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Octet baryon charges Simon Weishéupl

1. Introduction

A charge of a hadron parameterizes the strength of its interaction at small momentum transfer
with a particle that couples to this particular charge. For instance, the isovector axial charge
determines the S decay rate of the neutron. At the same time, this charge corresponds to the
difference between the contribution of the spin of the up quarks minus the spin of the down quarks
to the total longitudinal spin of a nucleon in the light front frame that is used in the collinear
description of deep inelastic scattering. This intimate connection to spin physics at large virtualities
and, more specifically, to the decomposition of the longitudinal proton spin into contributions
of the gluon total angular momentum and the spins and angular momenta for the different quark
flavours [1, 2] opens up a whole area of intense experimental and theoretical research: the first Mellin
moment of the helicity structure functions g; (x) is related to the sum of the individual spins of the
quarks within the proton. For lattice determinations of the individual quark contributions to its first
and third moments, see, e.g., Refs. [3—7] and Ref. [8], respectively. Due to the lack of experimental
data on g (x), in particular at small Bjorken-x, and difficulties in the flavour separation, usually
additional information is used in determinations of the helicity parton distribution functions (PDFs)
from global fits to experimental data [9—13]. In addition to the axial charge g4 of the proton, this
includes information from hyperon decays, in combination with SU(3) flavour symmetry relations
whose validity need to be checked.

2. Octet baryon charges

All light baryons (i.e., baryons without charm or bottom quarks) with strangeness S < 0, i.e.,
with a net difference between the numbers of strange (s) antiquarks and quarks are usually called
hyperons. The spin-1/2 baryon octet, depicted in Fig. 1, contains the nucleons N € {p, n}, besides
the S = —1 hyperons A? and = € {Z*, % X~} and the § = —2 hyperons Z € {E°, 2~} (cascades).
We assume isospin symmetry m, = m, = mg, where m, corresponds to the average mass of the
physical up («) and down (d) quarks. In this case, the baryon masses within isomultiplets are
degenerate.

S nucleons

=0
E°(uss) hyperons

Figure 1: The spin-1/2 baryon octet where S, I3 and Q = (1+S5)/2+ I5 label strangeness, isospin and charge,
respectively.
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The (generalized) baryon charges gf{%] are obtained from matrix elements of the form

(B'(p’, " )aT s pyd|B(p, s)) = 5 3yiin (p', S \Tspp1us(p, s) (1

at zero four-momentum transfer ¢> = (p’ — p)*> = 0. Above, ug(p, s) denotes the Dirac spinor of a
baryon B with four momentum p and spin s. We restrict ourselves to Al; = 1 transitions within the
baryon octet. In this case p’ = p, since in isosymmetric QCD mp = mp, and it is sufficient to set
p = 0. Rather than using the above I35 = 1 currents il"j[ p)d (Where the vector and axial currents
couple to the W~ boson), it is convenient to define /3 = 0 isovector currents,

Oy1p1(x) = a(xX)Typju(x) — d(x)Typ1d(x), 2

and the corresponding (generalized) charges gf'[ op

(B(p,5)|0s101|B(p.5)) = g5 p1iis(p, $)Tsup(p,s). 3)

Note that we do not include the A baryon here since in this case the isovector combination trivially
gives zero. We consider vector (V), axialvector (A), scalar (S) and tensor (T) operators which
are defined through the Dirac matrices I'y = a4, ¥;v5, 1, 0y for J € {V,A,S,T}, with 0y, =
%[y,,, vv], where i, j € {1,2,3}, i < j and which give rise to the baryon isovector charges gf.

In addition we analyze the twist-2 operators for J € {VD, AD, TD} which include a covariant
derivative D u = %(B "= D ) and are defined through

>

— 1 — —
Ivp=y4D4- 3Vi D, Cap =v(iv5 D 4y, Irp =01 D 4y, 4

where [; ;) and (; ;y indicates anti-/ symmetrization of the indices.

