg(VHEO + VO,
4 ag[u
u 0Ly . 20 0% 0 0 0
. = —— = —ig[V' + VI H = 2(A*07c + A" c — g M A,0%¢)), 27)
e aéiu
where we have defined the time derivative such as g, = 6%% = % = 0oguv, and differentiation

of ghosts is taken from the right.
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Next let us set up the canonical (anti)commutation relations:

1
A1 Ar .

[8u> 71 = (K w1 = i5(826) + 6,6)6°,

[p. 7] =i, [Aw7y]=i6),0,

{7l } = {6 n'}y =idhs, {c,nl}={énl}=id,

(G 77} = (G Y} = 15,,8°, (28)

where the other (anti)commutation relations vanish. In setting up these CCRs, it is valuable to
distinguish non-canonical variables from canonical ones. Recall again that in our formalism, the
NL fields b,, b and S, are not canonical variables. On the basis of these CCRs, field equations
and the BRST transformations, it is lengthy but straightforward to calculate all the equal-time
(anti)commutation relations (ETCRs).

5. Linearized field equations

In this section, we analyze asymptotic fields under the assumption that all fields have their
own asymptotic fields and there is no bound state. We also assume that all asymptotic fields are
governed by the quadratic part of the quantum Lagrangian apart from possible renormalization.

First, let us define the gravitational field ¢, on a flat Minkowski metric 7, and the scalar
fluctuation ¢ on a nonzero fixed scalar field ¢y:

8uv = Muv + Puvs ¢ = ¢o + . (29)

For sake of simplicity, we use the same notation for the other asymptotic fields as that for the
interacting fields. Then, up to surface terms the quadratic part of the quantum Lagrangian (22)
reads

1 1 1 1 1
Ly = ﬁ¢(2>(290uvﬂ90”v — 700 3¢ 0udpp Ewﬂva“avgo)

1 . 1, ... - 1
+8¢0¢ (_D‘P + 6yav‘Pyv) + Ea,u‘ﬁaﬂ‘p + E?’(za,uap%/p — 0@y
~3,0, )K" + a[(Kyy — GuAy — 0,A,)* — (K — 28, AH)]
- 1 . -
~ (2007 @ — B3¢ + S8 0) uby = 1930u0"
—b(K - 20, A) + iL3,E0c — KM B, + i0"E (0,8, + D, L), (30)
o

In this and next sections, the spacetime indices y, v, ... are raised or lowered by the Minkowski

metric 7*¥ = n,, = diag(-1,1,1,1), and we define O = p*v9,0,, ¢ = "¢, and K, =
1
Kﬂy - ET]/JVK.

10
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Based on this Lagrangian, it is straightforward to derive the linearized field equations:

1 1 1 1 1
Ed’g(im‘ﬂuv - _77/JVD§0 - 6}08(;1901/)'0 + Ea,uav‘p + En,uvapacr‘ﬁpo-)

2
1 7 Y o 0 o oPo
420 (1D +,0,) § + 5(2apa(,,1<v) — 0K,y — 000 K )
1
+¢§(a(,,bv) - En,,vapbp) = 0. G1)
1 i
00O = ) + 06 + 2000," = 0. (32)

4a
20p0upv)” = 0Py = Ou0y = M (9p 00”7 = D) + v Ky

2
~0uAy — 8y A — 1y (K — 2apAP)] + b+ Ouy) = 0. 33)
1
0| K = Gy = By Ay = (K = 20,4°)] - So0ub=0. (34)
1 1
0 = 5909”6 = 50u9) = 0. (35)
K - 28,A" = 0. (36)
K" = 0. (37
Oc* =oé, =0c =0¢ = 0. (38)
ol + 0,0, =0, + 8,6, = 0. (39)

Now we are ready to simplify the field equations obtained above. Before doing so, it is more
convenient to make use of the linearized BRST transformations in order to seek for the linearized

field equations for the NL fields by, b and . Taking the linearized GCT BRST transformation

55;”5,, =ib, of O¢, = 0in Eq. (38) gives us

ab, = 0. (40)
Similarly, the linearized WS BRST transformation 6gL)E =ibof o¢ = 0in Eq. (38) produces
ob = 0. (41)

Finally, the linearized WS BRST transformation 6%”4’# = ify of O, + 8,6, = 0in Eq. (39)
yields

0By + 8,0,B8” = 0. (42)

