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1. Introduction

High-energy physics has greatly benefited from RHIC and LHC experiments, providing in-
sights into hot, dense relativistic nuclear matter [1]. These experiments show that colliding nuclei
form a system evolving from a non-equilibrium glasma state to a quark-gluon plasma (QGP) phase,
which then recombines into hadrons [2-5]. Relativistic hydrodynamics has revealed that QGP
acts like nearly perfect fluid droplets [6-9], advancing the study of hydrodynamics, especially in
off-equilibrium processes [10]. Recent research has increasingly focused on spin polarization in rel-
ativistic nuclear matter [11] and its behavior in electromagnetic fields (EM) [12, 13]. New methods
of measuring spin polarization in particles from these collisions have advanced our understanding
of QGP [14-18], leading to a wave of theoretical progress [19—37]. Spin polarization in colliding
systems aligns with their global angular momentum, mainly due to spin-orbit coupling [38]. At the
macroscopic level, the near-equilibrium dynamics of the QGP suggest that spin also thermalizes,
potentially creating spin polarization through vorticity-spin interactions [39]. This theory is sup-
ported by the match between global polarization data and ‘spin-thermal’ models [40—45]. However,
these models struggle to explain some detailed observables [41, 44, 46], despite recent theoretical
progress [47-50]. The gap between theoretical models and experimental results indicates an incom-
plete understanding of spin polarization dynamics in heavy-ion collisions. To address this, spin, if
thermalized, should be assimilated into hydrodynamic models as are other macroscopic quantities,
allowing for a detailed examination of spin dynamics. To this end, various approaches have been
developed, including thermodynamic equilibrium [51], perfect fluid spin hydrodynamics [19, 20],
entropy current analysis [28-30, 52-54], non-local collisions [32, 35, 55-59], kinetic theory for
massless fermions [60—63], holography [33, 34, 64-66], and anomalous hydrodynamics [67, 68].
Significant progress has been made in developing relativistic hydrodynamics with spin [19-26],
including its application to dissipative systems [27, 69]. In our work !, we’ve broadened the
spin hydrodynamics framework to include spin and EM field interactions in the phase-space dis-
tribution of particles. This has led to modified constitutive relations for baryon charge current,
energy-momentum tensor, and spin tensor and is particularly relevant considering the observed spin
polarization difference between A and A particles [14, 70], potentially due to their opposite magnetic
moments [40]. We anticipate that our expanded framework will be instrumental in understanding
and explaining this polarization splitting [71, 72].

2. Single particle distribution function with spin-EM coupling

We start with the phase-space distribution function for classical particles with spin-1/2 and
mass m with w,g(x) representing the spin polarization tensor [22, 27]

i ) = £ ) exp| 5 00 50) n

!Our study employs the mostly-minus Minkowski metric, g, = diag(+1, -1, 1, —1). Consequently, the fluid four-
velocity UH satisfies UMU, = 1. We use AHY = gM” — UHUY to project tensors orthogonal to U#. Any tensor My,

can be split into symmetric M, = %(Mﬂv + My,) and asymmetric M| %(Ml,y - M,,,) components. The
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Levi-Civita symbol 2879 being totally antisymmetric, follows € —€0123 = 1. Euclidean three-vectors are in bold
contrasting with four-vectors. We denote scalar and Frobenius products as a - b = a#b, and A : B = A¥VBy,,,. The

paper uses natural units where ¢ = h = kg = 1, unless otherwise specified.
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where s¥3(p) denotes the intrinsic angular momentum of the particle, written in terms of spin four-
vector s and four-momentum p < as s% = (1/m)e*¥7°p.,s . The Jiittner distribution, fo(x,p) =
exp[—p - B(x) £ £(x)], includes £(x) as the baryon chemical potential u(x) to temperature 7 (x)
ratio, ¢ = u/T, and B, (x) as the fluid four-velocity U, (x) to temperature ratio, 8, = U, /T. It’s
noted that this classical distribution function, as in Eq. (1), is initially applicable for local particle
collisions but can be adapted for non-local effects via gradients of f;°(x, p, s) [22]. Generalizing
Eq. (1) to include a coupling between magnetic moment of the particle and external EM field takes
the form

