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Axial U(1) symmetry near the pseudocritical temperature in # 5 = 2 + 1 lattice QCD with chiral fermions

1. Introduction

In quantum chromodynamics (QCD) describing dynamics of the quarks and gluons, key fea-
tures are the (* (2)! × (* (2)' chiral symmetry (for up and down quarks near the massless limit)
and the * (1)� symmetry. In the low-temperature phase of QCD, the chiral symmetry is sponta-
neously broken due to the chiral condensate, while the * (1)� symmetry is explicitly broken by
the quantum anomaly. In the high-temperature phase, the chiral condensate is suppressed and the
chiral symmetry is restored (for massless quarks), while the temperature-dependence of the * (1)�
anomaly is not undestood well (for recent progress in lattice QCD simulations, see Ref. [1–4]).

The JLQCD collaboration has been working on this issue [5–8] by using lattice QCD simula-
tions with chiral fermions, i.e., the overlap (OV) fermion formulation [9, 10]. Since the OV fermion
formulation keeps tha chiral symmetry on the lattice and should be appropriate to examine physics
related to the chiral and* (1)� symmetries. However, simulations with OV fermions require an enor-
mous computational cost, so that we have to apply a technique to reduce the cost. For example, in
Ref. [5] the topological sector was fixed to the trivial one. In Ref. [6–8], the MDW/OV reweighting
technique [6, 11] was applied, where physical quantities measured on gauge ensembles generated
with Möbius domain-wall (MDW) fermions [12–14] are reweighted to corresponding ones on OV
fermion ensembles. So far, our simulations were mainly done with two flavors of quarks.

In this work, we study # 5 = 2 + 1 QCD including the strange quark. In this contribution,
we report on the preliminary results from # 5 = 2 + 1 lattice QCD simulations. Some of results
in high-temperature phase () = 204 MeV and 175 MeV) were already reported in our previous
proceedings [15], and here main updates are the results at lower temperatures: ) = 153 MeV
near the pseudocritical temperature and 136 MeV in the chiral symmtry broken phase.¹ Parameters
of numerical lattice simulations are summarized in Table 1. We applied the tree-level Symanzik
improved gauge action [16] and dynamical MDW fermion action [12–14], and measured quantities
are reweighted to those with overlap fermions. The gauge coupling is set to be V = 4.17 which
corresponds to the lattice cutoff 0−1 = 2.453 GeV (or the lattice spacing 0 ∼ 0.08 fm) determined
in our simulations at zero temperature [17]. We generated gauge ensembles with the up and down
quark masses in the range of 0<D3 = 0.002-0.0120, where 0<D3 = 0.002 (<D3 ∼ 4.9 MeV)
is considered to be near the physical point (if <phys

D3
∼ 3.5 MeV). In addition, the observables at

0<D3 = 0.001 (<D3 ∼ 2.5 MeV lighter than the physical point) are obtained by the mass reweighting
technique from the ensembles at 0<D3 = 0.002. The strange-quark mass is fixed to be 0<B = 0.04
(<B ∼ 98.1 MeV near the physical point).

2. Overlap Dirac spectrum

First, we investigate the eigenvalue spectrum of the overlap Dirac operator,

d(_) = 1
+

∑
_8

〈X(_ − _8)〉, (1)

where+ is the volume, and _8 is the 8-th positive eigenvalue of the overlap Dirac operator. 〈O〉 means
the gauge ensemble average of a quantity O. As is well known, the Banks-Casher relation [18],

¹If the pseudocritical temperature is assumed to be )2 = 155 MeV, the four temperatures ) = 204, 175, 153, and 136
MeV are approximately ) ∼ 1.3)2 , 1.1)2 , 1.0)2 , and 0.9)2 , respectively.
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Table 1: Numerical parameters of lattice simulations. !3 × !C are lattice size in the spatial and temporal
directions. <D3 and <B are the degenerate mass of up and down quarks and strange-quark mass, respectively.

