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1. Introduction

Collisionless shocks associated with supernova remnants (SNRs) are believed to be the primary
source of Galactic cosmic rays (CRs) up to the “knee", at rigidities of a few PV. Particles are
energized via diffusive shock acceleration (DSA) [1, 2], which requires CRs to be confined close to
the shock, and hence strong, turbulent magnetic fields [3]. Magnetic turbulence and acceleration
are closely related and the study of the growth and saturation of CR-driven instabilities is crucial to
explain the origin of high-energy CRs.

While the left-handed modes driven by the resonant CR streaming instability [4—6] were initially
thought to be the only ones important for the self-confinement of CRs, Bell [7] showed that the
right-handed modes may grow faster and saturate at much larger amplitudes. Such a nonresonant
streaming instability, (or “Bell instability"), is crucial for the dynamics of non-relativistic shocks
[e.g., 8, 9], as well as for the determining the highest energy achievable in SNRs [e.g., 10-14].

The linear theory shows that the Bell instability grows faster than the resonant instability when
the maximally unstable wavelength is much smaller that the CR gyroradius, i.e., kmax#r > 1. This
happens for large CR currents/energy densities (as discussed, e.g., in §4.3 of [7] and §3 of [15]),
provided that the growth rate does not exceed Q.;, the gyrofrequency of thermal ions. In this regime
right-handed, circularly-polarized modes are driven unstable and the wavenumber and the growth
rate of the fastest-growing mode read
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where e and m are the proton charge and mass, Jo; = encvq is the CR current, ne and vy are
the CR number density and drift velocity relative to the background plasma, By and ng are the
background magnetic field and plasma number density, va o = Bo/ \/Aan is the initial Alfvén
speed, Q.; = eBy/(mc), and d; = va 0/Q¢; is the ion inertial length.

Note that, depending on the CR distribution, many differnt modes, both parallel and transverse
to the magnetic field may grow, as discussed in the thorough review by Bret [16], where the growth
rate of Weibel, two-stream, Buneman, filamentation, Bell, and cyclotron instabilities are compared.
Nevertheless, for most astrophysical applications, and surely for SNR shocks, the Bell instability is
the most prominent channel for generating magnetic turbulence [e.g., 11, 12, 17-19].

1.1 Simulating the Bell Instability

MHD simulations have shown that, for a fixed CR current, large amplification factors can
be achieved [e.g., 7, 20, 21]. Nevertheless, these simulations cannot self-consistently capture the
backreaction of the growing modes on the CRs, hence they cannot be used to assess the saturation
of the Bell instability. Particle-in-cell (PIC) simulations [22-25] confirmed that for typical CR
currents the Bell instability grows as expected and saturates to levels of 6B/Bgy > 1, unless the
current is too strong [26], in which case a transverse filamentary mode grows faster than Bell. Such
a saturation was ascribed to the background plasma being accelerated in the direction of the CR
drift velocity, which reduces the effective CR current J; [22, 24].

Reville et al. [27] used a MHD+Vlasov code to run driven simulations in which the CR current
is kept constant, a situation more akin to a shock precursor, where the upstream plasma is constantly
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Figure 1: Diagram of the initial CR distributions, distinguishing the hot and cold cases.

exposed to “fresh” CRs; in this work the growth of the field was time-limited, and no saturation of
the magnetic field was achieved. Kobzar et al. [28] performed PIC 2D simulations in a non-periodic
box to follow the spatio-temporal evolution of the instability, though the very large current they
used led to the formation of a shock, which should not happen for arbitrary CR distributions.

In our work [29], we study the Bell instability via hybrid simulations using the massively
parallel code dHybridR [18, 30], where ions are treated kinetically and their relativistic dynamics
is retained. We perform driven simulations in which CRs are injected in the simulation box at a
constant rate on the left side and are free to leave from the right, while the thermal background
plasma and the electro-magnetic fields are subject to periodic boundary conditions. This setup
allows for a self-consistent coupling between CRs and thermal plasma, which eventually leads to
the saturation of the instability. We explore a large range of parameters that characterize the CR
current, always in the regime in which Bell is the fastest growing instability, and use a suite of 1D,
2D, and 3D simulations to investigate how the amplified magnetic field at saturation scales with the
CR parameters. We remand to the full paper for the details of the runs and the discussion of the
linear and non-linear stages of our benchmark runs, as well as for convergence studies in number of
spatial dimensions, box size, particles per cells, and space/time resolution.

In these proceedings we summarize our main finding, namely the formula that gives the
amplified magnetic field at saturation as a function of the initial CR net momentum flux and
compare such an expression with the original ansatz put forward by Bell based on a heuristic
argument. We briefly discuss the implications of this new saturation value, which is typically
smaller that Bell’s, for astrophysical applications, viz., the maximum energy achievable in SNRs.

2. A General Formula for the Saturation of the Bell Instability

We consider CRs with number density n., and isotropic monochromatic momentum pis, =
YisoMViso 1N their rest frame, which drift with velocity vq = v4€, relative to the thermal plasma; this
corresponds to a current Jo; = eneVq; also, be B = Boé, the initial magnetic field.

