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The four-gluon vertex in Landau gauge Paulo J. Silva

Figure 1: Four gluon Green function: the full (upper plot) and the connected (lower plot) functions written
in terms of one-particle irreducible Green functions.

1. Introducion and Motivation

In QCD, the Green functions involving only gluon fields are of utmost interest as they give
important contributions, for example, to the propagators or the quark-gluon vertex — see, for
example, [1] for a recent review on QCD correlation functions. In perturbation theory, the Green
functions with smaller number of gluon fields are well known, but their non-perturbative content
is not so well studied. Indeed, in the continuum formulation of QCD and for the four gluon one-
particle irreducible Green function, only a limited number of studies using the Schwinger-Dyson
equations (SDE) have been performed [2–4]. Furthermore, only a single very preliminary lattice
investigation is available [5].

The color-Lorentz structure of the four-gluon one-particle irreducible Green function is rather
complex and its full description, for all possible kinematics, requires more than one hundred tensors
to assemble a complete basis. Any computation of this vertex using continuum approaches becomes
quite involved and simplifications have to be introduced. On the other hand, its computation with
lattice simulations is challenging not only because this Green function has a larger number of
external legs, demanding the use of very large ensembles to have reliable output, but also because
on the lattice only the full Green functions are accessed. In Fig. 1 we detail the four gluon
Green functions. Indeed, disentangling the one-particle irreducible form factors from the full
Green function is another challenge. However the extraction of the one-particle irreducible Green
functions has been done for e.g. the three gluon, the ghost-gluon and the quark-gluon Green
functions (see, for example, [6–11] and references there in) and can also be also done, with a proper
choice of kinematics, for the four point function.

2. The amputated Green functions from lattice simulations

On the lattice, to access the one-particle irreducible function one aims to suppress the con-
tribution of the disconnected diagrams. For the four-gluon function, this can be done by a right
choice of kinematics. Indeed, as can be seen in Fig. 1, the condition 𝑝𝑖 + 𝑝 𝑗 ≠ 0 on the external
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momenta avoids the disconnected diagrams but one still has to remove the contributions coming
from diagrams with three gluon irreducible terms. In the Landau gauge, due to the orthogonality
of the gluon propagator, setting all the momenta proportional removes the diagrams that include
three-gluon vertices; see the lower plot of the Fig. 1. Then, our choice of momenta being

𝑝1 = 0, 𝑝2 = 𝑝, 𝑝3 = 𝑝, 𝑝4 = −2 𝑝,

𝑝1 = 0, 𝑝2 = 𝑝, 𝑝3 = 2 𝑝, 𝑝4 = −3 𝑝,

𝑝1 = 𝑝, 𝑝2 = 𝑝, 𝑝3 = 𝑝, 𝑝4 = −3 𝑝,

where 𝑝 is a generic momentum. For these kinematics, the full four-point Green function can be
decomposed as

G𝑎𝑏𝑐𝑑
𝜇𝜈𝜂𝜁 (𝑝1, 𝑝2, 𝑝3, 𝑝4) =

(
𝑃⊥ (𝑝1)

)
𝜇𝜇′

(
𝑃⊥ (𝑝2)

)
𝜈𝜈′

(
𝑃⊥ (𝑝3)

)
𝜂𝜂′

(
𝑃⊥ (𝑝4)

)
𝜁 𝜁 ′

𝐷 (𝑝2
1) 𝐷 (𝑝2

2) 𝐷 (𝑝2
3) 𝐷 (𝑝2

4)(
𝐹 (𝑝2

1, . . . ) 𝑡
(0) 𝑎𝑏𝑐𝑑

𝜇′𝜈′𝜂′𝜁 ′ + 𝐺 (𝑝2
1, . . . ) 𝑡

(1) 𝑎𝑏𝑐𝑑
𝜇′𝜈′𝜂′𝜁 ′ + 𝐻 (𝑝2

1, . . . ) 𝑡
(2) 𝑎𝑏𝑐𝑑

𝜇′𝜈′𝜂′𝜁 ′ + · · ·
)

where the Landau gauge propagator is

𝐷𝑎𝑏
𝜇𝜈 (𝑝) = 𝛿𝑎𝑏

(
𝑃⊥(𝑝)

)
𝜇𝜈

𝐷 (𝑝2) = 𝛿𝑎𝑏
(
𝛿𝜇𝜈 −

𝑝𝜇𝑝𝜈

𝑝2

)
𝐷 (𝑝2) (1)

and 𝑡 (𝑖) are the tensor basis for the one-particle irreducible four gluon Green function. Of the
possible tensors that define the complete basis, in the following, we will consider only three
different tensor structures 𝑡 (𝑖) = Γ̃ (𝑖) , 𝑖 = 0, 1, 2, where the Γ̃ are given by

Γ̃ (0) 𝑎𝑏𝑐𝑑
𝜇𝜈𝜂𝜁 = 𝑓𝑎𝑏𝑟 𝑓𝑐𝑑𝑟

(
𝛿𝜇𝜂𝛿𝜈𝜁 − 𝛿𝜇𝜁 𝛿𝜈𝜂

)
+ 𝑓𝑎𝑐𝑟 𝑓𝑏𝑑𝑟

(
𝛿𝜇𝜈𝛿𝜂𝜁 − 𝛿𝜇𝜁 𝛿𝜈𝜂

)
+ 𝑓𝑎𝑑𝑟 𝑓𝑏𝑐𝑟

(
𝛿𝜇𝜈𝛿𝜂𝜁 − 𝛿𝜇𝜂𝛿𝜈𝜁

)
, (2)

