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The European Physical Society Conference on High Energy Physics (EPS-HEP2023)
21-25 August 2023

Hamburg, Germany

*Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). https://pos.sissa.it/


mailto:piotr.kotko@fis.agh.edu.pl
mailto:kakkad@agh.edu.pl
https://pos.sissa.it/

Quantum correction to a new Wilson line-based action for Gluodynamics Piotr Kotko

1. Introduction

While most of the recent research on scattering amplitudes focuses on on-shell methods,
abandoning the space-time picture altogether in favor of the entirely geometric description [1], the
present contribution focuses on a new method of computing scattering amplitudes in Yang-Mills
theory in a more traditional way — in terms of off-shell degrees of freedom following from a
Lagrangian. Instead of the Yang-Mills fields A%, however, it proves essential to perform a field
transformation, such that the new fields will take care of the bulk of diagrams. Such a program
was first realized by Mansfield [2], who applied a canonical field transformation to the transverse
components of the gauge fields A® = (A! +iA?)/V2, A* = (A' — iA?)/V2 (the two remaining
light-cone components were eliminated by the gauge choice A* = 0 and equations of motion) to
obtain an action implementing the MHV rules of [3]. This action, the so-called "MHV action"
reads

Swuv |B*, B*] :/dx+ (—/d3xTr1§'|:11§*+£__++---+£__+...++... , (1)

where x* is the light-cone time and x = (x~, x*, x*). We use the double-null’ coordinates defined
asvi=v-p v =v-g v =v-et v =v.e] withn=(1,0,0,-1) /N2, 77 = (1,0,0,1) /V2,
and et = % (0,1, «i,0). For the fields, we use B = B,t% where t“ are the color generators

satisfying [t“, tb ] = iV2f*b¢1¢. Owing to this normalization, our coupling constant is re-scaled as
g — g/V2. Above, £__,..., represents the n-point MHV vertex with the following explicit form
in the momentum space

Loy = / dp1 ... dPppd> (pr+---+pp) V2P (pr, ... pn)
EZI (x*;p1) EZZ (x*;p2) E;} (x*sp3) .. .E,;n (x*spn) . ()

where p; = (p?, p?, p) and

_ _\n-2 +12 T4
Fon (o py = S8 (’i) ] Tr (zbl ...zbn) )

(n=2)!'\p3 V1n":(n—1)"(n—1)(n—2)"'7;1

The symbols '\7;';. and v;; are defined as
pS p: _ Py p*
Tf.“.:pj" _]__’, vii = pf L _ il 4)
1¥) i p; p:. 1¥) i p}_ p:_

When p;, p; are on-shell 7}'} and v;; are proportional to commonly used spinor products (ij), [i/].

2. The new Wilson line-based action

In [4], we derived a new action that goes beyond the MHV action Eq. (1) and provides even
more efficient computation of the pure gluonic amplitudes. The new action is derived via a canonical
transformation of the light-cone Yang-Mills action, but unlike the transformation leading to MHV
action, this transformation maps the kinetic term and both the triple gluon vertices (++—), (+ — —)
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Figure 1: The red line represents Z* as a straight infinite Wilson line of B* lying on the £ * — n* plane.
The dashed line represents the variation of the slope @ in Eq. (6). The blue line represents B* as a straight
infinite Wilson line of A® and A* fields on the 81'“ — n* plane [6]. This figure was taken from [4].

of the Yang-Mills action to solely the kinetic term in the new action. However, as demonstrated in
[4], the same new action could also be derived by canonically transforming the MHV action Eq. (1)
via the following

/ &xTrB* (x";x) oB* (x*;x) + L__+[B*,B*] — / dyTe2° (x*3y) oZ* (x*y) )

It maps the kinetic term and the (+ — —) triple gluon vertex in the MHV action to the kinetic term

} ; (6)

] B (x";y). (7

in the new action. The solution of the above transformation read

(o8] 1 o0 R
ZX[B*](x) = / da Tr {%t“é}_ P exp [ig/ dsey - B (x+s&y)

—00 o0

where £,/ = & " — an*, and

Z;[B.,B*](x) — /d3y [33()/) 6Z;[B*](]C+;X)

02(x)  OBZ(x*:y)