Of course, Egs. (40), (41) and (42) can be also derived by solving the linearized field equations
directly.
Next, operating 0" on Eq. (42) leads to

0d,p" = 0. 43)
Moreover, acting O on Eq. (42) and using Eq. (43), we have

0%B, =0, (44)

11
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which implies that 8, is a dipole field. In a perfectly similar manner, Eq. (39) gives us
00,¢* =0, =0, 0d," =0, =0. (45)
Now it is easy to see that with the help of Egs. (36) and (37), Eq. (34) provides*
OAy, + 0,0,A” + %aﬂb =0. (46)
Given Eq. (41), this equation shows that the gauge field A, is a dipole field obeying
0, A* = 0%A, = 0. (47)
By use of Eq. (36), this equation means that K is a simple field:
oK = 0. (48)

Next, to exhibit that the scalar field ¢ is also a dipole field, let us take the trace of Eq. (33)
whose result can be written as

1
0@ — 0,0,¢"" = —(4b - 9, B"), (49)
Y
where Eq. (36) was utilized. Substituting this equation into Eq. (32) yields
O¢ = —2—0(419 - O pH +12y0,b"). (50)
Y
Operating O on this equation produces the desired result that ¢ is a dipole field:
27 _
0% =0, (5D
where we used Eqs. (40), (41) and (43). The divergence of Eq. (35) takes the form
-1 , |
¢ = §¢O(a,uav‘p” - ED‘/’)' (52)

Using three equations (49), (50) and (52), we can describe O¢ and 4,0, ¢ as

4
Op = §(4b - Oyt = 6yo,b"),

1
00y """ §(4b — 0" —24y0,b"), (53)

which imply two equations:

0% = 08,0,¢" = 0. (54)

“Note that as a consistency check, the WS BRST transformation of this equation gives rise to the linearized field
equation for Z,, in Eq. (39) when we use the field equation Oc = 0 and ignore the quadratic term bc.

12
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Here it is useful to express K,,,, in terms of the other fields by starting with Eq. (33) and
utilizing some equations obtained thus far, whose result is described as

Y Y 7
Ky = aﬂA,, + GVA# + EEKPMV - ?mayav¢

1 1
- E(n,uvb + a(;1ﬁv) - En,uvapﬁp)- (55)

Finally, let us focus on the linearized Einstein equation (31). After some calculations using
several equations, it turns out Eq. (31) can be rewritten into a more compact form

1 4 4
0(0 — m?) gy + 5mzn,w(4b —3,8°) - gaﬂavb + gayavapﬁp

1
+80,,0,0pb° — 24> (b - gn,,yapbp) =0, (56)
2 2
where we have defined mass squared, m? = 22536 = %, which demands us to take the positive &

as assumed before. Furthermore, operating O on (56), we can obtain the gravitational equation for
Puv:
0*(0 = %) g = 0. (57)
Eq. (57) implies that there are both massless and massive modes in ¢,,,. In order to disentangle
these two modes, let us act O on Eq. (55):
D(K Y= Ay, — By A, + —1—8,0,8 + ia(ﬂ,&,)) =Y, (58)
K K H ago " 2a da u
This RHS can be further rewritten by using Eqgs. (55) and (56) as

0% - 1
D(K#V — @,Av - (’),,A,u + a—%aﬂ(%(b + Z(’)(ﬂﬂ,,))

2 4 ;1 1
= K., —0,A, —0,A ——09,0, — OBy + — (b — 0,5°
m[,, u #+a,¢0ll ¢+2a (u:B)+6a'hl( vB”)
1

1 6y
435 0,0,(b = 8~ 6y9, ) + ;(au,bv) - <

Uﬂvapbp)]- (59)

Provided that we take a linear combination of fields given as
0% - 1 1 0
‘r//yv = K,uv - a/.tAv - avAy + (X_%aﬂav¢ + %a(pﬁv) + @U,uv(b - 8,013 )

1 6y 1
+—3am2 0u0y (b — 3pB° — 6yd,b°) + " (a(,,bv) - gnﬂvapbp), (60)

we find that ,, corresponds to an infamous massive ghost of spin-2 of 5 physical degrees of
freedom since it satisfies the equations of motion

(D - mz)lrl/uv = ‘70;41 = 81/1//;0/ =0. (61)
On the other hand, if we choose the following linear combination
12y 2 ~
h,uv = Puv — ¢_3lr//yv + %UMVQ (62)
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we find that A, obeys the field equation
4 0
Dhﬂv = —Waﬂav(b - Bpﬁ - 6’)/(9pbp) - 248(}1191/)’
1
0 hyy — Eavh =0. (63)
Then, Eq. (63) implies that &, is a dipole field satisfying
0%hy, = 0. (64)

In the next section we will show that two transverse components of /,, is nothing but a massless
spin-2 graviton.

