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Nonlinear feedback of the electrostatic instability on
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The missing GeV gamma-ray cascade signal of distant Blazars implies either the deflection of
the pair beam by intergalactic magnetic fields or, alternatively, an energy loss of the beam due
to the beam-plasma instability. A recent study demonstrated that the instability feedback on a
simplified 1D beam profile reduces the instability growth severely. Here we study the feedback on
the realistic 2D beam distribution. We solve the Fokker-Planck diffusion equation with initially
dominant angular diffusion, then we analyse the other terms using the widened beam distribution.
We found that the energy loss of the beam due to the growth of the instability and its momentum
diffusion feedback on the beam is small compared to the inverse Compton cooling rate. We found
also that another angular diffusion term, which is initially negligible, might become relevant and
narrows the beam particles with Lorentz factors less than 106. Finally, we have included the
production of new pairs due to the gamma-ray annihilation along the beam axis. We found that the
unstable waves saturate so that the beam widening balances the injection at the production angles
and the beam keeps expanding. However, it is essential to include the inverse Compton cooling in
the beam transport equation to understand the physical effects of this balance.
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1. Introduction

Blazars are active galactic nuclei with their jets pointing toward Earth. Their very high-
energy gamma rays interact with the extragalactic background light (EBL), producing focused
electron-positron pair beams, which are anticipated to dissipate their energies via inverse Compton
scattering on the cosmic microwave background (CMB) [7]. However, the inverse Compton cooling
cascade seems to be absent from the 𝛾-ray spectra of certain blazars [10] and possibly the isotropic
gamma-ray background [3].

One possible solution for the absence of the GeV cascade emission from the 𝛾-ray spectra of
blazars is that the pair beam is significantly deflected by the intergalactic magnetic fields (IGMF)
[10, 11, 19]. In this case, the observed blazar spectra are used to put lower limits on the strength
of the IGMF. An alternative solution is energy loss of the pair beam by the collective beam-plasma
instabilities faster than the inverse Compton cooling. [1, 2, 4–6, 8, 9, 12, 13, 15–18, 21, 22].

Perry & Lyubarsky [12] studied the instability feedback for the first time considering the
angular diffusion of the instability on a simplified one-dimensional angular distribution. Their
findings imply that the back reaction of the unstable waves on the pair beam increases the angular
spread of the beam by around one order of magnitude without any significant energy loss.

GeV cascade is emitted by pairs with Lorentz factors of 106 and a bit higher. In order to study
the feedback impact on those pairs it’s more comprehensive to use the realistic momentum beam
distribution rather than the integrated one. Since the global picture of the simplified distribution
does not necessarily reflect the impact on those pairs. Besides that, Vafin et al. [22] demonstrated
that the realistic distribution of the beam is crucial for the growth rate of the instability itself.

The primary goal of this paper is to investigate the influence of electrostatic waves on the
two-dimensional (angular and momentum) realistic pair beam distribution, specifically, using the
beam profile found in Vafin et al. [22] at a distance of 50 Mpc from the blazar.

Given that angular diffusion is the dominant process initially, we have performed a simulation
of the angular scattering feedback of the instability on the realistic 2D spectrum of the beam. We
then used the widened beam 2D profile to calculate the energy loss/gain of the momentum diffusion
of the instability feedback. We also compared the initial subdominant angular diffusion term with
the dominant widening term as the beam widens. Finally, we instigated the effect of the pairs
injection by the gamma-ray annihilation with the EBL on the widening feedback of the instability.

A detailed description of this research will follow in the main paper that is in preparation.