!3 × !C ) (MeV) 0<D3 <D3 (MeV) 0<B Comments
323 × 12 204 0.0010 2.5 0.040 <D3 by mass reweighting
323 × 12 204 0.0020 4.9 0.040
323 × 12 204 0.0035 8.6 0.040
323 × 12 204 0.0070 17 0.040
323 × 12 204 0.0120 29 0.040
323 × 14 175 0.0010 2.5 0.040 <D3 by mass reweighting
323 × 14 175 0.0020 4.9 0.040
323 × 14 175 0.0035 8.6 0.040
323 × 14 175 0.0050 12 0.040
323 × 14 175 0.0070 17 0.040
323 × 14 175 0.0120 29 0.040

323 × 16, 403 × 16 153 0.0010 2.5 0.040 <D3 by mass reweighting
323 × 16, 403 × 16 153 0.0020 4.9 0.040
323 × 16, 403 × 16 153 0.0035 8.6 0.040
323 × 16, 403 × 16 153 0.0070 17 0.040
323 × 16, 403 × 16 153 0.0120 29 0.040
363 × 18, 483 × 18 136 0.0010 2.5 0.040 <D3 by mass reweighting
363 × 18, 483 × 18 136 0.0020 4.9 0.040
363 × 18, 483 × 18 136 0.0035 8.6 0.040
363 × 18, 483 × 18 136 0.0070 17 0.040
363 × 18, 483 × 18 136 0.0120 29 0.040

〈@̄@〉 = − lim+→∞ cd(0), states that the chiral condensate 〈@̄@〉 is proportional to the value of Dirac
spectrum at _ = 0.

In Fig. 1, we show the Dirac spectra at) = 153 MeV (top panels) and 136 MeV (bottom panels).
) = 153 MeV is near (or slightly lower than) the pseudocritical temperature in # 5 = 2 + 1 QCD
with the physical quark mass. While d(0) is nonzero for heavier quark mass (<D3 & 4.9 MeV), it
is consistent with zero at the lightest quark mass (<D3 ∼ 2.5 MeV), which suggests d(0) ∼ 0 in
the chiral limit (<D3 → 0). On the other hand, since ) = 136 MeV is below the pseudocritical
temperature, d(0) is nonzero at all the quark masses. Note that the horizontal line is the chiral
condensate at zero temperature (divided by c), which was obtained in our previous simulations [19].
For Dirac spectra at higher temperatures () = 204 and 175 MeV), see our previous proceedings [15].

In Fig. 2, we show the value of the the lowest bin of the Dirac specturm as a function of <D3 .
We confirm that, at the lightest quark mass, the lowest bin is strongly suppressed at ) = 153-204
MeV, which is suggests that it is almost zero even in the chiral limit. On the other hand, at ) = 136
MeV, the value of the lowest bin is nonzero, which is due to the chiral condensate.

3. * (1)� susceptibility

The* (1)� susceptibility is defined as the difference between the two-point mesonic correlators
of the isovector-pseudoscalar channel c0 and isovector-scalar channel X0 (the subscript 0 is the
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Figure 1: Dirac spectrum d(_) on reweighted OV ensembles at ) = 153 (upper) and 136 MeV (lower).
Results with two volumes are shown in left and right panels.
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Figure 2: Quark mass dependence of lowest-bin value of Dirac spectrum, d(_ = 0), at ) = 136-204 MeV.

isospin index):

Δc−X ≡ jc − jX ≡
∫

34G〈c0 (G)c0 (0) − X0 (G)X0 (0)〉. (2)

On the lattice, Δc−X is calculated by the spectral decomposition of the overlap Dirac operator [20],

Δov
c−X =

1
+ (1 − <2)2

〈∑
8

2<2(1 − _
(ov,<)2
8

)2

_
(ov,<)4
8

〉
, (3)
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Figure 3: Quark mass dependence of * (1)� susceptibility Δov
c−X

at ) = 136-204 MeV.

where _
(ov,<)
8

is the eigenvalue of the massive overlap Dirac operator �< = W5 [(1 − <)�ov + <]
with a mass <, and the lattice spacing is set as 0 = 1.²

In Fig. 3, we show the results for the * (1)� susceptibility. At ) = 153-204 MeV, we find
that the * (1)� susceptibility is strongly suppressed at the lightest quark mass, which suggests that
the *1(�) susceptibility is consistent with zero in the chiral limit. On the other hand, in the chiral
symmetry broken phase () = 136 MeV), it is nonzero.

