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We report on the calculation of the inclusive semileptonic decay of the 𝐷𝑠 meson on the lattice.
We simulate the 𝐷𝑠 → 𝑋𝑠ℓ𝜈ℓ process with Möbius domain-wall charm and strange quarks, whose
masses were approximately tuned to the physical values. We cover the whole kinematical region.
The focus of this work is on the systematic error due to finite-volume effects. We construct a
model of two-body final states to describe the data on a finite volume lattice of 𝐿 ≃ 0.055 fm to
investigate the extrapolation to the infinite-volume limit.
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1. Introduction

We update on our work to calculate the inclusive semileptonic decay rate of the 𝐷𝑠-meson.
Following our recent work to understand the systematic error associated with the Chebyshev ap-
proximation of the kernel function [1], in this paper we report on our estimate of the systematic
error due to finite-volume effects. We refer to [1–6] for details on the strategy to calculate inclusive
semileptonic decay rates in lattice QCD. In particular, the most recent work [7] presents a compar-
ison between the Chebyshev and Backus-Gilbert approaches to approximate the kernel function in
the energy integral.

The rest of this paper is structured as follows. We briefly review the inclusive semileptonic
decay on the lattice in Sec. 2. In Sec. 3 we introduce the model used to estimate finite volume
effects before applying it to the lattice data in order to extrapolate towards the infinite volume limit
in Sec. 4. We present the conclusions in Sec. 5.

2. Inclusive semileptonic decays on the lattice

The total decay rate of the inclusive semileptonic decay is written as

Γ ∼
∫ 𝑞𝑞𝑞2

max

0
𝑑𝑞𝑞𝑞2

√︃
𝑞𝑞𝑞2

2∑︁
𝑙=0

�̄� (𝑙) (𝑞𝑞𝑞2) , (1)

where �̄� (𝑙) (𝑞𝑞𝑞2) contains the integral over the hadronic final state energy 𝜔

�̄�
(𝑙)
𝜎 (𝑞𝑞𝑞2) =

∫ ∞

𝜔0

𝑑𝜔𝑊 𝜇𝜈 (𝑞𝑞𝑞, 𝜔)𝑒−2𝜔𝑡0𝐾
(𝑙)
𝜇𝜈,𝜎 (𝑞𝑞𝑞, 𝜔)

= ⟨𝜓𝜇 (𝑞𝑞𝑞) |𝐾 (𝑙)
𝜇𝜈,𝜎 (𝑞𝑞𝑞, �̂�) |𝜓𝜈 (𝑞𝑞𝑞)⟩ ,

(2)

with the hadronic tensor 𝑊 𝜇𝜈 (𝑞𝑞𝑞, 𝜔), |𝜓𝜈 (𝑞𝑞𝑞)⟩ = 𝑒−�̂�𝑡0𝐽𝜈 (𝑞𝑞𝑞, 0) |𝐷𝑠⟩ /
√︁

2𝑀𝐷𝑠
and 𝐽𝜈 (𝑞𝑞𝑞, 0) being

the Fourier transformed currents. The lower limit 0 ≤ 𝜔0 ≤ 𝜔min can be chosen freely as there
are no states below the lowest lying energy state 𝜔min. The parameter 𝑡0 is introduced to avoid
the contact term which receives contributions from the opposite time ordering corresponding to
unphysical states. In the definition of �̄� (𝑙)

𝜎 (𝑞𝑞𝑞2) above

𝐾
(𝑙)
𝜇𝜈,𝜎 (𝑞𝑞𝑞, 𝜔) = 𝑒2𝜔𝑡0

√︃
𝑞𝑞𝑞2

2−𝑙
(𝑚𝐷𝑠

− 𝜔)𝑙𝜃𝜎 (𝑚𝐷𝑠
−
√︃
𝑞𝑞𝑞2 − 𝜔) , (3)

defines the kernel function and 𝜃𝜎 (𝑥) is a sigmoid function with smearing width 𝜎.
On the lattice we compute

