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This note summarises recent progress in the formulation of flavour mixing and oscillations
in pseudo-Hermitian quantum theories with non-Hermitian mass mixing matrices. Such non-
Hermitian quantum theories are made viable by the existence of a discrete anti-linear symmetry of
the Hamiltonian, which ensures that states have real energies. We describe oscillation and survival
probabilities in a non-Hermitian two-state quantum mechanical system that are consistent with
unitarity, and highlight features of these pseudo-Hermitian flavour oscillations that are unique
compared to their Hermitian counterparts.
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1. Introduction

In “standard” quantum mechanics, the Hamiltonian operator H is assumed to be Hermitian,
i.e., H' = A, where 1 is the composition of complex conjugation and transposition. This guarantees
real energies and unitary time evolution. However, it is known that real energies and unitary
time evolution can be guaranteed by the weaker condition of pseudo-Hermiticity [1-3]. The
viability of a pseudo-Hermitian quantum theory relies on the existence of a Hermitian operator
A, such that AT = HH/~'. The Hamiltonian is then said to be 7j-pseudo-Hermitian. The inner
product (:|-) 5 := (:|7}-) yields real expectation values, even if the eigenenergies are complex. A
pseudo-Hermitian quantum theory has three regimes: (i) unbroken anti-linear symmetry, with real
eigenenergies and orthogonal eigenvectors w.r.t. (:|-) »; (ii) broken anti-linear symmetry, in which
the spectrum contains complex-conjugate pairs of eigenvalues, whose eigenvectors have vanishing
norm; and (iii) exceptional points, where the Hamiltonian becomes defective.

Pseudo-Hermitian quantum mechanics [1-3] has found applications in many areas of physics,
from optics through to condensed matter physics (for reviews, see, e.g., Refs. [4, 5]). This is
particularly true of the special case of £7 -symmetric quantum mechanics [6], in which the viability
of the quantum theory is ensured by the symmetry of the Hamiltonian under the combined action
of parity # and time-reversal 7-, with the latter being represented by an anti-linear operator.

The area of pseudo-Hermitian quantum field theory (pseudo-Hermitian QFT), however, is less
developed, and this forms the primary focus of this note. We describe the consistent, first-principles
formulation of a pseudo-Hermitian QFT of two complex scalar fields with a non-Hermitian mass
mixing in Sec. 2, based on Ref. [7]. We then compare the transition probabilities between the two
flavour states of this system to those of a Hermitian model with two-state mixing in Sec. 3, based
on Ref. [8]. Flavour oscillations in non-Hermitian systems have attracted particular attention in the
context of neutrino physics [9, 10].

2. Pseudo-Hermitian quantum field theory

We start by considering the Heisenberg equation of motion for an n-component quantum field
operator /¢ (a = 1,2, ...,n), and the Hermitian-conjugate equation:

[bG 0, 0] =io X 0) o [§TE o), B =io g3 1) . (1)

We see that the ‘conjugate’ field operator /¢ evolves with the Hermitian conjugate H' of the
Hamiltonian H. Hence, if the Hamiltonian is non-Hermitian A" # H, the time evolutions of :f/“ and
7 are not governed by the same Hamiltonian (see Ref. [11]), and an action formulated from the
pair (zf/“, zf/T“) will not lead to a consistent, canonical formulation of Hamiltonian and Lagrangian
dynamics (see Ref. [12]). Moreover, the theory will not be invariant under the symmetry group of
QFT in Minkowski spacetime: the proper Poincaré group.