6. Analysis of physical states

Following the standard technique, we can calculate the four-dimensional (anti)commutation
relations (4D CRs) between asymptotic fields. The point is that the simple pole fields, for instance,
the Nakanishi-Lautrup field b, (x) obeying 0Ob,, = 0, can be expressed in terms of the invariant delta
function D(x) as

3 <z
bu(x) = /d zD(x—2) 0 obﬂ(z)‘ (65)
Here the invariant delta function D(x) for massless simple pole fields and its properties are described
as
I 4 2y ikx
D(x) = - /d k €(ko)o(k~)e'™™, aoD(x) =0,
(2n)?
D(-x)==D(x).  DO0.3)=0, D03 =6 x) (66)

where €(ko) = % With these properties, it is easy to see that the right-hand side (RHS) of Eq.
(65) is independent of z°, and this fact will be used in evaluating 4D CRs via the ETCRs shortly.

To illustrate the detail of the calculation, let us evaluate a 4D CR, [A,,(x), b,(y)] explicitly.
Using Eq. (65), it can be described as

[y (). bp(3)]
/ PD(y = 2) D Ll h(x), by(2)]

[ @D = D052 = 5500 = . b, (67)

As mentioned above, since the RHS of Eq. (65) is independent of 20, we put 7% = x%in (67) and
use relevant ETCRs to obtain

[h,uv(x)v bp(z)] = i¢62(6277pv + 587]”,)53()6 -2),
[y (%), bp(2)] = =icpy*(Sfstpw + Oy M)k (x = 2). (68)
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Substituting Eq. (68) into Eq. (67), we can obtain the 4D CR

[h,uv(x)’ bp(Y)] = i¢62(77/1pav + nvpa,u)D(x - y). (69)

In a similar manner, we can compute 4D CRs among ¥, h,, and by, etc. To do that, let us
note that since ,,,, obeys a massive simple pole equation (61), it can be expressed in terms of the
invariant delta function A(x; m?) for massive simple pole fields as

—>
bul) = [ 205 = 20 T il (70)

where A(x; m?) is defined as

A(x;m?) = —(27_[)3 /d4k e(ko)s(k* + m*)e™**, (@ - m*)A(x;m?*) =0,
A(=x;m?) = =A(x;m?), A0, %;m?) =0,
A0, X;m?) = 5 (x), A(x;0) = D(x). (71)

As for hy,,, since it is a massless dipole field as can be seen in Eq. (64), it can be described as
3 <z <z
h,uv(x) = /d Z [D(x -2)0 ohyv(Z) +E(x-2)0 ODh/JV(Z) s (72)

where we have introduced the invariant delta function E(x) for massless dipole fields and its
properties are given by

E(x) = — (2;)3 / d*k e(ko)d’ (k*)e™™™, DE(x) = D(x),
E(-x) = —E(x), E(0,%) = E(0,X) = 93E(0, %) = 0,
OZE(0, %) = —5°(x). (73)

As in Eq. (65), we can also show that the RHS of both (70) and (72) is independent of 20.

By using the ETCRs summarized in Appendix A, after a lengthy but straightforward calculation,
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we find the following 4D CRs among /., iy, @, by, b, By, c*, ¢y, ¢ and ¢:

9 12
[w,uv(x) Yor(Y)] = 12 P [377,141/770'7' ~NuoTlvt — Nurlvo

1
+ﬁ(n/10'6va‘r + 77;17'81/60' + 771/0-(9 O0r + nvra O

2 2
n,,va Oy nma dy) - 46 8,05-07 | A(x — y; m?). (74)