𝐶𝜇𝜈 (𝑡) =
1

2𝑀𝐷𝑠

⟨𝐷𝑠 |𝐽𝜇†(𝑞𝑞𝑞, 0)𝑒−�̂�𝑡𝐽𝜈 (𝑞𝑞𝑞, 0) |𝐷𝑠⟩ , (4)

and the calculation of the inclusive decay rate is reduced to the one of finding an appropriate
polynomial approximation of the kernel function 𝐾 (𝑙)

𝜇𝜈,𝜎 (𝑞𝑞𝑞, �̂�).
We employ the shifted Chebyshev polynomials 𝑇𝑗 (𝑥), with 𝑥 = 𝑒−𝜔 and define the approxi-

mation as

⟨𝐾 (𝑙)
𝜇𝜈,𝜎⟩ ≃

1
2
𝑐
(𝑙)
0 ⟨𝑇0⟩ +

𝑁∑︁
𝑘=1

𝑐
(𝑙)
𝑘

⟨𝑇𝑘⟩ . (5)
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(
)

L(
)

Figure 1: Sketch of the infinite-volume spectral density 𝜌(𝜔) (left) and the finite-volume 𝜌𝑉 (𝜔) for a
specific volume𝑉 (right). The height of 𝜌𝑉 (𝜔) represents the multiplicity of the states with the same energy
𝜔.

Here, 𝑐 (𝑙)
𝑘

are analytically known coefficients and ⟨𝑇𝑘⟩ are referred to as Chebyshev matrix elements.
We use the notation ⟨·⟩ ≡ ⟨𝜓𝜇 | · |𝜓𝜈⟩ /⟨𝜓𝜇 |𝜓𝜈⟩. For simplicity, we skip the indices 𝜇, 𝜈 going
forward.

The matrix elements are extracted from a fit to the correlator data following

�̄� (𝑡) =
𝑡∑︁
𝑗=0
�̃�
(𝑡 )
𝑗

⟨𝑇𝑗⟩ , (6)

where �̃� (𝑡 )
𝑗

are obtained from the power representation of the Chebyshev polynomials, see (A.24) and
(A.25) of [7] for the definition of �̃� (𝑡 )

𝑗
, and �̄� (𝑡) is constructed from (4) as �̄� (𝑡) = 𝐶 (𝑡+2𝑡0)/𝐶 (2𝑡0).

To maximize the available data we choose 𝑡0 = 1/2. We use priors to ensure that the fitted Chebyshev
matrix elements satisfy the condition that the Chebyshev polynomials are bounded, i.e.

��⟨𝑇𝑗⟩�� ≤ 1.
We refer to [7] for more details on the Chebyshev approximation and the practical application.

3. Modeling strategy

On the lattice, there is a well-known challenge concerning the reconstruction of the spectral
density from correlators 𝐶 (𝑡) with a finite set of discrete time slices, commonly referred to as the
ill-posed inverse problem. Even if the inverse problem could be solved for a correlator in a finite
volume, 𝐶𝑉 (𝑡), where 𝑉 = 𝐿3 denotes the volume of the lattice, and hence the spectral density
𝜌𝑉 (𝜔) is reconstructed, there is still a qualitative difference from its infinite volume counterpart
𝜌(𝜔). The spectral density in the infinite volume is a smooth function, while 𝜌𝑉 (𝜔) is given by
a sum of 𝛿-peaks representing allowed states in a finite volume. In Fig. 1 we sketch the situation
for two-body states in a finite volume. This problem is avoided by the introduction of the smearing
in the kernel function 𝐾 (𝜔) as shown in Eq. (3). The inverse problem is made arbitrarily mild by
increasing the smearing width 𝜎, and the smeared spectral density 𝜌𝜎,𝑉 then smoothly approaches
its infinite volume counterpart. To recover the inclusive decay rate, we therefore need to take the
limit 𝑉 → ∞ before taking the limit of vanishing smearing width.

The finite-volume effects for the spectral density can be sizeable for multi-body states, because
the allowed states are controlled by the boundary condition. The energy spectrum for two-body
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states, for instance, receives corrections of O(1/𝐿3). This would be reduced significantly for the
smeared spectral density, but its size and the scaling to the 𝑉 → ∞ limit may be non-trivial. We
therefore introduce a model to investigate the volume dependence. After checking that the model
describes the finite-volume data well, we use it to estimate the finite-volume effects.

