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We will discuss the singular structure of the QCD phase diagram, present in the vicinity of the
Roberge-Weiss and chiral phase transitions in QCD. We discuss two methods to extract complex
singularities from lattice QCD observables calculated at imaginary baryon chemical potential,
rational approximations and Fourier coefficients. We emphasize that the singularities in the
complex chemical potential plane can be interpreted in terms of Lee-Yang edge singularities with
known universal scaling behavior. Their universal scaling manifests as properties of the order
parameter scaling function 𝑓𝐺 . A particular parametrization of 𝑓𝐺 based on Schofield is frequently
used, is presented. We show that the parametrization also exhibits the universal position of the
Lee-Yang edge. We emphasize that scaling fits to the Lee-Yang edge can be used to determine the
(non-universal) location of phase transitions in QCD.
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Figure 1: Schematic representation of the (2+1)-flavor QCD phase diagram. Solid lines represent 2𝑛𝑑 order
phase transition lines and 1𝑠𝑡 order critical surfaces. Where 𝑂 (4) and 𝑍 (2) critical lines meat we have a
tri-critical point. Dashed lines indicate pseudo-critical lines (crossover).

1. Introduction

Clarifying our knowledge on the QCD phase diagram is one of the outstanding and most
pressing tasks in high energy physics. A detailed and quantitative understanding of the phase
diagram in the temperature (𝑇) and net baryon chemical potential (𝜇𝐵) plane is mandatory for
cosmology, astro-physics and heavy ion phenomenology. While large scale experimental efforts
are performed to investigate the phase diagram in heavy ion experiments (see e.g. [1] ), direct first
principle lattice QCD calculations are hindered by the infamous sign problem. We thus have to
rely on indirect methods, which are based on the calculation of Taylor expansion coefficients of
the partition function with respect to 𝜇𝐵 about zero (𝜇𝐵 = 0) [2] or imaginary (𝜇𝐵 = 𝑖𝜃𝐵) [3].
Analytic continuations and extrapolations based on those expansion coefficients suffer from large
statistical and systematical uncertainties [4]. Here we argue that the zeros of the partition function
𝑍 , i.e. poles of log 𝑍 , are stable observables that can be used to locate phase transition points in
QCD. Among these, the elusive QCD critical point is most important and its location is considered
a grand challenge in lattice QCD.

The method relies on the identification of the closest singularity with the Lee-Yang edge (LYE).
That such identification is sensible has been shown in the vicinity of the Roberge-Weiss transition
in lattice QCD [5], as well as in the Ising model [6, 7]. In both cases known results are reproduced
successfully and expected LYE scaling was observed. In detail, we trace the first singularity in the
complex 𝜇𝐵 plane for a number of temperatures. We fit the positions to a universal scaling ansatz
that can be used to extrapolate the LYE to the real domain, where it corresponds to a physical phase
transition.

The application of the universal scaling ansatz depends on the mapping of the QCD parameters
𝑇, 𝜇𝐵, 𝑚𝑙 and 𝑚𝑠 to the universal scaling fields of the universal model, denoted as reduced temper-
atures 𝑡 and reduced symmetry breaking filed ℎ. In the following, we consider a situation with two
degenerate light quarks and one heavier strange quark with masses 𝑚𝑙 and 𝑚𝑠, respectively. Our
current understanding of the (2+1)-flavor QCD phase diagram, where the strange quark mass 𝑚𝑠

is kept fixed to its physical value, is summarized in Fig. 1. We see that we expect a second order
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phase transition in the chiral limit (𝑚𝑙 → 0) of QCD. It is commonly assumed that this transition
is in the 𝑂 (4) symmetry class [8]. This transition extents towards 𝜇𝐵 > 0 until it turns into a first
order transition at a tri-critical point [9]. Starting from the tri-critical point we also expect a line
of 𝑍 (2) second order phase transitions extending towards 𝑚𝑙 > 0. At physical quark masses this
transition corresponds to the famous QCD critical point.

Not shown in Fig. 1 is the Roberge-Weiss (RW) transition [10], which is located at imaginary
chemical potential 𝜇𝐵 = 𝑖𝜋𝑇 and temperatures larger than the pseudo-critical temperature 𝑇 > 𝑇𝑝𝑐

[11, 12]. This phase transition is a remnant of the center symmetry of the gauge group and also
belongs to the 𝑍 (2) universality class. In the following, we consider three critical points in the
QCD phase diagram where we map the QCD parameters to the universal scaling fields 𝑡, ℎ, the RW
transition, the chiral transition and the QCD critical point. At each of these points the symmetry
breaking field is different and thus the mapping to QCD. We have [5, 13]

RW transition:

𝑡 = 𝑡0

(
𝑇 − 𝑇𝑅𝑊

𝑇𝑅𝑊

)
,

ℎ = ℎ0

(
𝜇̂𝐵 − 𝑖𝜋

𝑖𝜋

)
,

chiral transition:

