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While the precise origins of high-energy cosmic rays remain elusive, various constraints can be
placed on their possible sources. One such approach involves the Hillas diagram, a graphical repre-
sentation that delineates the range of geometric sizes and magnetic fields of plausible astrophysical
accelerators. Previous iterations of this diagram considered geometric criteria and radiation losses
to establish these boundaries. In this study, we expand on the Hillas diagram for protons, incorpo-
rating the energy losses associated with photohadronic and Bethe-Heitler processes. This updated
diagram links the allowable regions to the source’s electromagnetic luminosity, resulting in the
most stringent constraints for compact, bright sources like the central regions of active galactic
nuclei.
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General constraints on sources of high energy cosmic rays. Updated Hillas diagrams.

INTRODUCTION

Despite extensive research on high-energy cosmic rays and astrophysical neutrinos, their exact
sources remain uncertain [1, 2]. To narrow down the search for these elusive sources, it’s crucial to
establish constraints on their physical properties. A well-known constraint is the Hillas criterion [3],
which dictates that particles must remain confined within the accelerator region until they acquire
the requisite energy. This confinement is typically attributed to the interplay between the magnetic
field, which holds the particle, and the electric field, which accelerates it.

A second constraint stems from the energy loss associated with a charged particle’s acceleration.
This energy loss impedes further acceleration and must be considered when evaluating potential
sources of ultra-high-energy particles. These constraints can be visualized using a diagram that
plots magnetic field strength against source size, known as the Hillas diagram. Lines representing
the Hillas criterion delineate the permissible range of parameters for astrophysical sources capable
of accelerating particles to the corresponding energies. Detailed calculations and diagrams are
presented in various studies.

This study aims to further restrict the pool of potential sources for cosmic rays and, consequently,
high-energy neutrinos. To achieve this, the authors incorporate the energy loss experienced by
protons due to interactions with source photons. Localized photon concentrations, particularly
at lower energies, influence this interaction. The main contributions to the photohadronic cross
section are considered to be Δ+ production and multipion production. Additionally, the Bethe-
Heitler process is taken into account. Energy loss calculations for interactions assume diffuse
acceleration (e.g., shock waves [4]) of protons. For specific assumptions about radiation fields,
these losses are presented in the Hillas diagram [5–8], further limiting the region of potential
sources capable of accelerating protons to the specified energies.

PROTON ENERGY LOSSES

radiation losses

Radiation losses can be divided into two types: synchrotron and curvature losses [9]. In
the ultrarelativistic regime, curvature losses are generally insignificant. For any typical field
configuration, synchrotron losses are the dominant factor. However, in a specific scenario where the
particle’s velocity, magnetic field 𝐵, and electric field are parallel, synchrotron losses vanish and
curvature losses take over. The synchrotron losses for a proton moving in an astrophysical source
with a magnetic field 𝐵 are expressed as [6]:

−𝑑𝐸rad
𝑑𝑡

=
2
3
𝛼2

𝑚4
𝑝

𝐸2𝐵2 = 1.5 · 10−29 ×
(
𝐸

eV

)2 (
𝐵

G

)2
eV/s, (1)

where 𝑚𝑝 is a proton mass, 𝛼 - is the fine structure, 𝐸 - proton energy.

interaction losses

The most important contribution to the total cross section is the creation and subsequent decay
of Δ+ [10, 11]:
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𝑝 + 𝛾 → Δ+ →
{
𝑛 + 𝜋+

𝑝 + 𝜋0.
(2)

The next important contribution is multipion production. The total 𝑝𝛾 interaction cross
section 𝜎𝑝𝛾 can be estimated as the sum of these two channels, as a result of which an analytical
approximation can be used [10]:

𝜎𝑝𝛾 (𝜖𝑟 )𝐾𝑝𝛾 (𝜖𝑟 ) = 70𝐻 (𝜖𝑟 − 𝜖thr) 𝜇b, (3)

where 𝜖𝑟 = 𝛾𝑝𝜖 (1 − 𝛽𝑝𝜇) is energy invariant of the interaction, where 𝜇 = cos 𝜃, 𝜃 is the angle
between the colliding proton and photon momenta. 𝛾𝑝 = (1− 𝛽2

𝑝)−1/2 is proton Lorentz factor, 𝜖 is
energy of the target photons in units of an electron mass 𝑚𝑒, 𝐾𝑝𝛾 is the inelasticity of the collision,
𝜖thr = 390 and 𝐻 is the Heaviside step function.