Among various multi-hadron states, we consider two-body final states, i.e. 𝐾�̄� states to be
specific, which give the dominant contribution. The spectral density is obtained from the imaginary
part of the vacuum polarization function, evaluated at one-loop, as

𝜌(𝜔) = 𝜋
∫

𝑑3𝑞𝑞𝑞

(2𝜋)3
1

(2𝜖𝑞𝑞𝑞)2 𝛿(𝜔 − 2𝜖𝑞𝑞𝑞) (7)

introducing the short-hand notation 𝜖2
𝑞𝑞𝑞 = 𝑞𝑞𝑞2 + 𝑚2

𝐾
. It corresponds to the production of 𝐾�̄� states

from the vacuum through an operator O, which is taken either as a scalar density (𝐽 = 0) or vector
current (𝐽 = 1). It models the two-body decays of the 𝐷𝑠 meson under an assumption that the
wave function of the 𝐷𝑠 meson has only insignificant effects, which can be incorporated later by
introducing a form factor.

Within this model, one can obtain an explicit expression for the spectral density in the finite-
volume and in the infinite-volume limit:

𝜌𝑉 (𝜔) =
𝜋

𝑉

∑︁
𝑞𝑞𝑞

1
4(𝑞𝑞𝑞2 + 𝑚2)

𝛿

(
𝜔 − 2

√︃
𝑞𝑞𝑞2 + 𝑚2

)
, (8)

and

𝜌(𝜔) = 1
16𝜋

√︂
1 − 4𝑚2

𝜔2 , (9)

respectively. The expression above corresponds to the scalar density (𝐽 = 0). For the vector current
(𝐽 = 1), we obtain

𝜌𝑉 (𝜔) =
𝜋

𝑉

∑︁
𝑞𝑞𝑞

𝑞𝑞𝑞2

4(𝑞𝑞𝑞2 + 𝑚2)
𝛿

(
𝜔 − 2

√︃
𝑞𝑞𝑞2 + 𝑚2

)
. (10)

and

𝜌(𝜔) = 1
64𝜋

𝜔2
(
1 − 4𝑚2

𝜔2

)3/2

, (11)

To estimate how the infinite volume limit is approached, we consider

�̄� (𝑙) (𝜔th) =
∫ 𝜔th

0
𝑑𝜔𝜌(𝜔) × 𝐾 (𝑙) (𝜔) , (12)

which is defined as a convolution between the kernel and the spectral density. We introduce a
variable 𝜔th, which can be understood as a varying energy cut-off in the kernel function. Although
𝜔th is fixed for the physical semileptonic decay process, we use the freedom to choose it in the
analysis in order to study how well our model describes the lattice data. In Fig. 2 we show �̄� (𝑙) (𝜔th)
for two choices of the volume 𝑉 = 483 and 2563, as well as the infinite volume limit.

We find that the volume effect depends on the choice of 𝑙 in the kernel function. As argued
in [7], due to the sharp cut around the threshold in the kernel for 𝑙 = 0 (left), a strong dependence
on the volume is expected, while 𝑙 = 2 (right) smoothly approaches zero at the threshold and is
hence expected to only possesses a mild dependence. Nonetheless, for both cases we observe that
𝑉 = 2563 nearly reproduces the infinite volume expression.

4
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Figure 2: Infinite volume limit (solid line) of the integral (12) and its finite volume evaluation on 483 (dashed
line) and 2563 (dash-dotted line) lattices using the finite volume expressions obtained for the spectral density
for 𝐽 = 0 with 𝑙 = 0 (left) and 𝐽 = 1 with 𝑙 = 2 (right) as a function of the threshold energy 𝜔th.