𝑡 = 𝑡0

(
𝑇 − 𝑇𝑐

𝑇𝑐
+ 𝜅2

𝐵 𝜇̂
2
𝐵

)
,

ℎ = ℎ0

(
𝑚𝑙

𝑚𝑠

)
,

QCD critical point:

𝑡 = 𝛼𝑡 (𝑇 − 𝑇𝑐𝑒𝑝) + 𝛽𝑡 (𝜇𝐵 − 𝜇𝑐𝑒𝑝) ,

ℎ = 𝛼ℎ (𝑇 − 𝑇𝑐𝑒𝑝) + 𝛽ℎ (𝜇𝐵 − 𝜇𝑐𝑒𝑝) .

Here we define 𝜇̂𝐵 = 𝜇𝐵/𝑇 and 𝑡0, ℎ0 are non-universal normalization constants. Note that for the
first two cases we have a good understanding of the symmetry breaking fields. In particular, for the
chiral transition it is well known that the light quark mass 𝑚𝑙 drives the symmetry breaking and that
the chemical potential couples to the temperature like scaling field 𝑡 with a coupling that is known
to quite some precision [14, 15]. In the last case we assume the most general mapping [16], which
is a linear mixing ansatz, which holds true in the immediate vicinity of the QCD critical point.

2. Lee-Yang zeros and edge singularity

Universal critical behavior is usually analyzed in terms of the (magnetic) equation of state. The
singular part of the free energy is a generalized homogenous function of the scaling variables 𝑡, ℎ.
This leads to the fact that we can express the scaling function of the order parameter 𝑀 = 𝜕 ln 𝑍/𝜕ℎ
as function of a single scaling variable 𝑧 = 𝑡/ℎ1/𝛽𝛿 , where the critical exponents 𝛽, 𝛿, determine
the universality class. We have the relation

𝑀 = ℎ1/𝛿 𝑓𝐺 (𝑧) , (1)

where 𝑓𝐺 (𝑧) is the scaling function of the order parameter. An alternative approach to the universal
behavior is provided by the zeros of the partition function in a finite volume 𝑉 . In particular, the
way how the zeros scale with the volume and under which angle they approach the real domain
[17], gives information on the universality class and the location of the critical point. In Fig. 2
we indicate the schematic behavior of the Lee-Yang zeros. On the right, the situation in a finite
volume is shown at a reduced temperature 𝑡 > 0. The Lee-Yang theorem [18] predicts that all
the zeros are located along the imaginary ℎ = ±𝑖ℎ′′ axis. In the infinite volume limit, the zeros
condense and form a branch cut (middle). The branch cut singularity is called the Lee-Yang edge

3
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 finite,  V T > Tc ,  V → ∞ T > Tc

−hYL(T ) h′ 

h′ ′ 

hYL(Tc) = 0

,  V → ∞ T → Tc

Figure 2: Schematic representation representation of Lee-Yang zeros in the complex ℎ = ℎ′ + 𝑖ℎ′′ plane
(left). The zeros accumulate to form a Lee-Yang cut if the thermodynamic limit (𝑉 → ∞) is taken (middle).
The onset of the cut is the Lee-Yang edge (LYE) singularity. The LYE pinches the real ℎ = ℎ′ axis for
𝑇 → 𝑇𝑐 .

Figure 3: Schematic representation representation of the LYE scaling with temperature in the complex
chemical potential plane.

(LYE). If the temperature is reduced to reach the critical point, the two branch cuts pinch the real
domain (right). It is interesting to note that the Lee-Yang edge has a universal position in terms
of the scaling variable 𝑧, we have 𝑧𝐿𝑌 = |𝑧𝐿𝑌 |𝑒𝑖 𝜋/(2𝛽𝛿) . The phase is a trivial consequence of the
Lee-Yang theorem, the modulus 𝑧𝐿𝑌 has only been determined recently [19–22]. The fact that the
LYE has a universal position 𝑧 = 𝑧𝐿𝑌 , together with the above ansatz for the scaling variables 𝑡, ℎ,
is sufficient to picture the temperature scaling of the LYE in the complex chemical potential plane.
A systematic illustration if given in Fig. 3 We expect that the LYE at 𝑇 = 𝑇𝑅𝑊 is located right
at the RW transition (𝜇̂𝐿𝑌 = 𝑖𝜋). For lower temperatures it becomes complex, fist along the RW
scaling line until it follows the chiral scaling line (𝑇 ∼ 𝑇𝑝𝑐). Finally it approaches the real axis for
𝑇 = 𝑇𝑐𝑒𝑝. Note that the CEP scaling line is not very well determined as normalization constants
𝛼𝑡 , 𝛼ℎ, 𝛽𝑡 , 𝛽ℎ are unknown. The same is true for the critical temperature and chemical potential
𝑇𝑐𝑒𝑝 and 𝜇𝑐𝑒𝑝, even though first results have been obtained on cores lattices [23].
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Figure 4: Lee-Yang cut in the scaling function 𝑓𝐺 (𝑧). Shown is the absolute value | 𝑓𝐺 (𝑧) | in the Schofield
parametrization for different arguments of the complex scaling variable 𝑧 as function of its modulus |𝑧 |. The
figure is taken from Ref. [22]