3m

[hyv(x)y ho(¥)] = iﬁ [U,uvﬂo--r ~NuoTlvt — Nurlvo
0

1
+ﬁ (n,uaava‘r + r]ﬂ‘ravao— + nvaaya‘r + nVTa/JaO'
2 2 4
_gnﬂvao'a‘r - gna‘ra,uav) - wayavaaaT]D(x - y)
; (1808 + 10y + - + 120
0
4 - 0,0,050; )E(x y). (75)
[ W(X) Yor(Y)] = (76)
[ (%), bp(¥)] = [l//yv(x)a b(y)] = [Yuv(x), Bp(¥)] = 0. (77)
[ /JV('x) bp(y)] i¢62(7],up5v + 77vpa,u)D(x -¥). (78)
(M (x), B(Y)] = [hyy (%), Bp(y)] = 0. (79)
[$(x), $(y)] = —i[D(x — y) = 2m*E(x — y)]. (80)
[f(x), Yorr(3)] = 0. 81)
[B(x), hor ()] = 2i¢ [Noe D(x = ¥) +2050:E(x — y)]. (82)
[F(x), b(y)] = —i%%D(x - ). (83)
[6(x), bp(¥)] = [$(x), Bo(¥)] = 0. (84)
{c*(x),&,(0)} = —¢p 04 D(x — y). (85)
{c(x),e(y)} = ;D(x - ). (86)

In particular, note that the negative sign in front of the RHS of Eq. (74) implies that the massive
spin-2 field ¢, has indefinite norm so it is sometimes called “massive ghost”.

As usual, the physical Hilbert space |phys) is defined by the Kugo-Ojima subsidiary conditions
[3]

Q\)’Iphys) = Q% |phys) = (87)

where Qg ) and Qg ) are respectively BRST charges corresponding to the GCT and WS BRST
transformations.
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The GCT BRST transformation for the asymptotic fields> is given by

6591)‘”/11/ =0, 5531)]’1,11, = —(aucv + avC,u)e 6591)(5 =0,
1 1) 1)
80b, =60 =6Vp, =0,
61(131)5/1 =iby, (5g)c” = 6g)c = 61(91)5 =0. (88)

And the WS transformation for the asymptotic fields takes the form

2 2 23
=0 =0, 6D —trc,
2y _ 2y _ D _
6 bu=063"b=65B,=0,
Se=ib. o= o, = o =0 ®)

Given the physical state conditions (87) and the two BRST transformations (88) and (89), it
is easy to clarify the physical content of the theory under consideration: The physical modes are
composed of both a spin-2 massive ghost i, of mass m which has five physical degrees of freedom,
and a spin-2 massless graviton which corresponds to two components of A, (for instance, in the
specific Lorentz frame p,, = (p, 0,0, p), the graviton corresponds to \L@(hn — hyy) and hy3.). On the
other hand, the remaining four components of h,,, b,, ¢* and ¢, belong to a GCT-BRST quartet
while ¢, b, c and ¢ does a WS-BRST quartet. These quartets appear in the physical subspace only
as zero norm states by the Kugo-Ojima subsidiary conditions (87). It is worthwhile to stress that
the massive ghost with indefinite norm appears in the physical Hilbert space so the unitarity of the
physical S-matrix is explicitly violated when there is no bound state.

7. A possible mechanism of ghost confinement

In the previous section, we have shown that when there is no bound state, the unitarity of the
physical S-matrix is violated because of the presence of the massive ghost so the quantum conformal
gravity under consideration is not regarded as a physically meaningful theory. In this section, we
wish to present a possible mechanism of the confinement of the massive tensor ghost. Our idea
stems from previous two ideas, one of which is a mechanism of color confinement in quantum
chromodynamics (QCD) [23] and the other is the one of a massive ghost in the renormalizable
quadratic quantum gravity [24].

Before delving into the detail, let us recall the main idea of this confinement mechanism. In
the standard BRST formalism, using the BRST charge Qp the physical Hilbert space |phys) is
determined by

Qplphys) = 0. (90)

For instance, in QCD, this physical state condition is a sufficient condition to prohibit the appearance
of unphysical modes such as the FP ghosts ¢ and ¢, the scalar component of A, (or the Nakanishi-
Lautrup auxiliary field B) and the unphysical Higgs mode. The main idea of the confinement

SRecall that we use same fields for the interacting and the asymptotic fields. In this section, all the fields describe the
asymptotic ones.
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mechanism is to regard the very condition (90) as a sufficient condition for the confinement of the
color or the massive ghost as well.