o, p,s) = fi (x, p,s) exp [Fap (X)F(x) : 5], )

with Fy,, being the Faraday tensor written in terms of E, (electric) and B, (magnetic) four-
vectors. In Eq. (2), aps is defined as pps /T, where pps = goun represents the magnetic moment
of the quasiparticles, with uy being the nuclear magneton. For simplicity, this work assumes
quasiparticles as A hyperons, having gx = —0.6138 +0.0047 [73]. However, a more realistic model
would include multiple quark-like quasiparticles with distinct masses [25]. Considering the low
amplitude of spin polarization observed in measurements [14], we adopt the small polarization
limit, w,p < 1 [23]. We also assume weak EM fields, where eB < M? and M is the typical
energy scale of the system. For electrically neutral A hyperons, M approximates to mp. These
assumptions allow for a simplified approximation of Eq. (2) as

fExps) = fi(xp) (1+%w:s) (1FayF :5), 3)

with fF(f;) being the particle (antiparticle) distribution function. Using the fluid velocity four-
vector w g can be decomposed as [26]

1
wuy = KuUy =k, Uy + eﬂmﬁU"wﬁ, where k= wu U?, wyu= Eeﬂaﬁyw"'gUy, 4)

are orthogonal to U* [26]. The constraints on «,, and w, restrict them to three degrees of freedom
each, equating to the number of degrees of freedom in w,,,. These four-vectors are expressible using
three orthonormal space-like vectors X#, Y#, and Z#, which, along with U¥, constitute a basis in the
plane orthogonal to U¥. These vectors satisfy the relations U -U =land X - X =Y Y =Z-Z = -1
forming a complete basis set [23, 26]. Consequently,

k® :CKXX“+CKyY"+C,<ZZ", w? :CwXX“+Cwa“+szZ“, (5)

where Cy = (Cyx, Cry,Cyz), and C,, = (Cyx, Cwy, Cwz) are spin polarization components.

3. Constitutive relations

Within the presence of the coupling between the spin and EM fields, we now derive the
constitutive relations using Eq. (3) [71].

The first constitutive relation is the baryon charge current defined as the first moment of
Eq. (3) [21, 22]

Nt :/dP dS pt [fF e p,s)—f (x,p,s)], (6)
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where momentum dP and spin dS integration measures are defined, respectively, as [22]

d*p

m
P=—2  dS=—d* 6(s- 2 6(p-s), 7
@, 4 (s-5+57)0(p-s) (7

with £, and 52 being the particle energy and length of the spin vector, respectively. In analogy to
the dissipative charged fluid current [74], N* is written as
Nt = NU* + Nt = (Npr + Ngm) Ut + N7, ®)
with Npr being the baryon charge density for ideal fluid [26]
Npr = 4 sinh(&) N(o) - ©))

The term 4 sinh(¢) accounts for both spin and particle-antiparticle degeneracies, while N(q) repre-
sents the number density of spinless, neutral classical massive particles [1]

Ny = gT* 7Ka(2), (10)

with g = 1/(27%), z = m/T and K,, being n'* modified Bessel function of 2*¢ kind. The coupling
between spin and EM fields give rise to Ngy and the transverse current Nf

Nem
N

apy cosh(f)N(o)eﬁ”"“wﬁyUﬂB,, ,
ap cosh(&) A (UFPY + 6UAUPEY — UIPFYI1 — gUPEY )y, (11)

with Az = = (2 (E(0) + P(oy)) /(T 2%) [19, 21, 22, 26], and Pg) and &p) being the pressure, and
energy density expressed as [1]

Poy=NoT,  Eo =g2T*Ki(2) +3P ), (12)
respectively. From the conservation of charge current, d,N* = 0, we have
o [ ]
Npr+ Nem + (Npr + Nem) Oy = =0 - N, (13)

where -®- = U - 9 --- is the comoving temporal derivative with 8y = 9 - U being the expansion
scalar. The electric current is expressed as

JH = gN*, (14)

for quasiparticles having an electric charge g. This results in the back-reaction of spin-EM coupling
with EM fields through Maxwell equations [71]. As we assume Lambda hyperons to be electrically
neutral quasiparticles of the fluid the electric current tends to zero [75].