The universal location of the LEY should also be encoded in the scaling function 𝑓𝐺 (𝑧). The
Schofield parametrization of the scaling function takes advantage of the asymptotic correct form
for 𝑧 → −∞ and the conventional normalization, i.e. 𝑓𝐺 (0) = 1 and 𝑓𝐺 (𝑧)/(−𝑧)𝛽 = 1 for 𝑧 → −∞
[24]. It introduces two alternative scaling variables 𝑅, 𝜃 in the form

𝑡 = 𝑅(1 − 𝜃2) and ℎ = ℎ0𝑅
𝛽𝛿ℎ(𝜃) , (2)

where the function ℎ(𝜃) maps the entire complex 𝑧 plane onto a compact region in 𝜃. In particular,
we have 𝑧 → ∞ for 𝜃 → 0, 𝑧 = 0 for 𝜃 = 1 and 𝑧 → −∞ for 𝜃 → 𝜃0. The Lee-Yang edge
is located at the boundary of this region [22]. The entire non trivial information that defines the
parameterization is encoded in the expansion coefficients of the function ℎ(𝜃), which can be written
as

ℎ(𝜃) = 𝜃

(
1 + ℎ3𝜃

2 + ℎ5𝜃
4 + O(𝜃6)

)
. (3)

With these variables the scaling function is given as

𝑓𝐺 (𝑧) = 𝑓𝐺 (𝑧(𝜃)) = 𝜃

(
ℎ(𝜃)
ℎ(1)

)−1/𝛿
. (4)

The expansion coefficients ℎ3, ℎ5, . . . can be determined analytically, e.g. from 𝜖-expansion [25,
26], but they can also be determined from Monte Carlo simulations [27]. It is interesting to note
that the Lee-Yang cut imposes additional constraints on the expansion coefficients by the fact that
the singularity is located at arg(𝑧𝐿𝑌 ) = 𝜋/(2𝛽𝛿) and additional singularities in 𝑓 ′(𝑧(𝜃)) have to
line up along the cut [22]. In Fig. 4 we show the modulus of the scaling function | 𝑓𝐺 (𝑧) | along
lines of constant arg(𝑧). The cut is seen at arg(𝑧) = 𝜋/2𝛽𝛿 as expected. We find the location of
the singularity at |𝑧𝐿𝑌 | = 2.429(56) [22], which is in good agreement with the determination by
means of the Functional Renormalization Group (FRG) [20, 21]. Note that the true edge exponent
𝜎, i.e. the behavior Δ𝑀 ∼ (ℎ− ℎ𝐿𝑌 (𝑇))𝜎 , is only restored in the limit of infinitely many expansion
coefficients ℎ 𝑗 .
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Figure 5: First (𝜒𝐵
1 ) and second (𝜒𝐵

2 ) cumulant of net baryon number as function of imaginary chemical
potential for different temperatures. Data is obtained on 363 × 6 lattices [23]

3. Lattice setup and results

We perform lattice QCD calculations with (2+1)-flavor of highly improved staggered quarks
(HISQ), using the SIMULATeQCD code [28]. Calculations at 𝜇̂𝐵 > 0 are unfeasible due to the
infamous sign problem, we therefore perform a number of simulations at 𝜇̂𝐵 = 𝑖𝜃𝐵, with 𝜃𝐵 ∈ [0, 𝜋].
The observables we measure are the cumulants of the net baryon number, defined as

𝜒𝐵
𝑛 (𝑇,𝑉, 𝜇𝐵) =

(
𝜕

𝜕𝜇̂𝐵

)𝑛 ln 𝑍 (𝑇,𝑉, 𝜇𝐵

𝑉𝑇3 ) . (5)

Results from calculations on 363 × 6 lattices on 𝜒𝐵
1 and 𝜒𝐵

2 are shown in Fig. 5. The challenge now
is to extract the Lee-Yang edge from this data. Since the data is periodic in 𝜃𝐵 with period 2𝜋, it
seems reasonable to analyze the data in terms of Fourier coefficients. As furthermore 𝜒𝐵