4. Topological susceptibility

The topological susceptibility is defined as

jC ≡
〈&2

C 〉
+

, (4)

with the gauge ensemble average of the topological charge &C for the gluon fields. In order to com-
pute the topological charge, we apply two types of methods: (i) In the first method, the topological
charge is obtained from the index of the overlap Dirac operator,

&C = =+ − =−, (5)

where =± is the number of the zero modes with positive (+) or negative (-) chirality. (ii) In another
method, the topological charge is defined by the field-strength tensor of gluon fields. In order to
define it on the lattice, we apply the gradient flow [21] in the space of lattice gauge fields. Then,

&C (C) =
1

32c2

∑
G

Y`adfTr
[
�`a (G, C)�df (G, C)

]
, (6)

where �`a (G, C) is a field-strength tensor of lattice gauge fields at spacetime G and a flow time C. In
this work, we adopt the clover-type construction of �`a (G, C), and we pick the results at C02 = 5 (a
plateau for &C (C) is stable for C02 & 3 [22]).

²Note that this is one of the simplest definitions with overlap Dirac eigenvalues. One can define other * (1)� suscep-
tibilities by subtracting the contributions from chiral zero modes [6, 7] and/or from the logarithmic UV divergence [7].
In this work, we show results obtained without such subtraction schemes.
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Figure 4: Quark mass dependence of topological susceptibilities jC and its divided quantities jC/<2
D3

at
) = 136-204 MeV. In the left panel, colored and black points represent jC from the fermionic definition (5)
on reweighted OV ensembles and jC from the gluonic definition (6) on MDW ensembles, respectively.

In Fig. 4, we show the results for the quark mass dependence of the topological susceptibility.
Since jC is expected to be proportional to <D3 in the chiral symmetry broken phase (e.g., at the
leading order of the chiral perturbation theory [23]), we plot another quantity jC/<2

D3
in order to

check the scaling with <D3 . From the right panel, we find that jC/<2
D3

at ) = 153-204 MeV is
strongly suppressed toward the chiral limit, whereas the result at ) = 136 MeV stays at nonzero
values. Thus, the behaviors of jC in the chiral symmetry broken phase and in the high-temperature
phase are distinct.

5. Conclusion and outlook

In this contribution, we show the preliminary results for (i) Dirac spectra d(_), (ii) * (1)� su-
ceptibilities Δc−X , and (iii) topological suscptibilities jC in # 5 = 2 + 1 lattice QCD simulations
with chiral (i.e., reweighted overlap) fermions in the temperature range of ) = 136-204 MeV. De-
pendences of these quantities on up and down quark masses are studied in the range of <D3 = 2.5-29
MeV, which covers not only the physical quark mass but also a lighter quark mass (i.e., near the chi-
ral limit). Our results suggest that d(0), Δc−X , and jC/<2

D3
in the chiral limit at ) = 153-204 MeV

(near and higher than the pseudocritical temperature) is strongly suppressed, while those at ) = 136
MeV (in the low-temperature phase) are nonzero.

Finally, we give remarks on other measurements:

• Chiral susceptibility—The chiral susceptibility [24], defined as the first derivative of the chi-
ral condensate with respect to the quark mass, is useful for estimating the pseudocritical tem-
perature for the chiral condensation. Also, it can be related to the * (1)� and topological
suscptibilities as well as the chiral condensate. Our previous results [8] at # 5 = 2 suggest
that both the connected and disconnected parts of the chiral susceptibility are dominated by
the contribution from the * (1)� anomaly in the region of <D3 ≥ 2.64 MeV at ) = 220-330
MeV and also in <D3 ≥ 6.6 MeV at ) = 190 MeV (see Ref. [25] for ) = 165 MeV). For our
latest updates, see Ref. [26].

• Hadronic correlators—Also from mesonic/baryonic correlators, we can study the chiral and
* (1)� symmetries from the viewpoint of a degeneracy between the correlators for their sym-

6
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metry partners. In addition, in the high-temperature phase, not only the chiral and * (1)�
symmetries but also an emergent symmetry can appear, which is called the chiral spin sym-
metry [27, 28] (see Ref. [29] for a recent review). The results [30, 31] for mesonic spatial
correlators in # 5 = 2 lattice QCD suggest that this symmetry is realized in the range of
) = 220-480 MeV (see Ref. [32] for the temporal correlators). For our latest updates includ-
ing # 5 = 2 + 1 simulations, see Ref. [33].
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