Actually, we can prove the following statement [23]: If one can prove the existence of a
bound-state pole in C for any gauge-variant operator ® transforming as

[iQB’ (D(]C)] = C()C), (91)

then the operator @ with vanishing FP ghost number is confined by the BRST-quartet mechanism
[3]. Let us make this statement be more precise. First, we assume that the field operators ®(x) and
C(x) have respectively asymptotic fields y(x) and y(x). Then, Eq. (91) leads to

[iQB, x(x)] = y(x), (92)

which implies that the pair { y(x), y(x)} forms a BRST-doublet. Moreover, from [3], we can always
find another Heisenberg operator C(x) with the FP ghost number —1 having the asymptotic field
y(x), which is FP-conjugate to y(x). This asymptotic field y(x) also forms another BRST-doublet

{08, 7(x)} = B(x), 93)

where B(x) is the asymptotic field of an operator $(x) with vanishing FP ghost number, which is
defined as

{05, C(x)} = B(x). (94)

Finally, the two pairs of BRST-doublets { y(x), y(x)} and {y(x), B(x)} constitute a BRST-quartet
having the same quantum numbers such as mass and spin, and consequently these asymptotic fields
emerge in the physical Hilbert space only as the zero-norm states, which means the confinement of
the BRST-quartet.

In the articles [7, 24], the issue of the ghost confinement was considered in the quadratic
gravity (or higher-derivative gravity), but there seems to be a problem. In the quadratic gravity, the
local gauge symmetry is only the general coordinate symmetry, but this symmetry does not tell the
massive ghost from the graviton but treat them as tensor fields on an equal footing. Thus, if the
massive ghost were confined by the quartet mechanism, the graviton would be confined as well and
vice versa, which is against experiments.

On the other hand, in the quantum conformal gravity under consideration, there are three
different local gauge symmetries, from which one can construct two BRST transformations, those
are, GCT BRST transformation and WS BRST transformation. In particular, since the WS BRST
transformation includes Weyl BRST transformation, which has the ability to distinguish a massless
particle and a massive one, there might be a possibility of confining only the massive ghost without
touching the massless graviton. We will purpue this possibility in what follows.

For this purpose, let us first consider the generally covariant tensor fields corresponding to the
massive ghost (60) and the massless graviton (62):

0% 1 1
\Ij/lv = Kyy — V#Ay - VVA,u + a/—d)OV#V,,qﬁ + vaﬁy) + @g,uv(b - Vpﬂp)

1 6y 1
5V (b = Vo = 6yV, ) + ;(V(ﬂbv) _ 6g,,yvpbﬁ'),
2

12y
H,=¢,-—Y"w+—g.,9. 95
o 8u ¢8 7 ¢0gﬂ¢ 95)
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Next, taking the WS BRST transformation of ¥, produces

{iQ Wy}
= g(l - %)Vﬂvvc +

(2)
52w,
N
ado

where ... denotes terms involving the Nakanishi-Lautrup fields, b,, 8,, and b.

(=4V eV = eV Vo + 8 VpcVPP) + ..., (96)

At this point, we assume that the RHS has a bound state C,,, i.e.,

(i00), ¥ ()} = Cu (). 97)

When we define the asymptotic fields, ¥, — xuv and Cy, — Yy, for |x%] = o0, Eq. (97) gives us

{105, Xy (1)} = Y (x), (98)

which means that the pair { x,,,(x), Y4 (x)} forms a BRST-doublet.

Then, the operator EW, which is FP-conjugate to C,,,,, can be made by replacing the ghost ¢ by
the antighost ¢ on the RHS of Eq. (96). Moreover, we can construct an operator 8 with vanishing
FP ghost number by taking the WS BRST transformation

{0, E,uv(x)} = B/w(x)- 99)

When we define the asymptotic fields, EHV = Y and B, — By, for |9 = o0, Eq. (99) leads to

{08, 7,0,/ (X)} = Buy(x). (100)

The asymptotic fields {y, (x), Bu(x)} therefore also form another BRST-doublet. Finally, the two
pairs of BRST-doublets { v (x), ¥ (x)} and {¥,,,,(x), Buv(x)} constitute a BRST-quartet and thus
these asymptotic fields appear in the physical Hilbert space in the zero-norm combinations, meaning
the confinement of the massive ghost.