The proper Poincaré group ISO(1,3)T = SO(1, 3)T = R"-3 consists of proper Lorentz transfor-
mations SO(1, 3)T, with six generators J*v_ and spacetime translations R!3 with four generators
PH, where the Hamiltonian A = P° is the generator of time translations. (Lorentz indices are
denoted by u or v; k is used below for spatial indices.) These generators are not independent, but
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are related through the Poincaré algebra. As such, if we conjugate one of the Lie brackets, e.g.,
[A,]%] =iP* = [4A7", ] =P = [H,57 5] =i~ Py, )
we see that non-Hermiticity of the Hamiltonian impacts non-Hermiticity of the remaining group
generators. In fact, they must all be 7j-pseudo-Hermitian, not just the Hamiltonian [7]:
VRV R () L 3)

Note that the generators remain Hermitian if they commute with . Thus, /¢ and /" transform
under a different set of representations of the proper Poincaré group [7]:

[0 X, 1), Pul =i0, 0" (3,1) [ (%, 0), I ] = (MF), 8P (R, 1) (4)
(1,0, Bl =id, 9" (%0, [BHE 0, ™) =" R0 (-M™"), (4b)

where M#” is the n X n matrix representation of the proper Lorentz group.
A consistent formulation of a non-Hermitian QFT must be composed of quantum fields trans-

forming under the same representation of the proper Poincaré group [13]. Thus, following Ref. [7],
we aim to find a ‘dual’ quantum field "¢, which transforms in the same representation as

[1F.0). Pyl =07 R0y, [1E 0, I = GG (-M), e ©)

Assuming the generators of an n-dimensional matrix representation are w-pseudo-Hermitian w.r.t.
some Hermitian n X n matrix 7, i.e., M*" = aM* 7~ the dual quantum field is of the form [7]

gie(x) = p 70 (), 6)

Here, x,, is the transformed coordinate w.r.t. the operator 7, which might, e.g., be parity xp. The
definition of the dual field in Eq. (6) is valid for fields of any spin [7].
We illustrate this formulation using a simple example with Lagrangian density (cf. Ref. [12]):

A Su uz ,Q.'L 22 2 m% mg 1 0
L =0ud' ()0 d(x) —¢' ()M p(x), M~ = "', 3|, P= . (7
—-ms  m; 0 -1
where m% > m% > 0 and m% > 0. The operator ¢ = (q§1 q?z) is a two-component complex scalar

field composed of a scalar ¢; and a pseudo-scalar . The squared mass matrix M> # M>" is
P-pseudo-Hermitian w.r.t. the parity matrix P, i.e., M>" = PM?P~!, and its eigenvalues

mi = (m%+m%)/2 + [(m% —m§)2/4—m§]1/2 (8)

are real when the argument of the square root is non-negative.

The classical Lagrangian corresponding to Eq. (7) is P97 -symmetric, while the quantum
Lagrangian (and Hamiltonian) is ?-pseudo-Hermitian [7]. The parity operator is an indefinite
metric operator that yields negative probability norms. However, in the regime where the squared
mass eigenvalues are real, we can construct a matrix A that commutes with the squared mass matrix
[M?, A] =0, and M? is PA-pseudo-Hermitian.! This matrix is [11]

1 2m?
with A>=1, PA= (1 g) and (=—2—. (9)

1 e
V1-2¢2 (—é“ -1 Ji—z2\¢ 1 m2 — m?

17"
IWe use the notation of Ref. [13]; the corresponding transformations are referred to as C [6, 7] or C’ [8, 11] elsewhere.
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Similarly, we find another operator A that commutes with the Hamiltonian [I:I s fl] =0, and the
Lagrangian (and Hamiltonian) is # A-pseudo-Hermitian. This gives a natural choice for the operator
n= P A and the matrix 7 = PA,? so that the dual field is [7]

¢ (x) = (PA)G (x)(PA) ' (PA),* with xps=x. (10)

Since the Hamiltonian is £ A-pseudo-Hermitian and PA is a positive-definite metric operator,
energy eigenstates are orthonormal w.r.t. the inner product

(1)pa=(IPA) . (1D
3. Oscillation probabilities

We now turn to transition probabilities in the two-flavour system in Eq. (7), following Ref. [8].
For simplicity, we consider only the zero-momentum modes.
The squared mass matrix in Eq. (7) is diagonalised via [13]