2. Quasilinear theory of the beam-plasma system

The feedback of the instability on the beam is described by the Fokker-Planck diffusion equation
[14]
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where the diffusion coefficients are defined as the following integral involving the resonance con-
dition 

𝐷 𝑝𝑝
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(2)

where

𝜉 =

cos 𝜃 𝜔𝑝

𝑘𝑐 (1− 1
2𝛾2 )

− cos 𝜃′

sin 𝜃
, (3)

and the boundaries of the cos 𝜃′ integration are fixed by the resonance condition

cos 𝜃′1,2 =
𝜔𝑝

𝑘𝑐(1 − 1
2𝛾2 )

cos 𝜃 ± sin 𝜃

√︄(
𝑘𝑐

𝜔𝑝

)2
− 1

 . (4)

The angles 𝜃 and 𝜃′ are defined respectively as the beam particle angle and the unstable plasma
waves wave vector angle with the beam propagation axis. We implicitly assumed the azimuthal
symmetry of the pair-beam distribution function and we have a symmetry between 𝐷 𝑝𝜃 and 𝐷 𝜃 𝑝

(𝐷 𝑝𝜃 = 𝐷 𝜃 𝑝).
In the linear phase of the instability growth, the unstable resonance wave spectrum evolves in

time as
𝜕𝑊 (𝒌, 𝑡)

𝜕𝑡
= 2(𝜔𝑖 (𝒌, 𝑡) + 𝜔𝑐 (𝑘))𝑊 (𝒌), (5)

where 𝜔𝑖 (𝒌, 𝑡) is the linear growth rate of the unstable waves given by eq(17) in Vafin et al. [22]
and it depends on the distribution function 𝑓 (𝑝, 𝜃, 𝑡) at time 𝑡. For the collisional damping rate of
the electrostatic waves 𝜔𝑐, we use the estimate given by eq(45) in Tigik et al. [20]. This estimate
is based on an enhanced formulation of the collisional damping rate that takes into account the
microscopic wave-particle interactions. This estimate is approximately 20 times smaller compared
to the previous estimation employed in Miniati & Elyiv [9], Perry & Lyubarsky [12], Vafin et al.
[21]. For the intergalactic medium temperature, we used 𝑇𝑒 = 104𝐾 and for the density number of
the intergalactic background electrons, we used 𝑛𝑒 = 10−7(1 + 𝑧)3 cm−3 with a redshift of 0.15.

The direct energy loss rate of the beam due to the growth of the waves at time 𝑡 is given by [22]

𝑑𝑈b
𝑑𝑡

(𝑡) = −8𝜋
∫

𝑑𝑘⊥𝑘⊥

∫
𝑑𝑘 | |𝑊 (𝑘⊥, 𝑘 | | , 𝑡)𝜔𝑖 (𝑘⊥, 𝑘 | | , 𝑡). (6)

3. Results

A full discussion of the numerical method and the results will follow in the main paper that is
in preparation. Here we summarize the main findings.

3



P
o
S
(
I
C
R
C
2
0
2
3
)
1
4
5
6

blazar-induced pair beam Mahmoud Alawashra

Figure 1: The total beam energy transferred to the growth of unstable waves (black dashed line), the total
beam energy loss (𝑝𝜃) and gain (𝑝𝑝) due to the momentum diffusion of the instability feedback.

We solved numerically the system of the angular diffusion of the instability feedback including
only the first term on the right-hand side of eq.1

𝜕 𝑓𝑏 (𝑝, 𝜃, 𝑡)
𝜕𝑡

=
1
𝑝2𝜃

𝜕

𝜕𝜃

(
𝜃𝐷 𝜃 𝜃

𝜕 𝑓𝑏

𝜕𝜃

)
, (7)

and the unstable wave spectrum evolution equation (eq.5) with the pair beam spectrum found in
Vafin et al. [22] at 50 Mpc as an initial condition for the distribution function. We used the Crank-
Nicolson scheme to solve the diffusion equation with time steps of the maximum linear growth rate
inverse 𝜔−1

𝑖,max and the fastest rate of change of the beam distribution in the diffusion equation from
the last time step. We have verified that with shorter time steps up to a factor of 10−1.