The matrix elements of the twist-2 operators are related to the isovector average quark mo-
mentum fraction ({x),_4) and the second isovector helicity ({x)a,—aq) and transversity ((x)s,—s4)
moments as follows:

im B

(B|Oyp|B) = —mp(x)? ,, (B|Oap|B) = 5

im
(Vnu-aa (BlOro|B) = =—2(0)3, 50

&)

3. Gauge ensembles

We employ ensembles generated with Ny = 2+ 1 flavours of non-perturbatively O (a) improved
Wilson fermions and a tree-level Symanzik improved gauge action, which were mostly produced
within the Coordinated Lattice Simulations (CLS) [14] effort. In total 47 ensembles were analysed
spanning six lattice spacings a in the range 0.039fm < a < 0.098 fm, with pion masses between
430 MeV and 130 MeV (below the physical pion mass), as shown in Fig. 2. The lattice spatial extent
L is kept sufficiently large, where LM, > 4 for the majority of the ensembles. A limited number
of smaller volumes are employed to enable finite volume effects to be investigated, with the spatial
extent varying across all the ensembles in the range 3.0 < LM, < 6.5. Further details are given in
Table I of Ref. [15]. The ensembles lie along three trajectories in the quark mass plane:
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Figure 2: Parameter landscape of the analysed ensembles (listed in Table I of Ref. [15]). The ensembles are
grouped according to the three quark mass trajectories (see the text): (left) the symmetric line (m, = my),
(middle) the tr M = const. line and (right) the mg = const. line.

* the symmetric line: the light and strange quark masses are degenerate (m, = my) and SU(3)
flavour symmetry is exact.

e The tr M = const. line: starting at the my = my flavour symmetric point, the trajectory
approaches the physical point holding the trace of the quark mass matrix (2m, + mg, i.e., the
flavour averaged quark mass) constant such that 2M,2< + M2 is close to its physical value.

e The my = const. line: the renormalized strange quark mass is kept near to its physical
value [16].

The latter two trajectories intersect close to the physical point, whereas the symmetric line ap-
proaches the SU(3) chiral limit. The excellent coverage of the quark mass plane enables the
interpolation/extrapolation of the results for the charges to the physical point to be tightly con-
strained. In addition, considering the wide range of lattice spacings and spatial volumes and the
high statistics available for most ensembles, all sources of systematic uncertainty associated with
simulating at unphysical quark mass, finite lattice spacing and finite volume can be investigated.

4. Correlation functions

The baryon octet charges are extracted from two- and three-point correlation functions of the

form
Ch (1) = PP Y (Bo(X,1) Bp(0,0)), ©
CE.(1,7) = P Y (Ba(X',1)0,(y,7) B (0,0)). 7
Xy
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Spin-1/2 baryon states are created (annihilated) using suitable interpolators 8B (8): for the nucleon,
T and E, we employ interpolators corresponding to the proton, * and Z°, respectively,

N, = eijku‘;, (ujTCy5dk) , Xg = e‘jku‘;x (s-fTCysuk) , By = Eijksia (szCy5uk) , (8

with spin index @, colour indices i, j, k and C being the charge conjugation matrix.

We ensure positive parity via the projection operator £, = %(]1 + ¥4). For the three-point
functions, P = P, for J = V[D], S and P =iy;ysP; for J = A[D], T[D]. The latter corresponds
to taking the difference of the polarizations (in the i direction). The interpolators are constructed
from spatially extended quark fields in order to increase the overlap with the ground state of interest
and minimize contributions to the correlation functions from excited states. Wuppertal smearing is
employed [17], together with APE-smeared [18] gauge transporters.

Performing the Wick contractions for the two- and three-point correlation functions leads to
the connected quark-line diagrams. Note that there are no disconnected quark-line diagrams for
the three-point functions as these cancel when forming the isovector flavour combination of the
current. The two-point functions are constructed in the standard way using point-to-all propagators.
For the three-point functions either a stochastic approach (described in section III C of Ref. [15])
or the sequential source method [19] (on some ensembles in combination with the coherent sink
technique [20]) is employed. The stochastic approach provides a computationally cost efficient way
of evaluating the three-point functions for the whole of the baryon octet, however, additional noise
is introduced. The relevant measurements for the nucleon (which has the worst signal-to-noise ratio
of the octet) have already been performed with the sequential source method and we use these data
in our analysis and the stochastic approach for the correlation functions of the £ and the = baryons.
Note that along the symmetric line (m, = m;) the hyperon three-point functions can be obtained
as linear combinations of the contractions carried out for the currents @l ju and dT";d within the
proton. Therefore, no stochastic three-point functions are generated in these cases.