The inverse of the photohadronic energy-loss timescale for high energy protons is given by the
standard expression (in the particle physics 𝑐 = 1 units):

𝑡−1
𝛾𝑝 �

1
2𝛾2

𝑝

∫ ∞

0

𝑛ph(𝜖)
𝜖2 d𝜖

∫ 2𝛾𝑝 𝜖

0
𝜖𝑟𝜎𝑝𝛾 (𝜖𝑟 )𝐾𝑝𝛾 (𝜖𝑟 ) d𝜖𝑟 , (4)

where 𝑛ph(𝜖) is a spectral number density of source photons.
First, consider the case of a power-law spectrum 𝑛ph = 𝛽𝜖−𝛼. It is assumed spherical source

with radius 𝑅. By using (3) and performing the integral over the interval from 𝜔 to +∞ (or from
𝜔 to Ω in the case of a hard spectrum) in (4) the expression for the proton energy losses due to 𝑝𝛾
interactions can be obtained in the form:

𝑑𝐸

𝑑𝑡
=



𝛼−2
𝛼2−1

· 10−89 ×
(
𝐸

eV

)2 (
𝑅

kpc

)−2 (
𝐿≥𝜔

eV/s

)
eV/s, 𝛼 > 2

5 · 10−90
(
ln

Ω

𝜔

)−1
×
(
𝐸

eV

)2 (
𝑅

kpc

)−2 (
𝐿̃≥𝜔

eV/s

)
eV/s, 𝛼 = 2

2 − 𝛼
𝛼2 − 1

6𝛼 · 10−12𝛼−68Ω𝛼−2 ×
(
𝐸

eV

)𝛼 (
𝑅

kpc

)−2 (
𝐿̃≥𝜔

eV/s

)
eV/s, 𝛼 < 2

(5)

where 𝛽 expressed in terms of 𝐿≥𝜔 (for 𝛼 > 2) or 𝐿̃≥𝜔 (for 𝛼 ≤ 2), where 𝐿≥𝜔 is the source
bolometric luminosity at a photon energy greater than 𝜔 = 𝑚𝑒𝜖thr/2𝛾𝑝 and 𝐿̃≥𝜔 is the same but
for photon energies greater than 𝜔 and less than Ω. Where Ω is the high energy cutoff of a source
spectrum.

However in addition to phohadronic processes there is Bethe-Heitler interactions 𝑝 + 𝛾 →
𝑝 + 𝑒− + 𝑒+ [12–14]. Expressions for energy losses can be written similarly for them (power-law
case):
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𝑑𝐸

𝑑𝑡
=



10−89(𝛼 − 2)𝜖 𝛼−2
thr 𝐼 (2) ×

(
𝐸

eV

)2 (
𝑅

kpc

)−2 (
𝐿≥𝜔

eV/s

)
eV/s, 𝛼 > 2,

2 · 10−89
(
ln

Ω

𝜔

)−1
𝐼 (2) ×

(
𝐸

eV

)2 (
𝑅

kpc

)−2 (
𝐿̃≥𝜔

eV/s

)
eV/s, 𝛼 = 2,

10−71−9𝛼 (2 − 𝛼)
(
Ω

𝑚𝑒

)𝛼−2
𝐼 (𝛼) ×

(
𝐸

eV

)𝛼 (
𝑅

kpc

)−2 (
𝐿̃≥𝜔

eV/s

)
eV/s, 𝛼 < 2,

(6)

where

𝐼 (𝛼) =
∫ ∞

2

𝜖−𝛼𝜑(𝜖)
𝜖2 𝑑𝜖 (7)

𝜑 is the fitting function with the relative error < 1.5 × 10−3 [15].

