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We present two recent measurements of semileptonic B decays at Belle, offering valuable insights
into the determination of the Cabibbo-Kobayashi-Maskawa (CKM) matrix element |𝑉𝑢𝑏 |. These
analyses use the full Belle dataset, comprising 772×106 𝐵�̄� pairs collected at theΥ(4𝑆) resonance.
With an innovative strategy, the inclusive 𝐵 → 𝑋𝑢ℓ𝜈 and exclusive 𝐵 → 𝜋ℓ𝜈 decays are simultane-
ously analyzed for the first time, and the |𝑉𝑢𝑏 | ratio is extracted as |𝑉excl.

𝑢𝑏
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| = 0.97±0.12. Fur-
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1. Introduction

In the Standard Model of particle physics (SM), the CKM matrix [1, 2] describes the quark
mixing and accounts for 𝐶𝑃−violation in the quark sector. One of the crucial tests of the SM
is the precise determination of the magnitude of the matrix elements. In 𝑏−flavor scope, the
corresponding world averages of |𝑉𝑥𝑏 | from exclusive and inclusive determinations [3] are

��𝑉excl.
𝑢𝑏

�� = (3.51 ± 0.12) × 10−3,
��𝑉 incl.
𝑢𝑏

�� = (4.19 ± 0.16) × 10−3,
��𝑉 incl.
𝑐𝑏

�� = (42.19 ± 0.78) × 10−3,

(1)
and their ratios are ��𝑉excl.

𝑢𝑏

�� /��𝑉 incl.
𝑢𝑏

�� = 0.84 ± 0.04,��𝑉 incl.
𝑢𝑏

�� /��𝑉 incl.
𝑐𝑏

�� = 0.099 ± 0.004.
(2)

The first ratio reflecting the disagreement between inclusive and exclusive |𝑉𝑢𝑏 | is about 3.7 standard
deviations from the unity. The second ratio involves only the inclusive decays and combines the
𝑏 → 𝑢ℓ𝜈 and 𝑏 → 𝑐ℓ𝜈 decays. Experimentally, many systematic uncertainties such as the tagging
calibration or the lepton identification uncertainties can be cancelled in such ratio measurements
and one can directly test the SM expectation.

2. Ratio of exclusive and inclusive |𝑉𝑢𝑏 |

The first simultaneous determination of |𝑉𝑢𝑏 | using inclusive and exclusive decays is performed
at the Belle experiment [4]. The hadronic decays of one of the 𝐵 mesons are reconstructed via the
full reconstruction algorithm [5] based on neural networks. The event reconstruction strategies are
inherited from the recent Belle measurements [6, 7], where all tracks and clusters not used in the
construction of the 𝐵tag candidate are used to reconstruct the signal side. The four-momentum of
hadronic system 𝑝𝑋 is defined as a sum of the four-momenta of tracks and clusters which are not
involved in reconstructing the 𝐵tag and signal lepton. With the fully reconstructed four-momentum
of 𝐵tag and the known beam-momentum, the four-momentum of signal 𝐵 can be defined.

To separate the signal 𝐵 → 𝑋𝑢ℓ𝜈 decay from the 𝐵 → 𝑋𝑐ℓ𝜈 events, a machine learning based
classification with boosted decision trees (BDTs) is utilized. Furthermore, we apply a selection on
the thrust 𝑇 = max |n |=1 (

∑
𝑖 |pi · n|/∑𝑖 |pi |) to enhance the 𝐵 → 𝜋ℓ𝜈 purity. After all selections,

a two-dimensional fit is employed to disentangle exclusive 𝐵 → 𝜋ℓ𝜈 decays from other inclusive
𝐵 → 𝑋𝑢ℓ𝜈 events and backgrounds. This fitting approach takes into account the number of
charged pions 𝑁𝜋± in the hadronic 𝑋𝑢 system and the four-momentum transfer 𝑞2 between the
𝐵 and 𝑋𝑢 system. We constrain the Bourrely-Caprini-Lellouch (BCL) expansion coefficients of
𝐵 → 𝜋ℓ𝜈 form factors to the LQCD values of Ref. [8], combining LQCD calculations from
several groups [9, 10]. The additive and multiplicative systematic uncertainties are considered
in the likelihood fit by adding bin-wise nuisance parameters for each template. The parameters
are constrained to a multivariate Gaussian distribution with a covariance reflecting the sum of all
considered systematic effects, and the correlation structure between templates originating from
shared sources is taken into account. Various fit scenarios are applied to check the consistency
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of the nominal results. We fit with combined or separate normalizations of the 𝐵 → 𝜋−ℓ+𝜈 and
𝐵 → 𝜋0ℓ+𝜈 decays and also test with including only LQCD or LQD combined with external
experimental constraints on the BCL form factors [8]. Fig. 4 shows the (𝑞2 : 𝑁𝜋±) distribution of
the signal region after the fit and with only using LQCD information.
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Figure 1: The 𝑞2 : 𝑁𝜋± spectrum after the 2D fit is shown for the scenario that only uses LQCD information.