Eq. (6) expresses Z* field as a straight infinite Wilson line of the negative helicity field B* in MHV
action lying on the £ * — n# plane along &," where a is the slope parameter which gets integrated
over. Eq. (7) expresses Z° field via a similar Wilson line where one of the B* field has been
replaced by a B® field somewhere on the line. Interestingly, the fields in the MHV action {B°®, B*}
themselves have a Wilson line type structure in terms of the fields {A®, A*} in the Yang-Mills action
lying on the perpendicular plane £7* — # [5, 6]. Thus, in terms of gauge fields, {Z°®, Z*} fields
have a geometric structure of intersecting Wilson lines as shown in Figure 1.
Inverting Eq. (6)-(7), in momentum space we get

By (x*; P)—Z / &, T Rpr ) [ | ZE6e) . ®)
i=1

By (x";P) = Z/d3p1 Epa Qe Py (pa. e Z5, i) [ ] Z5 ().
i=2
©)
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T albi- L V(1eem)1 83(Pr 4+ Pn —P) Tr(t%Pr - - tbn
T By, ) = (g St (P B m ) )

, (10)

VI(1--n) V21V32 Va(n-1)

— +

2
P\ =,
Qabiib b”}(P;pl,{pz,.-.,pn})=n( L ) P abrba(Pipy, L p). (11)

1-n

Substituting Egs. (8)-(9) to the MHV action Eq. (1) we get the new action (which we dub as the
"Z-field action" here onwards)

S [Z.’ Z*] = / dx+{£_+ +L + L e+ Lt

+L g+ Lt Lt

+ L . w+r Lo et Lo +++++---}> (12)

where

N N’

m n-m

m n—-m
Ly = /d3p1 APy U (Drh - pa) l_[Z;(xﬂpi) l—[ Z, (x":pj)
i=1 j=1

13)
represents a generic n-point interaction vertex with m minus helicity legs. Above we have introduced

UPPn (py, . pn) = Z Tr(tb'...tb")ﬂ(l_,...,m_,(m+1)+,...,n+), (14)

noncyclic
permutations
with
m-2 m—1 m
UQL,....m ,(m+)*, ... ,n") = Z Z
p=0 g=p+1 r=g+1
Yy ([p+1,....q)  [g+1,....r] 7, [r+1, ... m+1]Y, (m+2)*, ..., (n=D)*, [n, 1,..., p]")
Q17 p )P ((p+D)7,...g )P ((g+1) ..., ) ) Q((r+1) 7, ...,m™, (m+1)*Y)
(15)
where Vypy (17,27,3%...,n"), @(1‘, ...,n"),and Q (1*,27,...,n") are the the color-ordered

MHYV vertex Eq. (3), and the kernels in Egs. (10)-(11) respectively. Above, [i,...,j] = p;+---+p;.
We validated the above expression by computing amplitudes up to 8 points and found agreement
with standard results [7]. The maximum number of diagrams for 8-point NNMHYV amplitude was
13, which is way less than what one gets in the MHV action.

3. Quantum Corrections

The Z-field action is incomplete when it comes to computing loop amplitudes; the amplitudes
where all the gluons have either the same helicities i.e. (+---+), (—---—) or one of them has a
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different helicity i.e. (—+---+), (+ —---—) are zero in our action Eq. (12). These amplitudes
indeed vanish at the tree level but are non-zero at one loop [8, 9]. This fact has been attributed to
quantum anomalies in the self-dual (anti-self dual) sector of the Yang-Mills theory [10-12].

In order to control the quantum corrections at one loop level, we construct the one-loop effective
action in such a way that the self-dual and anti-self dual sectors are incorporated explicitly. This can
be done in two ways. The most straightforward way is to derive the one-loop effective action for the
Yang-Mills theory first and then apply the field redefinitions. The drawback of that approach is that
the vertices of the Z-field theory are not explicit in the loop. Second approach is to transform the
Yang-Mills action, together with the linear, source dependent term, which after the transformation is
performed encodes the missing contributions. In what follows, we shall focus on the latter method.
We begin with the generating functional for the full Green’s function for the Yang-Mills action and
apply the canonical transformation that derives the Z-field action

Z[]] — /[dA] ei(SYM[A]+/d4xTrjj(x)Aj(x)) SN /[dZ] ei(S[Z]+/d4xTrf_,-(x)A-f[Z](x)) ) (16)

Above, J ; represents the external current coupled with the action, j = e,x, S[Z] is the Z-field
action, and A/ [Z] is the solution of the canonical transformation that derives it from the Yang-Mills
action [4]. Notice, we do not introduce new currents when turning the Yang-Mills action into the
Z-field action. This is crucial to keep the contributions from the self-dual and anti-self dual sector of
the Yang-Mills. Now, we expand the terms in the exponent around the classical field configuration
Zi ={Z2(x), ZX(x)} up to second order