ACCELERATION MODEL

Similar to the [6], this study focuses on the diffuse mechanism acceleration model. In the
most common scenarios, particles gain energy within the accelerator by repeatedly interacting with
shocks. Since this model assumes a disordered field configuration, energy losses and radiation
are solely attributed to synchrotron radiation. Consider the trajectory of a particle traversing a
magnetized source medium. The particle acquires energy through repeated scattering on a shock
wave. Afterwards, it follows an approximately Larmor orbit over extended distances, losing energy
through radiation and interactions with low-energy photons in the medium until encountering the
next shock wave. This process continues cyclically. As we will observe, the particle’s maximum
energy upon leaving the source is weakly dependent on the energy gained directly at the shock front.
Instead, it is primarily determined by energy losses.

Let’s examine a particle with an initial energy (at the shock wave front) traveling through a
region of a specified size filled with a magnetic field and exiting the source. As the particle moves
through the medium, its energy diminishes due to interactions and radiation processes.

In addition to considering energy losses, it is also crucial to adhere to the geometric criterion,
also known as the Hillas criterion. This criterion stipulates that a particle’s Larmor radius must
not exceed the extent of the accelerator. If this constraint is violated, the particle will escape the
accelerator before it has gained the required energy. This criterion can be expressed mathematically
as an inequality:

𝐸 ≤ 9.25 · 1023 ×
(
𝐵

G

) (
𝑅

kpc

)
eV. (8)

All these constraints for the diffuse acceleration mode are presented graphically in Fig. 1.

IMPLICATIONS

By leveraging the findings of this study, we have updated the Hillas diagram, incorporating
constraints related to proton-photon interactions, including photohadronic and Bethe-Heitler in-
teractions. This expansion introduces an additional parameter – luminosity – to the diagram. As
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Figure 1: Magnetic field - source size diagram for proton acceleration for power-law radiation field. The
black dashed line is the geometric criterion. The dotted blue lines, solid magenta lines and dot-dashed lines
are the constraints associated with losses due to radiation in a magnetic field and due to interaction with source
photons for 𝛼 = 2.1, 𝛼 = 2 and 𝛼 = 1.9 respectively. The lines limit the range of parameters that the source
can have in order to accelerate protons to a given energy. In this case, each graph corresponds to a certain
energy: 1016 eV, 1017 eV, 1018 eV, 1019 eV. In the case of 1016 eV, the region 1+2+3 corresponds to the region
of parameters (R,B) that a source with luminosity 𝐿≥0.9 keV = 1038 erg s−1 can have, in order to accelerate
protons up to 1016 eV. Region 2+3 is similar, but for luminosity 𝐿≥0.9 keV = 1043 erg s−1. Region 3 corresponds
to luminosity 𝐿≥0.9 keV = 1048 erg s−1. In the case of 1017 eV 1+2+3 corresponds to 𝐿≥90 eV = 1038 erg s−1

, 2+3 corresponds to 𝐿≥90 eV = 1043 erg s−1, Region 3 for 𝐿≥90 eV = 1048 erg s−1. In the case of 1018

eV 1+2+3 corresponds to 𝐿≥9 eV = 1038 erg s−1 , 2+3 corresponds to 𝐿≥9 eV = 1043 erg s−1, Region 3 for
𝐿≥9 eV = 1048 erg s−1. And finally, in the case of 1019 eV 1+2+3 corresponds to 𝐿≥0.9 eV = 1038 erg s−1 ,
2+3 corresponds to 𝐿≥0.9 eV = 1043 erg s−1, Region 3 for 𝐿≥0.9 eV = 1048 erg s−1. For spectra with 𝛼 = 2
and 𝛼 = 1.9 it is assumed Ω = 1015 eV. 5



P
o
S
(
I
C
P
P
C
R
u
b
a
k
o
v
2
0
2
3
)
0
2
4

General constraints on sources of high energy cosmic rays. Updated Hillas diagrams.