The measured 𝐵 → 𝜋−ℓ+𝜈 and 𝐵 → 𝜋0ℓ+𝜈 yields are corrected for efficiency effects to
determine the corresponding branching fractions. The measured inclusive yield is calculated from
the sum of 𝐵 → 𝜋−ℓ+𝜈, 𝐵 → 𝜋0ℓ+𝜈, and other 𝐵 → 𝑋𝑢ℓ𝜈 events and unfolded to correspond to
a partial branching fraction ΔB with 𝐸𝐵

ℓ
> 1.0 GeV. Using calculations for the inclusive partial

rate and the fitted form factor parameters, we can determine values for |𝑉𝑢𝑏 |. The results of
|𝑉excl.
𝑢𝑏

|/|𝑉 incl.
𝑢𝑏

| obtained in various fit scenarios are illustrated in Fig. 2.
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Figure 2: The |𝑉𝑢𝑏 | values obtained with the fits using (top) LQCD or (bottom) LQCD and experimental
constraints for the 𝐵

0 → 𝜋+ℓ− �̄�ℓ form factor are shown. The inclusive |𝑉𝑢𝑏 | value is based on the decay
rate from the GGOU calculation [11]. The values obtained from the previous Belle measurement [6] (grey
band) and the world averages from Ref. [3] (black marker) are also shown. The shown ellipses correspond
to 39.3% confidence levels (Δ𝜒2 = 1).
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Our findings indicate ratios that align closely with this expectation but exhibit a deviation
of 1.5 standard deviations from the ratio of the current world averages of inclusive and exclusive
|𝑉𝑢𝑏 |. This tension decreases to 1.2 standard deviations when including the constraint based
on the full theoretical and experimental knowledge of the 𝐵 → 𝜋ℓ𝜈 form factor shape. With
this setup, we obtain the results on

��𝑉excl.
𝑢𝑏

�� = (3.78 ± 0.23 ± 0.16 ± 0.14) × 10−3 and
��𝑉 incl.
𝑢𝑏

�� =
(3.88 ± 0.20 ± 0.31 ± 0.09) × 10−3, with the uncertainties being the statistical, systematic, and
theoretical errors. The ratio of

��𝑉excl.
𝑢𝑏

�� /��𝑉 incl.
𝑢𝑏

�� = 0.97 ± 0.12 is compatible with unity. Moreover,
the averaged |𝑉𝑢𝑏 | derived from our inclusive and exclusive values, using LQCD and additional
experimental information, is |𝑉𝑢𝑏 | = (3.84 ± 0.26) × 10−3. This result is compatible with the
expectation from CKM unitarity of |𝑉CKM

𝑢𝑏
| = (3.64 ± 0.07) × 10−3 [12] within 0.8 standard

deviations.

3. Ratio of partial branching fractions of 𝐵 → 𝑋𝑢ℓ𝜈 and 𝐵 → 𝑋𝑐ℓ𝜈

The semileptonic inclusive decays 𝐵 → 𝑋𝑢ℓ𝜈 and 𝐵 → 𝑋𝑐ℓ𝜈 are analyzed with the Belle II
hadronic tagging algorithm [13]. The event with sizeable missing four-momentum and partially-
reconstructed 𝐷∗ candidates are rejected. In addition, the signal lepton with 𝐸𝐵

ℓ
=
��pB
ℓ

�� > 1 GeV in
the signal-𝐵 rest frame is used to identify the semileptonic decays.IV Measurement Procedure 8
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FIG. 1. Reconstructed E
Bsig