While the CR current, and hence the growth rate, only depend on n. and vq4, the CR net
momentum and energy fluxes depend on pjo, too. Therefore, we may have two limiting cases: one
in which the CRs are a cold beam with pg > pjs, or a hot drifting distribution with pg < piso
(Fig. 1). The goal of this work is to provide a prescription for the amplified magnetic field related
to the free energy/momentum flux in the initial CR distribution.
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Figure 2: Scaling of the self-generated magnetic field with the parameter introduced in Eq. 5, §B?/ B(z) ~ £/4,
for many different hot/cold CR currents (see [29] for more details about the runs).

If we look at the saturation prescription suggested by Bell [7] [see also 31], in the limit in
which CRs are relativistic and the drift is not, the final amplification reads:

2
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where Uy, = visomnec? and Ug = mngvi /2 are the CR and magnetic energy densities and we
introduced 17 = n¢/ng. Also note that, if one poses p, = yjsomc (hot, relativistic CRs), then
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The saturated magnetic field is thus related to the value of ka7 > 1, in the sense that Bell’s
ansatz is equivalent to asking that at saturation kp,x (6B)rL(0B) ~ 1.

Eq. 2 is deceitfully similar to the ratio of CR and magnetic energy fluxes, but the denominator
is not the magnetic energy flux (waves do not move at c); this raises the questions of what are
the physical quantities that balance out at saturation, and what is the covariant expression that
encompasses and generalizes Eq. 2 for arbitrary CR distributions.

In the CR rest frame, the CR mass density is g and their total (including the rest mass) energy
2

is0”
moves with velocity v and has a corresponding Lorentz factor yp, the CR density is per = VbstOcr

density and isotropic pressure are e¢; = Yisoferc” and per = %’yiso Perc? B2 . In an arbitrary frame that

and the components of the CR stress tensor read [see, e.g., §133 of 32]:

THY = (ecr + Pcr)ugst”gst +per™”, “4)

M
bs

CRs are relativistic, then vy is generally larger than the CR drift velocity in the final frame; the

where u . is the four-velocity constructed with v,y and n*¥ is the Minkovski metric. Note that, if
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Figure 3: Comparison of Bell’s original prescription for saturation with the one in Eq. 5. Our simulations
suggest that the system saturates when it runs out of CR momentum flux, rather than energy flux.

two are connected (see, e.g., [25]) and since simulations are setup with an effective boost, we will
give provide the saturation as a function of vy rather than vq.

We remand to the full paper [29] for the explanation of how we figured out the components of
THY that matter and report here just the final result. Fig. 2 shows that the transverse, self-generated,
component of the magnetic field at saturation nicely correlates with the following quantity:
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with the final amplified field being 6BZ/B(2) ~ £/4. Here & has the meaning of the net (i.e.,
anisotropic) momentum flux in the CRs (see the terms with 7'! and T°), or equivalently of the
density in kinetic energy in the CR drift (term with 7°°), normalized to the initial magnetic pressure.
The prescription is validated by 1D, 2D, and 3D simulations, listed in [29], with many different CR
distributions, both in the hot and cold regimes (color code and legend in Fig. 2).

In the Bell limit (relativistically hot, non-rel drift), Eq. 5 reduces to:

2
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P (6)
which (except for a factor of ~ 2) corresponds to a saturation smaller than Bell’s ansatz by a factor
vpst/c. The physical meaning of this result is that it is more likely for the instability to quench
because of the system running out of net momentum (pressure), rather than of energy flux. Fig. 3
confirms that this is the case: the new prescription for & (Eq. 5) provides a better agreement with
the saturated B, than Eq. 2, the discrepancy being largest for smaller values of vy /c.

At first sight, this result may exacerbate the issue of accelerating CRs up to the knee in SNRs,
which already with Bell’s prescriptions comes short of about one order of magnitude for typical
remnants [e.g., 33—35]. However, one has to remember that magnetic field amplification in SNRs
occurs both in the precursor, due to diffusing CRs (a hot distribution with vg ~ v¢y < ¢), and far
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upstream, due to escaping CRs (a rather cold beam with vq4 ~ ¢) [e.g., 12, 36]. Escaping CRs
are fewer in number, by a factor of ~ vg,/c for a p‘4 distribution, but maximize the drift velocity,
having vq ~ c; since & « vﬁ, the net result is that escaping CRs are predicted to amplify the field
more than diffusing ones, at a level comparable with Bell’s ansatz when considering diffusing CRs.

3. Conclusions

We have used controlled hybrid simulations to investigate the saturation of the Bell instability
[7] for a wide range of CR distributions, spanning from cold beams to hot-drifting cases (Fig. 1).
We used a suite of 1D, 2D, and 3D simulations to assess the final amplitude of the self-generated
magnetic field and our main finding is that what controls the saturation is the net momentum flux
in CRs, not their energy flux (Eq. 5). This suggests that in shocks most of the amplification must be
driven by escaping particles, rather than by CRs diffusing in the precursor, but it does not change
the expectation for the highest energy CRs may achieve in SNRs.

Simulations were performed on resources provided by the University of Chicago Research
Computing Center and on TACC’s Stampede2 via the ACCESS allocation TG-AST180008. We
wholeheartedly thank Ellen Zweibel, Pasquale Blasi and Elena Amato for interesting and stimu-
lating discussions. D.C. was partially supported by NASA through grants SONSSC20K1273 and
80ONSSC18K1218 and NSF through grants AST-1909778, PHY-2010240, and AST-2009326, while
C.C.H was supported by NSF FDSS grant AGS-1936393 and NASA grant SONSSC20K1273.
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