AGN AGN

Figure 2: Magnetic field 𝐵 - source size 𝑅 diagrams. The blue rectangle is the area of parameters (𝑅, 𝐵)
that central regions of AGNs can have. Left : the solid red line limits the range of parameters that sources
with luminosities 𝐿≥0.009 keV = 1043 erg s−1 can have in order to accelerate protons up to 1019 eV. The dotted
green line limits the range of parameters that sources with luminosities 𝐿≥0.09 keV = 1044 erg s−1 can have in
order to accelerate protons up to 1018 eV. The magenta line limits the range of parameters that sources with
luminosities 𝐿≥0.9 keV = 1045 erg s−1 can have in order to accelerate protons up to 1017 eV. Right : lines
for different spectral indices 𝛼 for 1019 eV and 𝐿≥0.009 keV = 1043 erg s−1. For spectrum with 𝛼 = 1.8 it is
assumed Ω = 1015 eV.

illustrated in the figure, lower luminosity corresponds to a broader range of parameters within which
particle acceleration to a given energy can occur. This observation enables us to place constraints
on compact, high-luminosity sources, such as the central regions of the nuclei of active galaxies
(AGNs).

The location of the central regions of the AGNs on the Hillas diagram can be derived with
simple estimations [5]:

𝑅 ∼ 5𝑅𝑠 ≈ 5 × 10−8 𝑀BH

108𝑀⊙
kpc , (9)

where 𝑀BH is the black hole mass, 𝑅𝑠 - gravitational radius. 𝑀BH varies from 106𝑀⊙ for ordinary
galaxies to 1010𝑀⊙ for powerful radio galaxies and quasars.

The magnetic field near the black hole’s horizon 𝐵BH is highly dependent on the black hole’s
mass. A conservative estimate is obtained, for example, in [16]:

𝐵BH = 108
(
𝑀BH
𝑀⊙

)−0.5
G. (10)

Using (9) and (10), it is possible to graphically limit the region of parameters of the central
regions of AGNs on the diagram, which is shown in Fig. 2. It can be seen that for some 𝛼 the central

6



P
o
S
(
I
C
P
P
C
R
u
b
a
k
o
v
2
0
2
3
)
0
2
4

General constraints on sources of high energy cosmic rays. Updated Hillas diagrams.

regions of AGNs with luminosities 𝐿≥0.009 eV greater than 1043 erg s−1 cannot accelerate protons
up to 1019 eV and higher in the diffuse acceleration mode and so on.

Throughout this work, we carry out calculations in the reference frame of the source photon
(where the photons are isotropic), and 𝐿≥𝜔 (or 𝐿̃≥𝜔) denotes the total 4𝜋 luminosity, which is a
Lorentz invariant. For particular sources, especially for relativistic jets of active galactic nuclei, the
Doppler enhancement of the observable flux should be taken into account when using observational
data to estimate 𝐿≥𝜔 (or 𝐿̃≥𝜔), see e.g. [10].

thermal radiation case

It’s also valuable to examine the thermal spectrum, which can effectively represent the central
regions of AGNs with temperatures ranging from 10 to 100 eV [16]. AGNs are potential sources of
astrophysical neutrinos. At the core of an AGN, a supermassive black hole (SMBH) is encircled by
an accretion disk that emits thermal radiation. This study assumes (as per previous research) that
proton acceleration occurs in the SMBH’s vicinity and then travels along two jets perpendicular to
the accretion disk [17, 18]. As protons propagate, they interact with low-energy photons emanating
from the accretion disk. The spectral number density along the axis from the disk is taken as