` and q2 spectra for the B ! Xu`⌫ enhanced (top) and depleted (bottom) sub-samples. The error
bands of simulated samples incorporate the full set of systematic uncertainties discussed in section V.
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where hXu`⌫
i,E , hqq

i,E , hSec.Fakes
i,E are the fraction of events606

of the B ! Xu`⌫, qq, and secondary and fake lepton607

components reconstructed in bin i, respectively, as de-608

termined by the MC simulation. The total data yield is609

given by NData
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E are the expected yield610

of the continuum and secondary and fake lepton compo-611

nent in the B ! Xu`⌫ enhanced sample, respectively.612
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` and q2 spectra for the B ! Xu`⌫ enhanced (top) and depleted (bottom) sub-samples. The error
bands of simulated samples incorporate the full set of systematic uncertainties discussed in section V.

the B ! Xu`⌫, qq, and secondary and fake lepton com-595

ponents, respectively. The coe�cient a is initially set to596

1; ⌧i is a transfer factor from the B ! Xu`⌫ depleted to597

enhanced sub-sample given by the ratio of MC expecta-598

tions in the enhanced and depleted samples, ⌘Xc`⌫
i,E and599

⌘Xc`⌫
i,D , respectively,600

⌧i =
⌘Xc`⌫

i,E

⌘Xc`⌫
i,D

, (20)

and incorporates expected di↵erences in the shape of the601

signal enhanced and depleted spectra, including a sculpt-602

ing e↵ect due to the |M2
Miss| selection. The number of603

expected events in each bin of the enhanced sample is604

then given by605

Hi =NData
E [

⌘Sec.Fakes
E

NData
E

hSec.Fakes
i,E

+
⌘qq

E

NData
E

hqq
i,E + fXu`⌫

E hXu`⌫
i,E

+ (1 � fXu`⌫
E � ⌘Sec.Fakes

E + ⌘qq
E

NData
E

)
TiP
j Tj

], (21)

where hXu`⌫
i,E , hqq

i,E , hSec.Fakes
i,E are the fraction of events606

of the B ! Xu`⌫, qq, and secondary and fake lepton607

components reconstructed in bin i, respectively, as de-608

termined by the MC simulation. The total data yield is609

given by NData
E , and ⌘qq

E , ⌘Sec.Fakes
E are the expected yield610

of the continuum and secondary and fake lepton compo-611

nent in the B ! Xu`⌫ enhanced sample, respectively.612

Preliminary Preliminary 

Figure 3: The 𝐸
𝐵sig
ℓ

and 𝑞2 spectra for the 𝐵 → 𝑋𝑢ℓ𝜈 enhanced (top) and depleted (bottom) sub-samples.
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After the selections, the 𝐵 → 𝑋𝑢ℓ𝜈 enhanced sub-sample is categorized by observing an even
value of kaons in the hadronic system (𝑁𝐾± +𝑁𝐾0

𝑆
). The remaining events are defined as 𝐵 → 𝑋𝑢ℓ𝜈

depleted sub-sample, which is dominant by 𝐵 → 𝑋𝑐ℓ𝜈 decays and used to modify the modeling
of 𝐵 → 𝑋𝑐ℓ𝜈 in a data-driven way to minimize potential bias due to limited knowledge of this
component. Fig. 3 shows the distributions of the reconstructed lepton energy in the B meson rest
frame 𝐸𝐵

ℓ
and the squared four-momentum transfer 𝑞2 in the 𝐵 → 𝑋𝑢ℓ𝜈 enhanced and depleted sub-

samples, respectively. To derive the data-driven template of 𝐵 → 𝑋𝑐ℓ𝜈, the simulated continuum
contribution is calibrated to the measured off-resonances dataset and the background events with
secondary or fake leptons are also calibrated in the control regions.

The 𝐵 → 𝑋𝑢ℓ𝜈 yields are extracted in a two-dimensional fit on 𝑞2 and 𝐸𝐵
ℓ

. The fit result is
shown in Fig. 4. The 𝐵 → 𝑋𝑐ℓ𝜈 yields are obtained by subtracting other contributions in the total
𝐵 → 𝑋ℓ𝜈 sample. The measured yields are unfolded using the Singular Value Decomposition
(SVD) algorithm of Ref. [14].IV Measurement Procedure 10
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the continuum, secondary and fake lepton background,647

and B ! Xu`⌫ component.648649

The ratio of partial branching fractions is given by650

�B(B ! Xu`⌫)