We typically realize four source-sink separations with 7/fm ~ {0.7,0.8, 1.0, 1.2} in order to
investigate excited state contamination and reliably extract the ground state baryon octet charges.
Details of our fitting analysis are presented in the next section. Multiple measurements are performed
per configuration, in particular for the larger source-sink separations to improve the signal, see Table I
of Ref. [15].

5. Fitting and excited state analysis

The spectral decompositions of the two- and three-point correlation functions read

_pB
CE ()= |ZBPeEnt )
n
% _EpB(s_ B
CE (6, 7:051p)) = D ZEZ] (0|0 p)lmyeEn 177 FmT, (10)
n,m

where EZ is the energy of state |n) (n = 0, 1,...), created when applying the baryon interpolator

B to the vacuum state |Q) and ZZ is the associated overlap factor Z8 o« (n|B|Q). The ground
B, latt

state matrix elements of interest (0|0, p]|0) = 8(p|

can be obtained in the limit of large time
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separations from the ratio of the three-point and two-point functions

Cﬁ)t(t’ 75 OJ[D]) t,T—00 B, latt
CB (t) - gJ[D]'
2pt

RJB[D](z, 7) = (11)
However, the signal-to-noise ratio of the correlation functions deteriorates exponentially with the
time separation and with current techniques it is not possible to achieve a reasonable signal for
separations that are large enough to ensure ground state dominance. At moderate f and 7, one
observes significant excited state contributions to the ratio.

In Ref. [15] we extract the charges by fitting to the ratio of correlation functions using a fit form
which takes into account contributions from up to two excited states,

RE(t,7) = b + b (e—AE1 (t-7) 4 e—AErr) + bl e MBI

T G R e P T (12)

where AE, = EB - Eég denotes the energy gap between the ground state and the n’" excited state
of baryon B and we have not included transitions between the first and the second excited state.
The amplitude b({ = gf Aatt gives the charge, while blj’3 and bi 4 are related to the ground state to
excited state and excited state to excited state transition matrix elements, respectively. In practice,
even when simultaneously fitting to all available source-sink separations, it is difficult to determine

the energy gaps (and amplitudes) for a particular channel J. Similar to the strategy pursued in
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Figure 3: Unrenormalized ratios R?(t, 7),J € {A,S,T,V} (defined in Eq. (11)) for the cascade baryon on
ensemble N302 (M, = 348 MeV and a = 0.049 fm), where ¢ ~ {0.7,0.8, 1.0, 1.2} fm. The grey horizontal
lines and bands show the results for the ground state matrix elements (0|l yu — dT";d|0) = g?’la“, obtained
from a simultaneous fit to the ratios for all channels and source-sink separations using parametrization 7 (see
Eq. (12) and Table II of Ref. [15]). The data points with 7 € [, — §t], where 6f = 2a, are included in the
fit (the faded data points are omitted), which is the maximum fit range possible for our action. The coloured

curves show the expectation from the fit for each source-sink separation.
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Ref. [21], we simultaneously fit to all four channels J € {V, A, S, T} for a given baryon. In order
to extract the second Mellin moments we also include the channels with J € {VD,AD,TD} in
the simultaneous fits. As the same energy gaps are present, the overall number of fit parameters
is reduced and the fits are further constrained. A typical fit to the ratios for the cascade baryon is
shown in Fig. 3.

To ensure that the excited state contributions are sufficiently under control, we carry out a
variety of different fits, were we vary the data sets included in the fit, the parametrization (including
either one or two excited states) and the fit range. For further details we refer to Sec. III. D of
Ref. [15].