In agreement with the results of Perry & Lyubarsky [12], we found that the angular diffusion of
the instability feedback severely limits the growth of the unstable resonant waves. As the unstable
waves generated by beam particles with certain beam angles grow, those resonant waves scatter the
beam particles to larger angles reducing the linear growth rate. This process happens at different
time scales for beam particles with different Lorentz factors.

We have calculated the total energy transferred from the pair beam to the unstable waves up
to the time 𝑡 by integrating eq.6 over the simulation time until the time 𝑡. The black dashed line in
Fig.1 shows the result, where we see that by the IC cooling time for the pairs with Lorentz factor of
107 that is around 4 × 1012 seconds for redshift 0.15, the beam lost less than 1% of its total energy
due to the instability development.

3.1 2D analysis of the diffusion equation

Using the time dependant pair beam 2D spectrum in the angular diffusion simulation, we check
for the possible feedback of the other diffusion terms as the beam widens. We do not include those

4



P
o
S
(
I
C
R
C
2
0
2
3
)
1
4
5
6

blazar-induced pair beam Mahmoud Alawashra

Figure 2: The ratio between 𝐼𝜃 𝑝 in eq.10 and 𝐼𝜃 𝜃 in eq.11, the ratio is larger than one in the red area and
it’s less than 0.1 in the dark blue one. The drop after 1011 seconds is due to an increase in the widening as
a result of waves’ growth outside the initial resonance region. After that, the collisional damping effectively
damps the waves and both 𝐼𝜃 𝜃 and 𝐼𝜃 𝑝 decrease.

terms in the simulation setup but rather analyse their possible impacts on the beam as it widens in
time due to the angular feedback (eq.7).

For the momentum diffusion terms (the third and the fourth terms on the right-hand side of
eq.1), we found the energy loss/gain rate that those terms impact the beam with.

The rate of change in the total beam energy due to the momentum diffusion by the term (𝑝𝜃)
at time 𝑡 is given by the following formula after integrating by part

𝑑𝑈𝑏

𝑑𝑡

���
𝑝𝜃

(𝑡) = 2𝜋𝑚𝑒𝑐
2
∫

𝑑𝜃𝜃

∫
𝑑𝑝𝑝2𝛾

𝑑𝑓𝑏

𝑑𝑡

���
𝑝𝜃

(𝑝, 𝜃, 𝑡) = −2𝜋𝑐
∫

𝑑𝜃𝜃

∫
𝑑𝑝𝑝𝐷 𝑝𝜃

𝜕 𝑓𝑏

𝜕𝜃
(𝑝, 𝜃, 𝑡),

(8)
and for the term (𝑝𝑝)

𝑑𝑈𝑏

𝑑𝑡

���
𝑝𝑝

(𝑡) = −2𝜋𝑐
∫

𝑑𝜃𝜃

∫
𝑑𝑝𝑝2𝐷 𝑝𝑝

𝜕 𝑓𝑏

𝜕𝑝
(𝑝, 𝜃, 𝑡). (9)

The sign of the diffusion coefficient 𝐷 𝑝𝜃 is negative where it’s positive for 𝐷 𝑝𝑝. Since we have
a Gaussian beam angular profile then the angular derivative is always negative. This means that the
overall sign of eq.8 is negative and hence the term (𝑝𝜃) imposes an energy loss of the beam’s total
energy. As for the term (𝑝𝑝), it is dependent on the sign of the momentum derivative of the beam
profile. The realistic beam momentum profile declines for beam Lorentz factors above 105 [22] and
therefore the impact of the term (𝑝𝑝) in this range is an energy gain of the beam.

We have integrated eq.8 and eq.9 over the simulation time finding the energy loss/gain from
the beam’s initial energy due to the instability feedback. The result is shown in Fig.1, we see that
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both of them affect a negligible fraction of the total beam energy by the time the system reaches the
inverse Compton cooling time of pairs with Lorentz factors of 107.