1 is an odd
function of 𝜃𝐵, it is natural to express 𝜒𝐵

1 by a Fourier sine form, defined by

𝜒𝐵
1 =

∞∑︁
𝑘=1

𝑏𝑘 (𝑇) sin(𝑘𝜃𝐵), with 𝑏𝑘 (𝑇) =
2
𝜋

∫ 𝜋

0
𝜒𝐵

1 (𝑇, 𝜃𝐵) sin(𝑘𝜃𝐵) d𝜃𝐵 . (6)

The set of available Fourier coefficients {𝑏𝑘 (𝑇)} carry information on the baryon-baryon interaction,
as the above Fourier expansion can be understood as a fugacity expansion [29]. In that spirit, 𝑏1(𝑇) is
just given by the partial pressure of the non-interacting baryon number |𝐵| = 1 sector of the hadron
resonance gas. The coefficient 𝑏2(𝑇) parametrizes the leading order baryon-baryon interaction
(|𝐵| = 2). In their asymptotic behavior for 𝑘 → ∞, the information on the critical point is encoded
[30, 31]. Deforming the integral in Eq. (6) into the complex plane, such that we integrate along the
Lee-Yang cut, we can show that the Fourier coefficients behave as [31]

𝑏𝑘 = | 𝐴̃𝐿𝑌 |
exp{−𝜇̂𝑅

𝐿𝑌
𝑘}

𝑘1+𝜎 cos( 𝜇̂𝐼
𝐿𝑌 𝑘 + 𝜙𝐿𝑌 ) + | 𝐴̃𝑅𝑊 | (−1)𝑘

exp{−𝜇̂𝑅
𝑅𝑊

𝑘}
𝑘1+𝜎 , (7)

where 𝜇̂𝐿𝑌 is the location of the LYE, associated with the chiral or CEP transition. Superscripts 𝑅, 𝐼
refer to real and imaginary parts respectively. 𝜙𝐿𝑌 refers to a nontrivial phase from the amplitude
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Figure 6: Scaling fits for the LYE singularities related to the CEP. Green data come from a [4,4] Pad´e from
Ref. [32]. Blue data come from the multi-point Padé from Ref. [23]. Top: Scaling of the real part. Bottom:
Scaling of the imaginary part. The ellipses shown in the top panel represent the 68% confidence region
deduced from the covariance matrix of the fit. The orange box indicates the AIC weighted estimate [23].

𝐴𝐿𝑌 . The last term explicitly lists the contribution from the RW transition which is located at
𝜇𝐼
𝑅𝑊

= 𝜋, which turns the cos(𝜇𝐼
𝑅𝑊

𝑘) into an alternating sign (−1)𝑘 . This form can be used
to predict the location of the LYE in the quark meson model [31]. Calculations in QCD are still
work in progress as we require very precise numerical data to obtain conclusive results. In order to
exploit not only the 𝜒𝐵

1 results in the numeric Fourier transform, but also the 𝜒𝐵
2 results, one can

first perform a Hermité interpolation of the data, followed by an analytic evaluation of the Fourier
integral. This is the strategy of a Filon-type quadrature on oszillatory integrals.

A further method to extract the LYE is based on a rational interpolation of the data, which can
be obtained by multi-point Padé resummation. Unlike the standard Padé, the multi-point Padé is
not very well known in literature but was exploit to extract Lee-Yang zeros in the vicinity of the RW
transition [5] and in the Ising model [6, 7]. In these cases it was shown the the closest Lee-Yang zero
indeed scales in accordance with the expected scaling of the LYE. The identification of the closest
Lee-Yang zero with the LYE is thus justified. Some finite size effects, could however remain as it
was pointed out recently [33]. In Fig. 6 we show the results on the LYE extracted by the multi-point
Padé resummation in the vicinity of the CEP. The imaginary part of the the LYE position in the
complex chemical potential plane is fitted with a power law, i.e. 𝜇𝐼

𝐿𝑌
∼ (𝑇 − 𝑇𝑐𝑒𝑝)𝛽𝛿 , which is

the leading order one obtains from the ansatz for the scaling variables 𝑡, ℎ in the vicinity of the
CEP together with the fact that the LYE has a constant location in the scaling variable 𝑧 = 𝑡/ℎ𝛽𝛿 .
The real part is fitted with a second order polynomial ansatz. The results obtained yield a critical
point at (𝑇𝑐𝑒𝑝, 𝜇𝑐𝑒𝑝) = (105+8

−18, 422+80
−35) MeV [23]. Also shown are the results from the [4,4]-Pade

resummation of the HotQCD Taylor expansion coefficients from 323 × 8 lattices [32], which yields
a compatible but slightly higher result for 𝜇𝑐𝑒𝑝 = 560(140) MeV, see also Ref. [34]. This is a hint
on the size of the cutoff effects. However, many systematic effects need to be discussed in more
detail in future, including lattice spacing and finite volume effects in the original data, as well as
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systematics of the analysis as the dependence on the order of the Padé resummation.
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