Γ̃ (1) 𝑎𝑏𝑐𝑑
𝜇𝜈𝜂𝜁 = 𝑑𝑎𝑏𝑟𝑑𝑐𝑑𝑟

(
𝛿𝜇𝜂𝛿𝜈𝜁 + 𝛿𝜇𝜁 𝛿𝜈𝜂

)
+ 𝑑𝑎𝑐𝑟𝑑𝑏𝑑𝑟

(
𝛿𝜇𝜈𝛿𝜂𝜁 + 𝛿𝜇𝜁 𝛿𝜈𝜂

)
+ 𝑑𝑎𝑑𝑟𝑑𝑏𝑐𝑟

(
𝛿𝜇𝜈𝛿𝜂𝜁 + 𝛿𝜇𝜂𝛿𝜈𝜁

)
, (3)

Γ̃ (2) 𝑎𝑏𝑐𝑑
𝜇𝜈𝜂𝜁 =

(
𝛿𝑎𝑏 𝛿𝑐𝑑 + 𝛿𝑎𝑐 𝛿𝑏𝑑 + 𝛿𝑎𝑑 𝛿𝑏𝑐

) (
𝛿𝜇𝜈 𝛿𝜂𝜁 + 𝛿𝜇𝜂 𝛿𝜈𝜁 + 𝛿𝜇𝜁 𝛿𝜈𝜂

)
, (4)

where the first is associated with tree level Feynman rule, the second is obtained from the first
replacing 𝑓𝑎𝑏𝑐 → 𝑑𝑎𝑏𝑐 and symmetrising the operator and the third is a tensor that completes the
basis to describe the 𝑝, 𝑝, 𝑝, −3𝑝 kinematics as discussed in [3]. The form factors measured in
the simulation are

𝐹 (𝑖) (𝑝2) = Γ̃ (𝑖) 𝑎𝑏𝑐𝑑
𝜇𝜈𝜂𝜁 G𝑎𝑏𝑐𝑑

𝜇𝜈𝜂𝜁 (𝑝1, 𝑝2, 𝑝3, 𝑝4) .

3. The lattice setup and the lattice form factors

The gauge configurations used in the calculation are sampled with the Wilson action. After
sampling, each configuration is rotated to the Landau gauge by maximising, over the gauge orbits,
the functional

𝐹 (𝑈𝑔) = ReTr
∑︁
𝑥,𝜇

[
𝑔(𝑥)𝑈𝜇 (𝑥) 𝑔†(𝑥 + �̂�)

]
. (5)
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At a maximum of 𝐹 the condition 𝜕𝜇𝐴
𝑎
𝜇 = 0 + O(𝑎2) is fulfilled and, once more, up to corrections

of order 𝑎2 the lattice definitions match the continuum.
The results of the simulations discussed below use 4620 configurations defined on a 324 lattice

at 𝛽 = 6.0, that has a lattice spacing of 𝑎 = 0.1016(25) fm measured from the string tension. The
lattice simulations use Chroma [12] and PFFT [13].

For the 324 lattice, the bare amputated four gluon Green functions are reported in Fig. 2.
We call the reader’s attention that for comparison between lattice and continuum results a global
constant factor should be included for all the form factors. As Fig. 2 shows, the tree level structure
seems to be associated with the dominant form factor and, for the range of momenta accessed in the
simulation, it seems that the four gluon one particle irreducible vertex is constant. The lattice form
factors shows no clear sign of IR divergence, a result that should be read with care as the minimum
momentum accessed in the simulation is ∼ 380 MeV.

4. Continuum Schwinger-Dyson results for the four gluon vertex

For comparison with the lattice data, our colleagues A. C. Aguilar, M. N. Ferreira, J. Papavassi-
liou and L. R. Santos provided us with the results of a Schwinger-Dyson equation (SDE) calculation
using a one-loop dressed approximation for the same form factors 𝐹 (𝑖) (𝑝2). The outcome of the
SDE calculation can be seen in Fig. 3.

The results of the SDE calculation show that all of the 𝐹 (𝑖) are nearly constant for momenta
above 𝑝 ⪆ 1 GeV, and are suppressed for 𝑝 ∼ 500 MeV. Moreover, 𝐹 (0) (𝑝2) is finite at 𝑝 = 0 and
the form factors 𝐹 (1) (𝑝2) and 𝐹 (2) (𝑝2) exhibit an infrared logarithmic infrared divergence that is
driven by the ghost-loops. The logarithmic divergences are only apparent for 𝑝 < 300 MeV, that is
below the range of momenta accessible in the lattice simulation.

5. Conclusions and Outlook

The lattice simulation discussed here should be read as preliminary and, therefore, the com-
parison with the continuum calculation is only possible at a qualitative level. As shown, the lattice
data and the results of solving the SDE are, at a qualitative level, in good agreement for all the form
factors. Although not shown here, the lattice data for all the form factors is compatible with “planar
degeneracy" [6] that assumes a dependence only on 𝑠2 =

∑
𝑖 𝑝

2
𝑖

instead of 𝑝2.
The outcome of this exploratory work is encouraging and we aim to explore the same kinematics

with larger ensembles of configurations as well as further kinematics, in the near future, and to
enlarge the set of form factors to be computed.
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Figure 2: The bare lattice amputated four gluon Green functions.
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Figure 3: Form factors from the solutions of the Schwinger-Dyson equations.
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