𝑛ph = 𝑥2 2𝜋
𝜆3

C

𝜖2

exp(𝜖/Θ) − 1
, (11)

where 𝜆3
C is the electron Compton wavelength, Θ= 𝑇/𝑚𝑒 is the dimensionless temperature of the

radiation field, 𝑥 = 𝑅AD/𝑅dist. 𝑅AD is the typical accretion disc size which can be fitted as [19]:

𝑅AD = 1015
(

𝑀

108𝑀⊙

)
cm. (12)

Energy losses can be obtained using (3), (4):

𝑑𝐸

𝑑𝑡
= −𝑄1Θ

3𝜘(𝐸)
(
𝐸

eV

)
−𝑄2𝜉 (𝐸)

(
𝐸

eV

)−2

−𝐷
(
𝐸

eV

)2 (
𝐵

G

)2
eV/s, (13)

where 𝑄1 = 3.82 · 1012, 𝑄2 = 6.5 · 1038, 𝐷 = 1.5 · 10−29

𝜘(𝐸) =
∫ ∞

𝜔̃

𝑑𝑦
𝑦2 − 𝜔̃2

𝑒𝑦 − 1
, (14)

𝜉 (𝐸) =
∫ ∞

2
𝑑𝜖

𝜑(𝜖)
exp(𝜖𝑚𝑝/2𝐸Θ) − 1

, (15)

and 𝜔̃ = 𝑚𝑒𝜖thr/2Θ𝛾𝑝.
Consider a proton propagating in a jet. Let it interact with a shock at distance 𝑅dist receive

energy 𝐸0 and leave the jet after passing distance 𝑅. Similarly, as was done for the power law
spectrum in the limit 𝐸0 → ∞ we obtain Hillas diagram Fig. 3. The lower the temperature, the
larger the allowable area on the Hillas diagram, since with decreasing temperature the photon density
(11) decreases and the proton loses less energy for interaction. Diagrams for various temperatures

7
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Figure 3: Magnetic field-size diagram. The magenta solid line limits the range of parameters at which the
proton accelerated by a shock at the distance 𝑅dist from accretion disc can leave accelerator with energy 1019

eV. The same for the black dotted line for 1016 eV (see figure). It is assumed this that the SMBH has mass
108𝑀⊙ and accretion disc has temperature ∼ 100 eV.

Figure 4: Magnetic field-size diagram. The blue lines limits the range of parameters at which the proton
accelerated by a shock at the distance 𝑅dist = 10 pc from accretion disc can leave accelerator with energy
1019 eV for different temperatures 40 eV, 70 eV, 100 eV. It is assumed this that the SMBH has mass 108𝑀⊙ .

8
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are shown in Fig. 4 In particular for energy 1019 eV, temperature 2.7 K and 𝑥 = 1 the standard GZK
cutoff ∼ 50 Mpc can be turned out.

It should be noted that all these restrictions are made on the assumption that the photon
distribution is described by a power-law spectrum and diffuse acceleration mode is assumed. Also
as can be seen from the energy loss expressions in the case of a hard spectrum (𝛼 ≤ 2), the diagrams
become sensitive to the high-energy cutoff Ω.

CONCLUSIONS

This research expands the Hillas diagram by incorporating a new constraint related to proton-
photon interactions. This modification shrinks the allowable parameter space and introduces a
parametric dependence of the region’s size on luminosity or temperature. The revised diagram
highlights the limitations of compact and luminous sources, particularly those found in the central
regions of active galactic nuclei (AGNs). Under the assumption of a power-law radiation field and
a diffuse acceleration mechanism, a class of AGNs was identified that cannot accelerate protons to
energies of 1019 eV, 1018 eV, or 1017 eV. Additionally, the diagram significantly narrows down the
search area for high-energy proton accelerators in AGNs with a thermal radiation field. Moreover,
the diagram accounts for the interconnected nature of the size, magnetic field, and luminosity of
AGN central regions, providing an additional layer of constraints. The paper provides the necessary
formulas for constructing the diagram, allowing readers to customize it for their specific needs, such
as evaluating the feasibility of proton acceleration within a source with a given luminosity.
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