6. Chiral and continuum extrapolation of the baryon charges

The renormalized' charges gf determined at unphysical quark masses and finite lattice spacing
and spatial volume are extrapolated to the physical point in the continuum and infinite volume limits.
We employ a similar strategy to the one outlined in Ref. [22] and choose continuum fit functions of
the form

e—LM,r

VLM,

to parameterize the quark mass and finite volume dependence, where L is the spatial lattice extent

g?(M,T,MK,L,a =0) =co+c,,M,2r+cKM12(+cVM,2, (13)

and the coefficients cx, X € {0, m, K, V} are understood to depend on the baryon B and the current J.
The leading order coefficients c( give the charges in the SU(3) chiral limit, which can be expressed
in terms of two LECs, e.g., F' and D, for the axial charges. Lattice spacing effects also need to be
taken into account and we add both mass independent and mass dependent terms to the continuum
fit ansatz to give

—2
gf(M,,, Mg, L,a) = gf(M,r,MK, L,0)+cq a2+ oM a2+ 6coM? a2, (14)

—2
where M = (2/\/(%< + M2)/3 and SM? = M%{ — MZ2. The meson masses are rescaled with
the Wilson flow scale 79 [23], M,k = V8toM, k to form dimensionless combinations and we
translate between different lattice spacings using ¢, the value of 7y along the symmetric line where

121‘8M,2, = 1.110 [24], i.e., & = a/ \/% . For more details on the scaling parameters used in the
analysis, see Sec. III. F of Ref. [15]. The systematic uncertainty in the determination of the charges
at the physical point is investigated by varying the fit model and by employing different cuts on the
ensembles that enter the fits. Our final results are obtained by carrying out the averaging procedure
described in Appendix B of Ref. [22] which gives an average and error that incorporates both the
statistical and systematic uncertainties. Fig. 4 illustrates the simultaneous quark mass, continuum
and finite volume extrapolations of the isovector nucleon tensor charge gITV and the axial charge of
the cascade baryon g3.

B, latt
J
perturbative renormalization and improvement see Ref. [15], in particular Sec. III D, where we also investigate the

IThe isovector lattice charges, g need to be matched to the continuum MS scheme. For details on the non-

systematic uncertainties associated with the different determinations of the renormalization factors.
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Figure 4: Simultaneous quark mass, continuum and finite volume extrapolations of g’TV (left) and gi (right),
extracted on ensembles with M, < 400MeV. (Top) Pion mass dependence where the data points are
corrected, using the fit, for finite volume and discretization effects and shifted (depending on the ensemble)
to kaon masses corresponding to the tr M = const. and mg = const. trajectories. The fit is shown as a grey
band with the three trajectories distinguished by blue (tr M = const., circles), green (mg = const., diamonds)
and orange (m; = my, triangles) lines, respectively. The vertical dashed line indicates the physical point.
(Middle) Lattice spacing dependence at the physical point in the infinite volume limit. (Bottom) Finite
volume dependence at the physical point in the continuum limit. The dashed blue line (band) indicates the
infinite volume result.

7. Results of the octet baryon charges

Our final results for the axial, scalar and tensor charges [15] read

28 30 ) 13
gh = 1.28413)), g5 = 0.8753), g5 = —0.267()3), (15)
g =11, g5 =3.98(3,), g5 =257, (16)
19 15 B 59
g =0.984(,), gy =0.798,)), g7 = —0.1872})). (17

The result for the nucleon axial charge compares favourably with the experimental value gg / gy =
1.2754(13) [25] and the FLAG 21 [26] average for Ny = 2 + 1, gg = 1.248(23) [21, 27]. A
compilation of results for gﬁ’ is displayed in Fig. 5, which also shows lattice and phenomenological
determinations of the hyperon axial charges. Within errors, the lattice results for the hyperons are
consistent apart from the rather low value for g§ from ETMC [28] and the rather high value for
gi from QCDSF-UKQCD-CSSM [29]. The phenomenological estimates for gf‘ are in reasonable
agreement with our value, while there is a large spread in the expectations for g7. For the
nucleon scalar and tensor charges (at u = 2 GeV) both result agree with the FLAG 21 [26] values
gy = 1.13(14) [21], g¥ = 0.965(61) [21] for Ny = 2+ 1 and other recent lattice studies, see
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Figure 5: Right: Compilation of recent lattice determinations of the nucleon axial charge gg . The vertical
black line gives the experimental result [25]. Left: Comparison of our results for the axial charges gi and
g (blue symbols and error bands) with other lattice determinations and phenomenological estimates.
Values with filled symbols were obtained via a chiral, continuum and finite volume extrapolation. All results
are converted to our phase and normalization conventions. In comparison to Fig. 25 of Ref. [15], this figure
includes additional data points from PACS (2023) [30], Mainz (2024) [31] and ETMC (2023) [32]. For the
other corresponding references, see Ref. [15].