�B(B ! Xc`⌫)
=
✏Xc`⌫NXu`⌫

✏Xu`⌫NXc`⌫
, (24)

where ✏Xu`⌫ , ✏Xc`⌫ are the reconstruction e�ciencies of651

the B ! Xu`⌫ and B ! Xc`⌫ events, respectively, and652

are estimated from MC simulations. The results are pre-653

sented in Section VI.654

To validate the fit procedure we generate pseudo-655

experiments for di↵erent input branching fractions for656

B ! Xu`⌫ and B ! Xc`⌫ decays. No bias in central657

values is observed.658

V. SYSTEMATIC UNCERTAINTIES659

Several systematic uncertainties a↵ect the measured660

ratio of partial branching fractions. The most important661

sources of systematic uncertainties are associated with662

the modeling of the B ! Xu`⌫ component and the com-663

position of the secondary and fake lepton component.664

Each systematic e↵ect is varied independently and the665

analysis procedure repeated. All systematic uncertain-666

ties are taken as uncorrelated and summed in quadrature667

for the total systematic uncertainty.668

A. B ! Xu`⌫ Modeling669

As the simulation of B ! Xu`⌫ events is a hybrid670

composition of low-mass resonant and high-mass non-671

resonant states the relative contributions of the di↵er-672

ent states will impact the reconstruction e�ciency, and673

shape of the B ! Xu`⌫ template. We evaluate the un-674

certainty by varying the assumed branching fractions of675

the resonant decays, B ! (⇡, ⇢,!, ⌘, ⌘0)`⌫ by one stan-676

dard deviation, for B ! (⇡, ⇢,!)`⌫ decays we vary the677

form-factors along the eigen-directions of the covariance678

matrix of their respective BCL fits. For B ! (⌘, ⌘0)`⌫ de-679

cays we replace the nominal model with the alternate de-680

scription of Ref. [104] and assign the full di↵erence as the681

uncertainty. For the non-resonant channels we vary mKN
b682

and aKN by their uncertainties in the eigen-directions683

�1,�2, we investigate the impact of reweighting the DFN684

model to the model of Bosch, Lange, Neubert, and Paz685

(BLNP) [53] with b quark mass in the shape-function686

scheme mSF
b = 4.61 GeV and µ2 SF

⇡ = 0.2 GeV2 and con-687

sider the full di↵erence to the nominal result as the un-688

certainty. We vary the assumed B ! Xu`⌫ yield by689

±1�. For each variation investigated the hybrid weights690

are recalculated following Eq. 2.691

The cross-feed fraction of B ! Xu`⌫ events into the692

B ! Xu`⌫ depleted sample depends on the production693

rate of K+ and K0
S in the fragmentation of the Xu sys-694

Preliminary 

Figure 4: The 𝑞2 : 𝐸𝐵sig
ℓ

spectrum after the 𝐵 → 𝑋𝑢ℓ𝜈 fit.

The study focused on the partial phase space region where 𝐸𝐵
ℓ

> 1 GeV, encompassing
fractions of 𝜖𝑢

Δ
= 86% and 𝜖𝑐

Δ
= 79% of the 𝐵 → 𝑋𝑢ℓ𝜈 and 𝐵 → 𝑋𝑐ℓ𝜈 decays, respectively. The

preliminary result for the partial branching faction ratio is ΔB(𝐵 → 𝑋𝑢ℓ𝜈)/ΔB(𝐵 → 𝑋𝑐ℓ𝜈) =

1.95(1 ± 8.4%stat ± 7.8%syst) × 10−2. This ratio provides insight into the inclusive |𝑉𝑢𝑏 |/|𝑉𝑐𝑏 |
ratio, with theoretical inputs of partial decay rates for both decays. Furthermore, by taking the
external normalization of ΔB(𝐵 → 𝑋𝑐ℓ𝜈), we find the resulting |𝑉𝑢𝑏 | value agrees very well with
the previous Belle inclusive measurement [6].

4. Summary

In summary, we report the two new measurements from the Belle experiment to examine the
long-standing discrepancy between the inclusive and exclusive determinations of |𝑉𝑢𝑏 |. The ratios

5



P
o
S
(
E
P
S
-
H
E
P
2
0
2
3
)
3
5
6

New results on |𝑉𝑢𝑏 | using inclusive and exclusive 𝐵 decays from the Belle experiment Lu Cao

of |𝑉𝑢𝑏 |excl/|𝑉𝑢𝑏 |incl and |𝑉𝑢𝑏 |incl/|𝑉𝑐𝑏 |incl are measured for the first time. While these findings
offer valuable insights, the puzzle remains unsolved due to the current limitations in experimental
precision. The anticipated large data set of Belle II will be beneficial for exploring this topic further
through the presented innovative approaches.
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