4. Systematic error due to finite volume effects

We combine the model and the lattice data to study the infinite volume limit. We construct a
fit function of the lattice data

�̄� (𝑡) = 𝐴0𝑒
−𝐸0𝑡 + 𝑠(𝐿)

∑︁
𝑖

𝐴𝑖𝑒
−𝐸𝑖 𝑡

1
𝐸2
𝑖
− 𝑚2

𝐽

, (13)

where we treat the ground state separately and sum over the two-body excited states in the second
term. The factor 1/(𝐸2

𝑖
−𝑚2

𝐽
) appearing in the second term is motivated by the time-like kaon form

factor (pole-dominance model) where the mass 𝑚𝐽 is that of the state of corresponding quantum
number, i.e. 𝑓0 for 𝐽 = 0 and 𝜙 for 𝐽 = 1. We constrain the prior of the ground state energy 𝐸0
and its amplitude 𝐴0 through a fit to the lattice data. The energies and amplitudes 𝐸𝑖 and 𝐴𝑖 are
taken from our model. The prefactor 𝑠(𝐿) is determined by a fit to the lattice data, and thus only
the relative magnitude of 𝐴𝑖’s are relevant.

We consider the case of the spatial current insertions 𝐴𝑖𝐴𝑖 with vanishing 𝑞𝑞𝑞2. This channel
contributes only when 𝑙 = 2 in the kernel function.

In Fig. 3 we compare the fit results to the lattice data of the four-point correlation function. We
also include the fit to the ground state. We observe that the short-distance behavior of the correlator,
where the excited states contributions become significant, is well described by our fit, while also
reproducing the correct long distance behavior.

In Fig. 4 we calculate �̄� (𝑙) (𝜔th) from (12) using the spectrum determined by the fit. We fit
the lattice data at a volume 𝑉 = 483 and then use it to calculate results for 𝑉 = 2563 which serves
as a proxy for the infinite volume limit. On the l.h.s. we combine the fit with the kernel function
assuming that the cut is implemented through a Heaviside function. On the r.h.s. we show the case
assuming a smeared kernel with a smearing width 𝜎 = 0.1. For the latter, we also compare the
results with the Chebyshev analysis of the lattice data following (5), where we repeat the analysis
for a set of values of 𝜔th. We confirm a good agreement between our model and the results obtained

5
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Figure 3: Four-point correlation function for the temporal current insertion of the axial channel (left) and the
spatial components (right). For both plots we fit the correlator directly to extract the ground state contribution
needed to fix the prior in our model. This fit is represented by the red dashed line. The black dash-dotted
line represents the fit results obtained from a fit to our model using the fit prescription (13).
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Figure 4: Contribution of spatial currents to �̄�⊥, ∥
𝐴𝐴

(𝑞𝑞𝑞2) at 𝑞𝑞𝑞2 = 0 GeV2. We show the results for two choices
of the volume 𝐿 = 483 and 2563. The left panel assumes that the cut-off in the kernel function is implemented
through a heaviside function, while the left panel assumes the smeared kernel. For the latter, we also compare
the results with those obtained from the Chebyshev analysis of our lattice data evaluated for different choices
of the threshold 𝜔th represented by the blue dots. The physical value of the threshold 𝜔th = 𝜔

Phys
th is denoted

by the star symbol.

from the lattice data. We conclude that for this specific case the volume dependence is quite mild
since no major changes in the shape of the results are found depending on the choice of the volume.

Finally, we address how we construct our estimate of the corrections to the lattice re-
sult. The estimate is constructed by adding the corrections from the 𝑉 → ∞ limit before
adding the 𝜎 → 0 extrapolation, which translates to: �̄�⊥

𝐴𝐴
(0002) = 0.0786(31) (lattice result) +

0.0001(0) (finite volume correction) + 0.0055(1) (Finite smearing correction) = 0.0843(31). For
the case considered in this work, the corrections due to the infinite volume limit are negligible,
while the 𝜎 → 0 limit gives a correction of order ∼ 7 %.
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5. Conclusion

We developed a model under the assumption of two-body final states for which we have full
control over the infinite volume extrapolation and then combine it with a fit to the lattice data to
estimate the expected corrections from the infinite volume limit. In the case study performed here
we found negligible corrections due to the infinite volume extrapolation, although larger corrections
for larger values of 𝑞𝑞𝑞2 and different shapes of the kernel function are expected. Further work is
required to give a proper estimate of the systematic error associated with finite volume effects.
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