Fig. 6. There is only one previous lattice determination of the hyperon scalar and tensor couplings
by QCDSF-UKQCD-CSSM [29].

Our results on the scalar charges, in particular, g?, enable us to determine the quark mass
splitting 6,, = m,, — mg. The vector Ward identity relates ¢,, to the QCD contributions to baryon
mass splittings within an isomultiplet. In particular, to leading order in ¢,,/Aqcp and aqggp. the
QCD _
p)

difference between the X* and X~ baryon masses is a pure QCD effect and one finds Am
(ms+ —my-)/2 = —4.04(4) MeV. The Lorentz decomposition of the on-shell QCD matrix element
for the isovector vector current between baryons B’ = B2*! and B = B? (that differ by Al; = 1 in
their isospin) gives (see Eq. (1))

i0"(B'(p")|dy,u|B(p)) = g5 Bio*ip (p")yuun(p) = g5 EAMSP[1 + O(6m/Agep)],  (18)

where the leading correction is due to go = p, — po = AmgCD = |q|. Combining this with the vector
Ward identity ié?“ciy,uu = (my — mg)du one finds

¢B
O =My —Mg = —ZAm%CD, (19)
S
which we refer to as the CVC relation. Using our physical point, continuum and infinite volume
limit result § = 3.98&2&, assuming g‘z, = 2 and applying Eq. (19) for the X baryon, we obtain in
the Ny = 3 MS scheme at u = 2 GeV

Sm = my —mg = =2.03(}3) MeV. (20)
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Figure 6: As in Fig. 5 for the nucleon scalar ggf (left) and tensor g’T" (right) charges. Gonzdlez-Alonso et al.
estimate the scalar charge via the conserved vector current (CVC) relation [33]. For the nucleon tensor charges
recent phenomenological estimates are also displayed for comparison. The filled ETM (2022) [34] point is
obtained from a continuum limit extrapolation of results determined on three physical point ensembles with
large spatial volumes. In comparison to Figs. 28 and 29 of Ref. [15], this figure includes additional data from
Mainz (2024) [31], Gao et al. [35] and JAM (2023) [36].

For more details and a comparison of our value with results from the literature see Sec. V. C in
Ref. [15], while in Sec. V. D therein we detail our results for the QCD contributions to the isospin

mass splittings AmgCD.

8. Summary and outlook

In Ref. [15] we determined the axial, scalar and tensor isovector charges of the nucleon, sigma
and cascade baryons using Ny = 2 + 1 lattice QCD simulations. Simultaneous extrapolations to
the physical point in the continuum and infinite volume limit are performed. Systematic errors
are assessed by imposing cuts on the pion mass, the lattice spacing and the volume as well as
using different sets of renormalization factors. In the near future, we will update this analysis to
include more ensembles and significantly increase the number of measurements on the available
set of ensembles. Furthermore, we will extend the analysis to include the isovector average quark
momentum fraction (x)¥
(x)?u_ s moments for the octet baryons. Preliminary results for the nucleon second moments are
shown in Fig. 7. This work is a first step towards determining hyperon decay form factors which

as well as the second isovector helicity (x)fu_ ag and transversity

are relevant for the study of CP violation [55], while a complementary study of the baryon octet
o terms on the same data set as used here is already ongoing [56].
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Figure 7: Asin Fig. 5. Left: Isovector average quark momentum fraction (x)f:’_ g With Ny =2+1[21, 37—
42] and Ny = 2+ 1+ 1 [34, 43-46] dynamical fermions. Recent phenomenological estimates are also
displayed for comparison [47-53]. The filled ETM (2022) [34] point is obtained from a continuum limit
extrapolation of results determined on three physical point ensembles with large spatial volumes. Right:
Second isovector helicity moment (x)iVM_Ad with Ny =2+ 1[21,37,40-42] and Ny = 2+ 1+ 1 [43, 45, 46]
dynamical fermions. Recent phenomenological estimates are also displayed for comparison [11, 13, 54].
The Rodekamp et al. [42] points are obtained from a continuum limit extrapolation of results determined on
two physical point ensembles.
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