Now we take a look at the second term on the right-hand side of eq.1, this term involves an
angular diffusion with the opposite direction of the angular widening of the first term. We see that
the diffusive flux of this term is proportional to the momentum gradient of the beam distribution,
whereas the widening diffusive flux is proportional to the angular gradient. When the beam widens
the angular gradient of the beam profile decreases at the beam’s inner angles whereas the momentum
gradient stays constant since we don’t allow for momentum diffusion. Therefore, even though the
term (𝜃𝜃) is dominant initially, the term (𝜃𝑝) might become significant as the beam spreads.

In order to investigate this, we found the total rate of change that the term (𝜃𝑝) affects the
distribution function at certain beam momentum

𝐼𝜃 𝑝 (𝑝, 𝑡) =
∫

𝑑 cos 𝜃
����𝑑𝑓𝑏𝑑𝑡 ���𝜃 𝑝 ���� = ∫

𝑑 cos 𝜃
���� 1
𝑝𝜃

𝜕

𝜕𝜃

(
𝜃𝐷 𝜃 𝑝

𝜕 𝑓𝑏

𝜕𝑝

)���� , (10)

we have also calculated the same for the term (𝜃𝜃) using the rate of changes during simulation time
steps

𝐼𝜃 𝜃 (𝑝, 𝑡) =
∫

𝑑 cos 𝜃
����𝑑𝑓𝑏𝑑𝑡 ���𝜃 𝜃 ���� . (11)

The result of the ratio is shown in Fig.2. We see that Lorenz factors less than 106, the ratio is
10% or higher at times much earlier than the IC cooling time that is larger than 1013 seconds for
those pairs. The drop after 1011 seconds is due to the widening increases as a result of accumulating
unstable outside the initial resonance region. After that time the collisional damping effectively
damps the waves and both 𝐼𝜃 𝜃 and 𝐼𝜃 𝑝 decrease.

The GeV cascade needs IC emission by pairs with Lorentz factors of around 106 − 4 × 106.
Therefore the feedback of the term (𝜃𝑝) might influence slower pairs, but its feedback is not that
relevant for the missing GeV cascade.

3.2 Simulation with beam injection

Finally, we have added a source term for the production of new pairs due to the gamma-ray
annihilation with the EBL photons. The distribution of the pairs found in Vafin et al. [22] is the
accumulated production of the pairs for the time 7.7 × 1012 seconds, we used the initial beam
distribution divided by this time interval as a constant production rate 𝑄𝑒𝑒

𝜕 𝑓𝑏 (𝑝, 𝜃)
𝜕𝑡

=
1
𝑝2𝜃

𝜕

𝜕𝜃

(
𝜃𝐷 𝜃 𝜃

𝜕 𝑓𝑏

𝜕𝜃

)
+𝑄𝑒𝑒 . (12)

We solved eq.12 and eq.5 numerically as we did for the angular diffusion simulation. We found that
the beam widening balance the pairs injection at the production angles leading to a quasi-steady-
state wave spectrum where the linear growth rate balances the collisional damping rate. In this
configuration, the beam keeps expanding due to the steady state unstable wave spectrum. In the end,
it’s essential to include the inverse Compton cooling in the beam distribution evolution equation to
understand the physical impact of this balance between the injection and the feedback widening.
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4. Conclusion

We have studied the quasi-parallel and oblique plasma instability feedback on the 2D realistic
spectrum of the blazar-induced pair beam. We found that this instability is incapable of taking
a significant fraction of the beam energy before the inverse Compton cooling time due to the
suppression of the wave’s growth by the feedback spread. However, we found that including only
the widening feedback does not necessarily reflect the overall impact of the instability on the beam.
Since as the beam expands, there is another diffusion term that becomes relevant for pairs with
Lorentz factors less than 106. We found also that under a more realistic situation that includes the
beam particle injection, the unstable waves do not decay after the beam expands, but saturate at
a level that their wedding feedback balances the injection at the production angles and the beam
keeps expanding. However, it is essential to include the IC cooling rate in the transport equation to
understand the physical impact of this process.
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