_ . h(#) —sinh(6)
S™'M2S = diag(m2,m?) where S=|[ , 12
iag(my,m-) where _sinh(6) cosh(6) (12)
with 8 = arctanh(¢)/2. It is then tempting to take the “flavour” states to be [8]
|#1(2) (1)) = cosh(6) e )" [ (- (0)) +sinh(6) €™ [p_1) (0)) (13)

where f¢+(_) (O)) are the eigenstates of the squared mass matrix given by [12]

9 O)=N(¢, ~1+yT=2) and 16-O)=N(-1+yT-2, ¢}, (14

and N is a normalisation constant. At ¢t =0, |¢;(0)) «< (1,0) and |¢2(0)) « (0, 1), as we would
expect. However, the oscillation (e.g., 1 — 2) and survival (e.g., 1 — 1) probabilities given by

P1oa(t,t0) = (da(t)|#1(20)) p 4(P1(t0)|Da (1)) p 4 (15)

can be negative or larger than unity (cf. Refs. [8, 11, 14]). The reason for this is that the states
|1 (7)) and |¢>(7)) do not form an orthonormal basis with respect to PA.

Instead, an orthonormal basis w.r.t. the # A inner product is obtained by spanning the flavour
space (of zero-momentum states) with {|¢ 1) , ’¢“2ﬂ>} or {|¢f{> , ¢52>} [8]. Such a basis is expected
to be selected by any £ A-pseudo-Hermitian interaction terms appended to the Lagrangian density
in Eq. (7). Proceeding in this way, survival probabilities are calculated w.r.t. the £ A inner product,
but oscillation probabilities are effectively calculated using the states in Eq. (13) w.r.t. the # inner
product. We then find positive and unitary probabilities in the 7 -unbroken regime (|| < 1) [8]:

P1oa(t,10) = (5" (D11(10))p 4 (D1 (10)|¢5" (1)) 4 = £ sin® [AwAL/2] > 0, (16)

WithP1_,1(l,l0) =1 —IP’1_>2(t,to),whereAa) =my—m_,At =t — to,andN = [2(1 - \/1 — §2)]71/2
has been chosen such that P;_,; (¢, o) = 1. Here, {¢o| = (|pa))", cf. Ref. [11].

2This should be compared with the formulation in Ref. [11] in which the dual field is defined w.r.t. parity.
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Figure 1: Oscillation and survival probabilities for the pseudo-Hermitian two-state model (P}~ |

the Hermitian analogue (PH'™), as a function of AwAt/2 and ¢, based on Ref. [8].

1—>a

In Fig. 1, and as per Ref. [8], we compare the oscillation and survival probabilities of the
pseudo-Hermitian model in Eq. (7) with a Hermitian model with squared mass matrix

{2

e sin? [AwA?/2] . (17)

2
2 _ ml m . Herm __
Mgem = 2 m for which P25 =
5

NSRS LO ) ]

For the pseudo-Hermitian case, the transition probabilities can reach unity for £ — +1 or m2 = m?.

This occurs for the transition probabilities of the Hermitian model (calculated using the usual Her-

mitian inner product) only when { — o0 or mi Herm/(m% + m%) — 00, m% Herm/(m% + m%) <0,
2 — (2 4 2 2 2274 4 ’

where My Herm = (ml + m2)/2 + [(ml - mz) /4+ m5]

4. Concluding remarks

We have outlined the formulation of a pseudo-Hermitian quantum field theory of two com-
plex scalars with non-Hermitian flavour mixing, and described the transition probabilities of the
corresponding two-state quantum mechanical system. These probabilities are consistent with time-
translational invariance and unitarity. Interestingly, they exhibit a very different relationship between
Lagrangian parameters and physical observables compared with an ab initio Hermitian theory, in
this case in the relationship between the eigenmasses and the effective mixing angle. These results
evidence the potential phenomenological relevance of pseudo-Hermitian quantum field theories.
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