The key observation is that even if the massive ghost is confined, there is a chance that the
graviton is not confined but appear in the physical Hilbert space with positive-definite norm. To
show this possibility, let us take the WS BRST transformation of H,,,, in Eq. (95) whose result takes
the form

SPH, = {i0Y, Hu)
¢ 12y
2(1 + =)cgy — —Cuy. (101)
¢0 M ¢(2) M

Provided that the first term on the RHS has also a bound state in such a way that it cancles out the
second term, we can have

(i0%, H,} = 0. (102)

As aresult, the massless graviton belongs to the physical Hilbert space with positive-definite norm.
We shall detail the issue of the ghost confinement in a separate publication in future.

19



BRST formalism of Weyl Invariant Gravity and Confinement of Massive Tensor Ghost Ichiro Oda

Acknowledgment

This work is supported in part by the JSPS Kakenhi Grant No. 21K03539.

Appendix
A. Various equal-time commutation relations in the linearized level

In this Appendix, we simply write down various equal-time (anti)commutation relations
(ETCRs) which are useful in deriving the four-dimensional commutation relations (4D CRs) in
Eqgs. (74)-(86). These ETCRs can be derived by using the canonical (anti)commutation relations
(CRs), the BRST transformations and the linearized field equations.

[ @lye] = 160057 516050.626,

[Qurs &1 = 4ighg ' 096°8%, [y ¢'1 = —4idsg (8567, + 61,60)9;6°,
[Qs &' = 4idy (=m0, + 26069 + 61,500;97)8°,

, ., 1
[@uv, Ao-] =0, e, Ai] = _ZZU#V‘S(OT‘S{

2
N 0,0,

; ) 1
[So,uv, KO-T] = _l; N Nor — Nuo v — Murllvo + qu5g5(r) + 3

(a7 + Mz 0 )8y = (s O + 1)y = 362686262 &,

[ b1 = iy > (Ompw + 6Mp)8° [ )] = =ipg (6! oy + 651 )0:5°,
’ I/ . a
[SD,UVv b ] = 0? [()D[IV’ b ] = _2l;nyv(5 . (Al)

[6.81=i6°  [$d]1=i(A-2m")8  [6.61=1[6'1=0,
X4 —iA(A 4m?)6°,
(6. K}, ] = z—(nm +65690%,  [A K] = z—(a" 8L+ 6961)0;8%,

16K = 'Z’y (O + 203,09 + 61,51010,16°
64,120, [§.4,]1=[6.4,71 =i 22608
"4y
[$;A;]——z@5’aa3 (6, Al ] = ;35%53,
[5,17']=—i;¢o5, [$,b']=i%¢oA53- (A2)
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[KﬂV’ Ka"r] =1 1272 3

+0000 Tyr + Op0utyer + 0y0aNur + Oy0unue + 262686262 5,
[Kuv’ A;—] = [K/Jv’ A,o-] =0,

[Kuvs By ] = i(8mery + 00y + 030009)0°,

(K Blr] = i(6,16)5 + 6,04,00 + 6,0,00 + Muo-Oyy + Myer6),)0:6°,
[

[

o Iz
Ky By ] = i(8)6)5%, + 690400 + 81,0000 + NucrOy + Thyer 6, )0i6°,

Ko B 1 = il(800ver + 6000 + 2606960)A + (69515 + 61,806,
+61,8060.)0;0,16°,
(K. Byl = i{[S}1ver + Sytiucr + 2(031000% + 6316550 + 61,6900 )1A

uvyo u“v¥o
+6",606%.0,0}10;6°.

2
—ZMwlor + Nuotlve + Nurlve — 5(5258770-7 + 52-(5217;,,,)

(A3)

o 1 . 1 . .
[Aup AL = z@(n,w +069)5°, [A, ALl = 15(5253 +81,69)0;6%,

. 1 o
[A,, ALl = —z@[(ny(, + 20000 )A + 61,64.0;0,15,

, 1 . 1, |
(A ') = =i20u8% (A b'] = =i26,0:0°  [Ap b'] = i56,A6%,

o | R B
(A B] = —i (77,110' + 5525?,)53, (A B ) = 16000 + 8,,05)6,°

. ) 1.
(A, By] = —i [(77#0 + 5250 )A + 55;15(175,'3]' 8,

(A Bor]

—i(80, 5% + 61,00)0;A8°.

= = 1 i = 1 . .
Gl ==(mur+ 30062)8% (G ls} = 50605, + 6,05)016",

(e &} = 97048%, (e &} =-26"
Y
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