S[z] + / d*x TeJ; () AT [Z] (x) = S[Z.] + / d*x TeJ; () AT [ Z:] (x)

Ak
+/d4xTr (Zi(x) —Zé.(x)) (?;[’ij +/d4y fk(y)%&])(y))+% /d4xd4y Tr (Zi(x) - Zé(x))

(S, [ 0 SRIZND
521(x)627 (y) 621 (x)6Z7 (y)

) (Zw-2w). an

Higher order terms are necessary for quantum corrections beyond one-loop, thus we drop them.
Performing the Gaussian functional integral we get

Z[J] ~ exp {iS [Zc [J]] +i / d*x TeJ; () AT [ Z:[J]] (x) — %TrlnM[J]} , (18)

where M[J] = MZfeld[ 7] 4+ M [ J], with

82S[Z.] 8%S[Z.]
7 field 52'1 52*]( 52-1 5Z'K
-11e
MEfeld[ 1] = : (19)
528[Zc] 528[Z.]
62*1572*K  §7*157°K
and
g, AL Ze] g SAT[Z] g SAM(Z] g SPAT[Z]
*xL 52-1 52*1( ol 52" 52*]( *L 52-[ 52-K ol 52'1 6Z'K
SIC _
M5 [J] = : (20)

7 52A*L[B,] J 52A°L[B.] J S*A*L([B.] J 5%A°L[B.]
«LszaTs 2k Tl sk IxL s zer tleLszarszw
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Above, we introduced the collective indices /,J, K ... which run over the color, position, etc.
Eq. (18) represents the generating functional for the Green’s function up to one loop. The loop
diagrams originate from the trace of the log term. The One-Loop Effective Action I'[ Z.] is obtained
via the Legendre transform of the generating functional for the connected Green’s function

r[z.]=W[J] - / d*x Ted;(x)AT[Z:[J]](x), where W[J]=-iln[Z[J]]. @21
Substituting Eq. (18) above, we get
[[Z.]=S[Z.]+ i%TrlnM[J[Zc]] . (22)

Notice, the sources in the matrix M[J] have been substituted as functional of the fields Zg This is
done by rewriting the classical equations of motion as follows (see [13] for the derivation)

5Sym[A] 0Sym[A]

- _J*L 9

=—J., 23
5A*L A=A[Z, ] 6A‘L L ( )

A=A[Z.]

where Syw is light-cone Yang-Mills action. The log term in Eq. (22) can be evaluated using
TrinM = Trln M., + Trln (M*. - M**M:jM..) . (24)

This relation follows from the determinant of block matrices with non-commuting blocks. Above,
M., = M,. are the diagonal blocks, M, M,, are respectively the bottom-left and top-right blocks
of the matrix M[J[Z.]].

Interestingly, the one-loop effective action Eq. (22) with the complicated log term can be
simplified to (modulo a field independent volume divergent factor) the following

i 62Sym[A] 6*Syml[A]
FlZel = S1Ze]+ 3 Trin | TS AK saKsA~T

52Sym[A] 2Sym[A [ 6%Sym[A] ™ 62Sym[A]
5A*I(5A‘K 5A*K§A*L 6A‘L(5A*M 6A'M6A‘J

(25)

A=A[Z.]

The above action can be directly obtained by starting with the one-loop effective action for the
Yang-Mills and then performing the transformations that derive the Z-field action (in fact, we used
this approach to successfully develop one-loop corrections to the MHV action Eq. (1) [14]). The
difference between Eq. (25) and Eq. (22) is in the log term. The former uses Yang-Mills vertices
in the loop and the solutions A/[Z] account for all the tree-level connections originating from both
(++ —) and (— — +) triple gluon vertices. On the other hand, in Eq. (25), the Z-field vertices are
explicit in the loop. Which method is ultimately more efficient is yet to be determined. Eq. (22)
has been used explicitly to compute all 4-point one-loop amplitudes: (++++), (————), (+++-),
(= —=—+), and (— —++) (see [13]). This also implies that there are no missing loop contributions in
Eq. (25) making both effective actions one-loop complete. An additional advantage of both actions
is that they require much less diagrams for computing higher multiplicity one-loop amplitude when
compared with the Yang-Mills action (see [13] for further details).
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