The second constitutive relation is the energy-momentum tensor defined as [21, 22]

T = / dP dS p*p” [fF(x.p.s)+ £ (x.p.s)]. (15)
Plugging Eq. (3) we obtain

T = 8UHUY - PAMY + Q1MUY + Q7U* + TV, (16)
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with modified energy density
E = U#UVTﬂVISPF+8EM, (17)
where

8PF = 4COSh(§)8(0), SEM =apy sinh(f) {8(0) w:F+ 2[ (Iig) + Ii?)) k- FE - 21;?)(1) . B]} ,
(18)
and modified pressure

1
—§A : T=PPF+PEM’ (19)

)
I

with

Prr = 4cosh(E)Pro).  Pest = awr sinh(@) {Proyw - F—2| (1904210 £ - L2100 . 5

pr = 4 cosh(€)P ),  Pem = aum sinh(§) {Poyw : F - s Pl Ko Em Ty e .
(20)

Q" represents transverse vector current in Eq. (16). This is similar to heat current, whereas 7 +”
denotes transverse traceless tensor which resembles stress tensor for the case of dissipative fluid [74]

Q" = AN UT =2ay sinh(&)1)) " P U, (Eqws — Bakg) , 1)
I
TH = M T = daysinh(@1) (E¥k) + BYw”) - A (- E+w-B)). (2

where AY }; = (1/2) [A” ol g+ A oA 5= (2/ 3)A”"Aaﬁ]. Energy-momentum conservation,
o0,TH” = FH*9J,, can be written in two parts. The first part (energy equation) is longitudinal
to the fluid flow [71]

° 1
E+(E+P) Oy = —qE-NL+l.]-Q—V-Q+§‘7,}Vo-”", (23)
where V, = 9, — U,U"d, and o#¥ = AZ;V‘”UB, while the second part is transverse to U* [71]
ou ® 1
E+P)VU = VAP 4g (NE” + BTN, U(,) - (U Q45 Tap a“ﬁ)Uﬂ
ou
- 0, THY -2Q - 6yQ*. (24)

Finally, the spin tensor is expressed as [22]

Sy = / dP dS pts* [fF(x,p.s) + £ (x,p, )]s (25)
which, after using Eq. (3), gives [71]

STHY = Sl — 2ay tanh() Sy (26)
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where
Ssléﬂy = cosh(¢) [ﬂl U« WP+ A, U U[ﬁ w7]6 U6 + As (U[ﬁ wy]a + ga[ﬁ wy](s U(s) ] ’

Sgﬁfyzcosh(f)[U“ﬂl FPY + A, UCUP P LU0 + A (U[BFV]QJfga[BFﬂ 5U6)]’ @7

and thermodynamic coefficients are: A; = N(g) — Az, Ay = 2[A; — 2A3]. The phase-space
distribution function, Eq. (3), applicable to local particle collisions, indicates that spin (S%£7)
can be conserved independently of the orbital angular momentum [71]. In this study, the energy-
momentum tensor (15) is symmetric by definition, but could include antisymmetric contributions
from non-local collisional effects [58, 59], which are omitted here for simplicity. Consequently,
disregarding non-local collisions, the spin tensor acts as a conserved current

Ay STPY =0, (28)

allowing us to obtain six equations of motion for spin polarization components.

4. Summary

In this study, we have innovatively incorporated a spin-EM coupling term into the classical
phase-space distribution function, leading to a redefined framework for calculating the charge
current, energy-momentum tensor, and spin tensor. This approach is a significant deviation from
earlier models [23, 72], primarily due to the intricate coupling between the background and spin
equations of motion introduced by the spin-EM interaction. This formalism holds promise for
explaining the experimentally observed spin polarization splitting between A and A particles.
To fully realize its potential, it is imperative to incorporate realistic conditions into the model.
Future research will be directed towards these more complex scenarios, aiming to bridge the gap
between theoretical predictions and experimental observations in the realm of high-energy heavy-ion
collisions.
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